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Preface

Quantum systems on discrete spaces represent to date a rapidly growing
research field lying at the interface between tight binding models in solid-
state physics and theoretical developments like discrete and q-difference
equations. The interplay between such directions provides a deeper under-
standing of nanoscaled structures which, since more than one decade look
increasingly promising for technological applications in electronic devices.
Such systems concern the two-dimensional (2D) electron gas under the in-
fluence of transversal magnetic fields, the conductor on the 1D lattice in
the presence of electric fields, 1D rings in external fields and at last, but
not at least, junctions between rings and leads, rings and quantum dots or
dots and leads. Promising developments have also been done in the field
of quantum LC-circuits. The space discretization has been successful in
providing explanations needed for several phenomena like the dynamical
localization on the 1D lattice under the influence of time dependent elec-
tric fields. It should be remarked, quite satisfactorily, that such phenomena
have received evidence in high precision experiments with GaAl/GaAlAs,
or other self assembled heterostructures. We also succeeded to establish pe-
riod doubling in the flux dependent oscillations of total persistent currents
in discretized Aharonov-Bohm rings, which deserve further attention.

From the theoretical point of view our main emphasis in this volume
is on solvable quantum mechanical systems on the discrete space. Besides
the discrete Schrödinger-equation, the most typical example is the second
order discrete Harper-equation serving to the description of Bloch-electrons
on 2D lattices threaded by a transversal and homogeneous magnetic field.
Handling such systems is intimately connected with a lot of mathematical
subtleties like orthogonal polynomials of a discrete variable, commensu-
ration and incommensurability effects, periodic and quasiperiodic struc-
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tures, q-deformed and discrete equations or relationships between localiza-
tion effects and Lyapunov exponents. Such issues are able to be used for
an updated study of thermodynamic and transport properties, but useful
details concerning the quantum Hall effect are also included. We would
like to emphasize that the presented matter reveals the increasing perspec-
tive concerning the role of space-discreteness for a deeper understanding of
nanoscaled systems. To this aim mathematical details needed have been
introduced in as transparent a manner as possible.

We found it reasonable to restrict ourselves to 11 chapters. In addition,
there are more than 300 alphabetically ordered citations, titles of papers
included. It is understood that other special matters, such as discrete Klein-
Gordon and Dirac equations, or nonlinear lattices, go beyond the immediate
scope of this volume. However, the main point remains, namely to solve
discrete Schrödinger-equations and especially tight binding models under
the influence of external fields. Accordingly, there are reasons to say that
we succeeded in reviewing interesting developments within a reasonable
amount of space. For the sake of complementary information in the field of
semiconductor supperlattices monographs by Bastard (1992), Datta (1995)
and Akkermans and Montambaux (2004) are quite useful.

The present volume can be recommended first of all to graduate students
and doctoral fellows dealing with Theoretical Physics and its applications.
The presented matter is also profitable for advanced students in solid-state
physics, applied mathematics and microelectronics. Moreover, useful infor-
mation for researchers interested in the field is also provided. This volume
originates from the updated and revised formulation of our previous lecture
in the field (Papp and Micu (2005)).

Interesting discussions with I. Cotaescu, H. Scutaru, I. Bica, D. Grecu,
M. Visinescu, E. Burzo, G. Adam, N. Avram, G. Zet, M. Coldea, I. Gottlieb,
D. Vangheli, V. Viman and D. Vulcanov, are deeply acknowledged. The
technical help by D. Racolta and L. Aur in processing the file is much appre-
ciated. We are also indebted to W. Bestgen, H. D. Doebner, R. M. Weiner
and F. Gebhardt for kind hospitality, as well as to CNCSIS/Bucharest for
financial support.

Timisoara, Baia Mare E. Papp
December 2006 C. Micu
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Chapter 1

Lattice Structures and Discretizations

Quantum systems on discrete spaces have received much interest in many
areas like electrons on lattices under the influence of eternal fields, quan-
tum optics, electronics, neuronal networks, signal processing, mesoscopic
systems and superlattices. Starting with the discrete space or time one gets
faced with the formulation of appropriate discretization schemes. For this
purpose discrete variables x ∈ Z are almost useful. Other related equations,
such as q-difference ones are able to be implied by modern mathematical
developments such as quantum groups, the covariant calculus on noncom-
mutative spaces, and R-matrix descriptions (see Chari and Pressley (1994),
Faddeev et al (1990)). Here 0 < q < 1, stands for the generic deformation
parameter, but complex q-values and especially roots of unity can also be
considered. In addition, there are q-difference equations which are incor-
porated naturally into to the description of actual physical systems such as
Bloch-electrons on two- or three-dimensional lattices threaded by a mag-
netic field, as already referred to above. Moreover, many systems are able
to be characterized by inherent length scales which can be used, at least in
principle, for subsequent discretizations, too.

1.1 Discrete derivatives

Assuming a function on a lattice with the spacing a, say f(x), we may
introduce left and right hand difference quotients as

δ−f(x) =
f(x) − f(x− a)

a
=

1
a

(
1 − exp

(
−a d

dx

))
f(x) (1.1)

and

1
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δ+f(x) =
f(x+ a) − f(x)

a
=

1
a

(
exp

(
a
d

dx

)
− 1

)
f(x) (1.2)

respectively. Such quotients, which can also be viewed as discrete deriva-
tives, reproduce the usual one to O(a2)-order. The discretization pro-
ceeds in terms of the identification x = nia, where xi is an integer, i.e.
ni+1 = ni + 1. Then the above quotients are replaced by the discrete
derivatives

∇f(x) = f(x) − f(x− 1) (1.3)

and

Δf(x) = f(x+ 1) − f(x) (1.4)

respectively, where x stands hereafter for ni. Accordingly

∇Δf(x) = Δ∇f(x) = f (x+ 1) − 2f(x) + f (x− 1) (1.5)

represents the discretized version of the second derivative. On the other
hand one starts from the common assumption that the usual dimension-
less momentum operator i∂/∂x is Hermitian, so that the discrete derivative
Δ behaves as Δ+ = −∇ under Hermitian conjugation. Accordingly, the
second order discrete derivative operator ∇Δ displayed above is itself Her-
mitian.

We have to remark that the Leibniz-rule for the differentiation of a
product is modified as follows

∇ (f(x)g(x)) = f(x)∇g(x) + g(x− 1)∇f(x) (1.6)

and

Δ (f(x)g(x)) = f(x)Δg(x) + g(x+ 1)Δf(x) (1.7)

respectively, whereas

Δnf(x) =
n∑

k=0

n! (−1)k

(n− k)!k!
f (x+ n− k) (1.8)

and
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∇nf(x) =
n∑

k=0

n! (−1)k

k! (n− k)!
f (x− k) . (1.9)

Such formulae are quite useful for concrete computations. In this context
hypergeometric type second-order difference equations like

σ(x)∇ΔPn(x) + τ(x)ΔPn(x) + λnPn(x) = 0 (1.10)

where σ(x) (τ(x)) is an at most second-degree (first degree) polynomial,
have been studied in some more detail by Nikiforov, Suslov and Uvarov
(1991).

It is understood that (1.10) can be rewritten equivalently as a second-
order discrete equation:

(σ(x) + τ(x))Pn (x+ 1) + σ(x)Pn(x− 1) + (λ− τ(x) − 2σ(x))Pn(x) = 0
(1.11)

which produces hypergeometric type solutions like Hahn, Chebyshev,
Meixner, Krawtchouk or Charlier polynomials for selected forms of σ(x)
- and τ(x) -functions (Nikiforov, Suslov and Uvarov (1991)). Main formu-
lae concerning such polynomials are presented in section 1.7 as well as in
Appendix A.

1.2 The Jackson derivative

Proceeding in a different manner, Jackson (1909) proposed long ago the
generalized q-derivative

∂(q)
x f(x) ≡ dq (x)

dqx
=
f(qx) − f(x)
x(q − 1)

(1.12)

working irrespective of x, which reproduces the usual one if q → 1. Now
the Leibniz-rule is modified as

∂(q)
x (f(x)g(x)) = f(x)∂(q)

x g(x) + g(qx)∂(q)
x f(x) (1.13)

which looks like (1.6). In particular the q-derivative of a power-like function
xn is given by
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∂(q)
x xn = [[n]]q x

n−1 (1.14)

where

[[n]]q =
qn − 1
q − 1

(1.15)

denotes the related quantum number. It is clear that [[n]]q → n as q → 1.
Relatedly, one says that under q-deformation the c-number n is replaced
by the quantum-number [[n]]q. We have to be aware that (1.12) opens
the way to the formulation of q-analysis. Accordingly special functions are
substituted by q ones, and the same concerns, of course the hypergeomet-
ric series (Gasper and Rahman (1990)).One realizes that the q-derivative
written down above is not unique. Indeed, we can also introduce the sym-
metrized derivative (see e.g. Kulish and Damaskinsky (1990))

D(q)
x f (x) =

f (qx) − f
(
q−1x

)
x (q − q−1)

(1.16)

which yields

D(q)
x xn = [n]q x

n−1 (1.17)

instead of (1.14), where now

[n]q =
qn − q−n

q − q−1
. (1.18)

However, one has

[n]q = q1−n [[n]]q2 (1.19)

which shows that such quantum numbers are actually inter-related. More-
over, we have to remark that

Δf (x) = z (q − 1)∂(q)
z ϕ (z) (1.20)

where z = qx and f (x) = ϕ (z). This relationship is able to serve to the
conversion of discrete equations into a q-difference ones and conversely.

Needless to say that q-analysis is far from being trivial. So, the q-
binomial theorem reads (see Bailey (1935))
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∞∑
n=0

(a; q)n

(q; q)n

xn =
(ax; q)∞
(x; q)∞

(1.21)

in which “a” denotes a constant parameter. Accordingly, a q-analog of the
gamma function is given by

Γq (x) =
(q; q)∞
(qx; q)∞

(1 − q)1−x (1.22)

which has also been expressed before in terms of the q-integral proposed
by Jackson (1910). For the convergence sakes one should consider that
0 < q < 1 both in (1.21) and (1.22). In the above formulae (a; q)n denotes
the q-shifted factorial

(a; q)n = (1 − a) (1 − aq) · · ·
(
1 − aqn−1

)
(1.23)

where (a; q)0 = 1 so that

(a; q)∞ =
∞∏

n=0

(1 − aqn) . (1.24)

We have to remark that the present q-Gamma function satisfies the
typical functional equation

Γq (x+ 1) = [[x]]q Γq (x) (1.25)

which confirms in turn the relevance of its definition via (1.22). The infinite
products quoted above yield a shifted factorial as follows

(a; q)n =
(a; q)∞

(aqn; q)∞
(1.26)

which is now valid for arbitrary complex n-values.
Before proceeding further we would like to say that the Jackson deriva-

tive has also been rediscovered recently in terms of the radial reduction
of the covariant derivative characterizing the quantum-group SOq (N), as
illustrated by q-deformed radial Schrödinger equations established before
(Carow-Watamura and S. Watamura (1997), Papp (1997)).
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1.3 The q-integral

In order to perform scalar products and suitable normalizations we have to
apply the Jackson q-integral (Gasper and Rahman (1990), Jackson (1910)).
So one has

a∫
0

f (x) dqx = a (1 − q)
∞∑

k=0

f
(
aqk

)
qk (1.27)

if 0 < q < 1, but

a∫
0

f (x) dqx = a (1 − q)
∞∑

k=0

1
qk+1

f

(
a

qk+1

)
(1.28)

if q > 1. Inserting e.g. f (x) = xn yields

a∫
0

xndqx =
an+1

[[n+ 1]]q
(1.29)

in both cases. One sees that (1.14) and (1.29) express inverse operations,
as one might expect. Furthermore, there is

∞∫
0

f (x) dqx = (1 − q)
+∞∑

k=−∞
f
(
qk
)
qk (1.30)

if 0 < q < 1, which can be generalized on the whole real axis as

+∞∫
−∞

f (x) dqx = (1 − q)
+∞∑

k=−∞

[
f
(
qk
)

+ f
(
−qk

)]
qk . (1.31)

Of course, one realizes that convergence conditions 0 < q < 1 and q > 1
mentioned above can be generalized as |q| < 1 and |q| > 1, respectively.

The symmetrized versions of (1.27) and (1.28) are given by

a∫
0

f (z)Dqz =
(

1
q
− q

) ∞∑
k=0

aq2k+1f
(
aq2k+1

)
(1.32)
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and
a∫

0

f (z)Dqz =
(
q − 1

q

) ∞∑
k=0

a

q2k+1
f

(
a

q2k+1

)
(1.33)

if |q| < 1 and |q| > 1, respectively. So, one obtains

a∫
0

znDqz =
an+1

[n+ 1]q
(1.34)

which is valid again in both cases. This reproduces, of course,(1.29) up to
the selection of the appropriate quantum number. Integrations by parts
can also be easily done. Using (1.13) one finds e.g.

a∫
0

fdqg = f (x) g (x)|a0 −
a∫

0

g (qx) dqf (1.35)

which works both for |q| < 1 and |q| > 1. One remarks that the discrete
counterpart of (1.35) reads

b−1∑
x=a

f (x)Δg (x) = f (x) g (x)|ba −
b−1∑
x=a

g (x+ 1)Δf (x) (1.36)

where x stands again for the discrete variable and which proceeds in accord
with (1.7). A similar equation can be derived for the left difference operator
∇.

1.4 Generalized q-hypergeometric functions

Many solutions of discrete equations are expressed in terms of the gener-
alized hypergeometric function (Gasper and Rahman (1990), Gradshteyn
and Ryzhik (1965))

p1Fp2

⎛⎝α1 , α2 , . . . , αp1

β1 , β2 , . . . βp2

∣∣∣∣∣∣ z

⎞⎠ = (1.37)

=
∞∑

k=0

(α1)k · · · (αp1)k

(β1)k · · · (βp1)k

zk

k!
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where p1 and p2 are indices and where αj and βj are parameters. The
classical shifted factorial is given by

(a)k =
Γ (a+ k)

Γ (a)
= a (a+ 1) · · · (a+ k − 1) (1.38)

as usual, where (a)0 = 1. Recall that the usual Gaussian hypergeometric
function is

F (α, β, γ; z) =2 F1

⎛⎝α , β

γ

∣∣∣∣∣∣ z
⎞⎠ (1.39)

whereas the confluent one is given by

F (α, γ; z) =1 F1

⎛⎝α

γ

∣∣∣∣∣∣ z
⎞⎠ . (1.40)

Resorting for convenience, to the quantum number (1.15), we shall per-
form the q-generalization of (1.37) in terms of the substitutions

(a)k → (qa, q)k

(1 − q)k
=

k−1∏
l=0

[[a+ l]]q (1.41)

and

k! → [[k]]q! =
(q, q)k

(1 − q)k
=

k∏
l=1

[[l]]q . (1.42)

This leads to the q-generalization

p1F
(q)
p2

⎛⎝α1 , α2 , . . . , αp1

β1 , β2 , . . . βp2

∣∣∣∣∣∣ z̃

⎞⎠ = (1.43)

=
∞∑

k=0

(qα1 , q)k · · · (qαp1 , q)k

(qβ1 , q)k · · ·
(
qβp2 , q

)
k

z̃k

(q, q)k

which reproduces (1.37) as q → 1, where

z̃ = (1 − q)p2−p1+1
z . (1.44)
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In order to identify the generalized q-hypergeometric function it is con-
venient to rewrite (1.43) as follows

p1F
(q)
p2

⎛⎝α1 , α2 , . . . , αp1

β1 , β2 , . . . βp2

∣∣∣∣∣∣ γ z̃

⎞⎠ = (1.45)

=
∞∑

k=0

Ckz̃
k

where γ is an additional factor. One would then obtain the recurrence
relation

Ck+1 = γ
(1 − q)p2−p1+1 (1 − qα1+k

)
· · ·

(
1 − qαp1+k

)
(1 − qk+1) (1 − qβ1+k) · · ·

(
1 − qβp2+k

) Ck (1.46)

which can also be used in order to check the appearance of polynomial
solutions for which Cn+1 = 0. The q-exponential function is also of a
special interest, but it will be discussed in section 3.6 in a close connection
with the q-deformation of the time evolution.

1.5 The discrete space-time: a short retrospect

The basic idea about a discrete space and/or time is as old as the very
beginning of the scientific thinking. The old Greeks speculated about the
generalization of the atomistic structure of matter to space-time, as illus-
trated in an excellent volume by Vialtzew (1965). Such steps deserve an
actual appreciation even from the perspective of contemporary physics.
With the advent of quantum mechanics, the question of whether subdi-
visions of space and time intervals can be indefinitely performed or not,
has focussed increasing interest. The latter alternative, which leads to the
introduction of space-time quanta proceeding in a close connection with
ultimate accuracies of space-time measurements, is looks almost promis-
ing. Pioneering work along this direction has been done by many authors,
but here we would like just to remember specifically contributions done
by Poincaré (1913), Planck (1913), Ambarzumian and Iwanenko (1930),
March (1937), Heisenberg (1938a,1938b), Wheeler (1957), Brill and Gowdy
(1970) and Finkelstein (1997). In “Physics and Reality” Einstein said:

“To be sure, it has been pointed out that the introduction of a spacetime
continuum may be considered as contrary to nature in view of the molecular
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structure of everything which happens on a small scale. It is maintained that
perhaps the success of the Heisenberg method points to a purely algebraical
method of description of nature, that is to the elimination of continuum
functions from physics. Then, however, we must also give up, by principle,
the spacetime continuum” (see also Atakishiyev and Suslov (1990)).

Further developments rely on a celebrated paper by Snyder (1947) deal-
ing with the introduction of a Lorentz invariant space-time. We then have to
consider a discrete space-time in which there exists a smallest unit of length,
say a �= 0. The basic expectation is that accounting for a such length leads
to the elimination of divergence difficulties plaguing quantum field theory.
Introducing a such length in space-time yields, however, non-commutative
relationships between x, y, z and t, so that space-time coordinates have to
be considered by now as observables. More exactly, they are identified
with the generators of the group of transformations leaving invariant the
five-dimensional de Sitter quadratic form (see also Yang (1947))

R2
5 = −η2

0 + η2
1 + η2

2 + η2
3 + η2

4 (1.47)

in which the η’s are assumed to be real variables. One would then obtain
Hermitian space-time generators as follows

X1 = ia

(
η4

∂

∂η1
− η1

∂

∂η4

)
(1.48)

X2 = ia

(
η4

∂

∂η2
− η2

∂

∂η4

)
(1.49)

X3 = ia

(
η4

∂

∂η3
− η3

∂

∂η4

)
(1.50)

and

T̃0 =
ia

c

(
η4

∂

∂η0
− η0

∂

∂η4

)
. (1.51)

In addition, there are three operators like

Lk = −i�εklsηl
∂

∂ηs
(1.52)

where k, l, s = 1, 2, 3 and where the usual summation convention is assumed.
These latter operators correspond to the . Further three operators like
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M1 = i�

(
η0

∂

∂η1
+ η1

∂

∂η0

)
(1.53)

M2 = i�

(
η0

∂

∂η2
+ η2

∂

∂η0

)
(1.54)

and

M3 = i�

(
η0

∂

∂η3
+ η3

∂

∂η0

)
(1.55)

bearing on the Lorentz-boosts, have also to be considered. Accordingly,
one finds the commutation relations

[Xk, Xl] = i
a2

�
εklsLs (1.56)

and [
T̃0, Xk

]
= i

a2

�c
Mk (1.57)

which are responsible for the discrete space-time and which reproduce the
space-time continuum as soon as a → 0. It is understood that Lk and Mk

commutes with the Minkowski quadratic form

S2
4 = c2T̃ 2

0 −X2
1 −X2

2 −X2
3 (1.58)

provided (1.48)-(1.51) are valid. This means that the discrete space-time
defined in this manner is itself Lorentz-invariant.

The eigenvalues, say x′k, characterizing the discrete space are given by

x′k = nka (1.59)

where nk ∈ Z, which reveals the space discreteness in an explicit manner.
The T̃0 operator has, however, a continuous spectrum, which shows, so far,
that the discreteness of space does not imply necessarily a discrete time.
In this context a continuous time can be preserved, however, for reasons
of mathematical simplicity. Either case, (1.59) shows that there are actual
interplays between relativity and space-discreteness. Several ideas and ap-
proaches to the discrete space have also been sketched in an unpublished
paper by Heisenberg in 1930 (see also Carazza and Kragh (1995)). In this
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context the fundamental length has also been conceived as the absolute
minimum of the position uncertainty of a particle.

Other manifestations of the fundamental length have been done by defin-
ing covariant space-time and four-momentum operators as (Hellund and
Tanaka (1954))

Xμ = x̃μ − a2 ∂

∂x̃μ
x̃ν

∂

∂x̃ν
(1.60)

and

Pμ = p̃μ − i�
∂

∂x̃μ
(1.61)

respectively, where x̃μ and p̃μ are c-numbers like x̃μ = (x, y, z, ict) and
p̃μ = (px, py, pz, iE/c). For convenience, the same quotations for space-
time operators have been preserved. This yields the commutation relations

[Xμ, Pν ] = i�

(
δμν +

a2

�2
PμPν

)
(1.62)

in which case Heisenberg’s uncertainty principle is generalized as follows

ΔXμΔPν ≥ �

(
1 +

a2

�2
P 2

μ

)
(1.63)

for μ = ν (no summation). Moreover, there is

ΔX1ΔT̃0 ≥ a2

c
(1.64)

which shows that elementary space-time volumes have also to be considered.
Other evolutions could also be mentioned (see Kadyshevsky (1961)),

but the main point is that accounting for (1.59) leads to the introduction
of discrete-equations serving as starting points for an improved theoretical
descriptions in several respects. Interestingly enough, similar results are
provided by q-deformed oscillators for which q is a root of unity, as shown
by Bonatsos et al (1994). Then position and momentum operators have
discrete eigenvalues, which are the roots of certain q-deformed Hermite
polynomials. This leads, in general, to a non-equidistant phase-space lat-
tice. An exception is the parafermionic oscillator, for which an equidistant
space-phase lattice can be readily derived.
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In other words, there are theoretical supports to the existence of a dis-
crete space in which the fundamental length plays a role which is similar,
in a way or another, to the lattice spacing in solid state physics. Accord-
ingly, discrete derivatives written down in section 1.1 are well motivated
from a quantum mechanical point of view. From the mathematical per-
spective, similar developments can be traced back to the introduction of
q-hypergeometric functions and Jackson-derivatives (see e.g. chapter 1 in
Gasper and Rahman (1990)).

1.6 Quick inspection of q-deformed Schrödinger equations

The q-deformed Schrödinger-equation on the non-commutative quantum
Euclidian space has been analyzed for the harmonic oscillator (see e.g.
Carow-Watamura and Watamura (1994)), for the Coulomb potential (Song
and Liao (1992)), Feigenbaum and Freund (1996), Micu (1999)), as well
as for the free particle (Hebecker and Weich (1992), Ocampo (1996),
Papp (1997)). For this purpose one resorts to the q-deformed Lapla-
cian, which has been derived in terms of the SOq (N)-covariant calcu-
lus (Carow-Watamura and S. Watamura (1994)). Just mention that the
non-commutative N -dimensional quantum Euclidian space is character-
ized by typical coordinate dependent realizations of [xj , xk] commutators
in terms of bilinear or quadratic monomials such as given e.g. by the
SOq(3) relationships [x1, x2] = (q − 1)x2x1, [x2, x3] = (q − 1)x3x2 and
[x1, x3] = (1 − q)x2

2/
√
q. In addition, there are well defined q-difference re-

alizations of annihilation and creation operators, such as done in the study
of a different version of the q-deformed harmonic oscillator (Atakishiyev
and Suslov (1990), Li and Sheng (1992)). An interesting q-deformation
of the Schrödinger-equation has been established by resorting to a q-
deformation of the Witt algebra (Twarock (1999)), in which case the non-
linear Schrödinger-equation derived by Doebner and Goldin (1992) gets re-
produced as q → 1. Other issues, such as q-deformations of the phase-space
(Zumino (1991), Ubriaco (1993), Kehagias and Zoupanos (1994), Celegh-
ini et al (1995), Wess (1997)), can also be mentioned. We have to rec-
ognize, however, that a sound confirmation of the physical relevance of
q-deformations referred to above is still lacking. Nevertheless, there are
parameter dependent difference equations in which the q-parameter is im-
plemented from the very beginning in terms of an appropriate physical
description, such as the q-symmetrized Harper-equation (see chapter 9).
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1.7 Orthogonal polynomials of hypergeometric type on the
discrete space

Classical orthogonal polynomials of a discrete variable are of much inter-
est for several applications. A systematic study of such polynomials has
already be done by Nikiforov, Suslov and Uvarov (1991). These polyno-
mials are specified by the σ(x)- and τ(x)-functions in (1.10). In the case
of hypergeometric type polynomials we have to choose σ(x) and τ(x) as
polynomials of at most second and of first degrees in x, respectively. So
one has e.g.

σ(x) = x, τ(x) = μ(γ − x) − x, x ∈ [0, b] (1.65)

for Krawtchouk polynomials, whereas

σ(x) = x, τ(x) = μ(γ + x) − x, x ∈ [0,∞) (1.66)

for Meixner-ones. In the first (second) case one has γ = N0 = b−1, μ = p/q

with p+q = 1 (0 < μ < 1 and γ > 0). Equation (1.10) can also be converted
into the self-adjoint form

Δ (σ(x)ρ(x)∇y(x)) + λρ(x)y(x) = 0 (1.67)

where λ denotes the eigenvalue and where the weight function ρ(x) is im-
plemented via

Δ(σ(x)ρ(x)) = τ(x)ρ(x) . (1.68)

In addition, (1.67) can be generalized as

Δ (σ(x)ρm(x)∇vm(x)) + μmρm(x)vm(x) = 0 (1.69)

where

vm(x) = Δmy(x) (1.70)

and where m is a positive integer. Accordingly, (1.68) becomes

Δ(σ(x)ρm(x)) = τm(x)ρm(x) (1.71)



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

Lattice Structures and Discretizations 15

where

τm(x) = τ(x +m) + σ(x +m) − σ(x) . (1.72)

The generalized weight function reads

ρm(x) = σ(x + 1)ρm−1(x) = ρ(x+m)
m∏

l=1

σ(x + l) (1.73)

for which the eigenvalue becomes

μm = μm−1 + Δτm−1(x) . (1.74)

Furthermore, one finds the concrete realizations

τm(x) = τ(x) +m(σ′(x) + τ ′(x)) +
m2

2
σ′′(x) (1.75)

and

μm = λ+mτ ′(x) +
m

2
(m− 1)σ′′(x) . (1.76)

Other details are presented for interested readers in Appendix A.
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Chapter 2

Periodic Quasiperiodic and
Confinement Potentials

Schrödinger equations with periodic potentials concern both continuous and
discrete spaces, but the latter choice seems to be almost suitable from a
general theoretical point of view. Indeed periodic lattice structures, such
as the ones from solid state physics, give rise to actual periodic potentials,
which produce in turn typical manifestations, such as the appearance of
energy bands. The main ingredient is the Bloch-theorem (see also Ashcroft
and Mermin (1976)) working in conjunction with the selection of the first
Brillouin zone. Even if they are not an absolute novelty, such issues are well
suited for a safe explanation of energy-bands, of persistent currents or of
dynamic localization effects concerning low dimensional systems on discrete
spaces. Preliminaries referring to confinement potentials for quantum dots
and rings, as well as to persistent currents, are also addressed.

2.1 Short derivation of the Bloch-theorem

Let us consider the one-dimensional Schrödinger equation

Hψ (x) = − �
2

2m0

d2ψ

dx2
+ V (x)ψ (x) = Eψ (x) (2.1)

in which there is

V (x+ a) = V (x) (2.2)

irrespective of x. One then says that the potential is periodic, the period
being denoted by a. The crystalline structure can be accounted for by
inserting the effective mass m∗ instead of m0. Here the coordinate is con-
tinuous, but dealing with the discrete space one inserts x = na, where n

17
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is an integer while a stands for the lattice spacing. Looking for a square
integrable wavefunction for which

ψ (x) ∈ {L2 (−∞,+∞) , dx} (2.3)

one sees immediately that the same holds for ψ (x+ a). Accordingly the
translated wavefunction

ψ (x+ a) ≡ T0(a)ψ (x) = exp (if (a))ψ (x) (2.4)

is the by-product of an unitary transformation, in which case f (a) is a pure
phase. For definiteness, this phase may be located on the unit circle such
that f (a) ∈ [−π, π]. The translation operator is given by

To(a) = exp(a∂/∂x) = exp(iapop) (2.5)

where pop = −i∂/∂x (� = 1). Of course, one has the commutation relation

[H , T0(a)] = 0 (2.6)

which proceeds in accord with (2.2).
Repeating the translation n-times one finds

ψ (x+ na) = exp (i nf (a))ψ (x) (2.7)

but one should also have

ψ (x+ na) = exp (i f (na))ψ (x) (2.8)

as the latter translation proceeds in terms of the rescaled period a′ = na.
Furthermore, there is f (na) = nf (a), so that nothing prevents us from
doing the identification

f (a) = ka ∈ [−π, π] . (2.9)

It is clear that the wavenumber k quoted above has been invoked on
dimensionality grounds. So, the normalized eigenfunction of (2.1) exhibits
itself a certain kind of twisted periodic behavior like

ψ (x+ a) ≡ ψk (x+ a) = exp (ika)ψk (x) . (2.10)
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This reproduces the 1D Bloch-theorem (see Ashcroft and Mermin (1976),
Flügge (1971)) and corresponds, as it stands, to a forward translation. We
have to remark that a modulated plane wave:

ψk (x) = exp (ikx) uk (x) (2.11)

obeys (2.2) if

uk (x+ a) = uk (x) (2.12)

which shows that the modulation should be periodic, too. As a corollary,
the energy becomes itself both k-dependent and periodic:

E = E(k) = E

(
k +

2π
a

)
(2.13)

where 2π/a has the meaning of a period characterizing the very existence
of energy bands (see (2.24)).

2.2 The derivation of energy-band structures

In order to illustrate the appearance of energy bands, let us consider the
periodic potential produced by an infinite sequence of identical barriers like
(see also Davison and Steslicka (1992))

V (x) =

⎧⎨⎩
U0 , x ∈ [na1 + (n− 1) b1, n (a1 + b1)]

0 , x /∈ [na1 + (n− 1) b1, n (a1 + b1)]
(2.14)

where n = 0,±1,±2, . . . . One sees that

V (x+ a1 + b1) = V (x) (2.15)

so that now a = a1 + b1 plays the role of the lattice spacing. The depth of
the potential barrier is b1, the length of the zero-potential cell is a1, whereas
U0 > 0 is a constant amplitude.

Next, let us choose three adjacent zones, say D1, D2, and D3, for which
x ∈ [−b1, 0], x ∈ [0, a1] and x ∈ [a1, a1 + b1], respectively. Assuming at the
beginning that E > U0, one finds the solutions
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ψ (x) = ψ1 (x) = A1 exp (ik1x) +B1 exp (−ik1x) (2.16)

and

ψ (x) = ψ2 (x) = A2 exp (ik2x) +B2 exp (−ik2x) (2.17)

in D1 and D2, where

k1 =

√
2m
�2

(E − U0) (2.18)

and

k2 =

√
2m
�2
E (2.19)

respectively. On the other hand, one has

ψ (x) = ψ3 (x) = exp (ikx)uk (x) (2.20)

for x ∈ D3, in which

uk (x) = uk (x− a) = exp (−ik (x− a))ψ1 (x− a) . (2.21)

Putting together (2.16) and (2.20), one finds immediately that

ψ3 (x) = exp (ika) [A1 exp (ik1 (x− a)) +B1 exp (−ik1 (x− a))] (2.22)

for x ∈ D3. Next, we have to apply continuity conditions concerning the
wavefunction and its first derivative at x = 0 and x = a1. This results in
four homogeneous matching equations for the amplitudes A1, B1, A2 and
B2:⎛⎜⎜⎝

1 1 −1 −1
exp (i (θ − θ1)) exp (i (θ + θ1)) − exp (iθ2) − exp (−iθ2)

k1 −k1 −k2 k2

k1 exp (i (θ − θ1)) −k1 exp (i (θ + θ1)) −k2 exp (iθ2) k2 exp (−iθ2)

⎞⎟⎟⎠ ·

(2.23)
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⎛⎜⎜⎝
A1

B1

A2

B2

⎞⎟⎟⎠ = 0

where θ1 = k1b1, θ2 = k2a1 and θ = ka. Denoting by M the matrix just
displayed above, one finds the eigenvalue-condition

P (E; θ1, θ2) = cos θ (2.24)

via det (M) = 0, where

P (E; θ1, θ2) = cos θ1 cos θ2 −
k2
1 + k2

2

2k1k2
sin θ1 sin θ2 (2.25)

and where the r.h.s. of (2.24) agrees with (2.13). The interesting point
concerning (2.24) is the remarkable separation of the θ-dependent term,
i.e. of cos θ, on the r.h.s. of the equation. It is obvious that k1 should be
replaced by iK1, if 0 < E < U0, where

K1 =

√
2m
�2

(U0 − E) . (2.26)

Then (2.25) becomes

P
(
E; iθ̃1, θ2

)
= cosh θ̃1 cos θ2 −

k2
2 −K2

1

2K1k2
sinh θ̃1 sin θ̃22 (2.27)

where θ̃1 = K1b1. Invoking (2.8), one finds that unions over admissible
energies are done by the inequalities

−1 ≤ P (E; θ1, θ2) ≤ 1 (2.28)

and

−1 ≤ P
(
E; iθ̃1, θ2

)
≤ 1 (2.29)

respectively. In other words, we are ready to derive energy band structures
for which the band edges are produced by the equality signs in (2.28) and
(2.29). Conversely, one finds energy gaps in the complementary regions, i.e.
at energies for which |P (E; θ1, θ2)| > 1 and

∣∣∣P (E; iθ̃1, θ2)
∣∣∣ > 1, respectively.



February 21, 2007 11:3 World Scientific Book - 9in x 6in papp˙micu˙world

22 Low-Dimensional Nanoscale Systems on Discrete Spaces

Using for instance dimensionless variables like γ1 =
√

2b1/lc, γ2 =√
2a1/lc, W = E/mc2 and u0 = U0/mc

2 one sees that the energy-function
exhibits the form

P (E; θ1, θ2) = cos
(
γ1

√
W − u0

)
cos
(
γ2

√
W
)
− (2.30)

− 2W − u0√
(W − u0)W

sin
(
γ1

√
W − u0

)
sin
(
γ2

√
W
)

where lc = �/mc denotes the Compton wavelength. In particular, the W -
dependence of P (E; θ1, θ2) is displayed in figure 2.1, for γ1 = 2, γ2 = 3,
u0 = 1 and 0 < W < 10. We have to remark that (2.28) and (2.29) yield
four bands expressed approximately by the union

W ∈ [0.24, 0.57] ∪ [1.08, 1.82] ∪ [3.65, 4.86] ∪ [7.23, 10] (2.31)

in which the individual bandwidths increase with W .

Fig. 2.1 The W -dependence of P
(
E; θ̃1, θ̃2

)
for γ1 = 1, γ2 = 3 and u0 = 1.

2.3 Direct and reciprocal lattices

In solid state physics one gets faced with configuration space vectors like:
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−→
Rn = n1

−→a 1 + n2
−→a 2 + n3

−→a 3 (2.32)

referred to as Bravais-lattice vectors, where nj ∈
Z (j=1,2,3) and where the −→a j ’s are responsible for the primitive unit

cell. Finite translations in the real space are then described by

T0

(−→
Rn

)
= exp

(
i−→p op · −→Rn

)
(2.33)

where −→p op = −i∇. This yields

T0

(−→
Rn

)
ψ−→

k
(−→x ) ≡ ψ−→

k

(−→x +
−→
Rn

)
= exp

(
i
−→
k · −→Rn

)
ψ−→

k
(−→x ) (2.34)

where
−→
k ≡ −→

k B is the Brillouin wavevector which incorporates the three-
dimensional version of Bloch’s theorem (see e.g. Ashcroft and Mermin
(1976)).

The reciprocal lattice is characterized by the primitive vectors

−→g j = 2πεjkl

−→a k ×−→a l

V
(3)
1

(2.35)

where V (3)
1 = −→a 1 · (−→a 2 ×−→a 3) is the volume of the unit cell. A general

reciprocal lattice vector is then given by

−→
Km = m1

−→g 1 +m2
−→g 2 +m3

−→g 3 (2.36)

where mj ’ s are again integers. One sees that −→a j · −→g l = δjl, so that

−→
Rn · −→Km = 2πn′ (2.37)

where

n′ = n1m1 + n2m2 + n3m3 ∈ Z . (2.38)

Defining the wavefunction in the complementary wavevector represen-
tation by the discrete Fourier-transform

ψ̃F

(−→
k′
)

=
∑
−→
Rn

ψ
(−→
Rn

)
exp

(
−i

−→
k′ · −→Rn

)
(2.39)
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one has

ψ̃F

(−→
k′ +

−→
k B

)
= ψ̃

(−→
k′
)

(2.40)

where

ψ̃
(−→
k′
)

=
∑
−→
Rn

ψ
(−→
Rn

)
exp

(
−i

(−→
k′ +

−→
k B

)
· −→Rn

)
. (2.41)

The sum in (2.39) and (2.41) is over all nj ’s. This shows the occurrence
of a periodic behavior like

ψ̃
(−→
k′ +

−→
Km

)
= ψ̃

(−→
k′
)

(2.42)

in which case

ψ̃F

(−→
k′ +

−→
k B +

−→
Km

)
= ψ̃F

(−→
k′ +

−→
k B

)
. (2.43)

On the other hand, (2.41) can be inverted as

ψ (−→x ) exp
(
−i−→k B · −→x

)
=

∑
−→
Km

ψ̃
(−→
Km

)
exp

(
i
−→
Km · −→x

)
(2.44)

so that

ψ
(−→x +

−→
Rn

)
= exp

(
i
−→
k B · −→Rn

)
ψ (−→x ) (2.45)

which concerns the three-dimensional form of Bloch’s theorem (see Ashcroft
and Mermin (1976)).

Inserting
−→
k B = 0, one sees that (2.43) exhibits the limiting form

ψ̃F

(−→
k′
)

= ψ̃F

(−→
k′ +

−→
Km

)
(2.46)

which has been invoked in the study of the 1D harmonic oscillator on the
lattice by Chabaud et al (1986) as

ψ̃F (k′) = ψ̃F

(
k′ +

2π
a

)
. (2.47)

Related details are presented in section 4.1. The Bloch-theorem in N

space dimensions is also expressed usually as
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ψ−→
k

(−→x + −→a ) = exp
(
i
−→
k · −→a

)
ψ−→

k
(−→x ) (2.48)

in accord with (2.45), where

−→
k · −→a =

N∑
i=1

θi (2.49)

and where θi = kiai ∈ [−π, π]. Other details concerning the Bloch-theorem
may be found in textbooks (Ashcroft and Mermin (1976), Flügge (1971)).

2.4 Quasiperiodic potentials

Let us now assume that the potential can be expanded in a multiple Fourier
series as

V (x) =
∑
{mk}

am1,...,mj exp

(
2πi

j∑
k=1

mkωkx

)
(2.50)

where the mk’s are integers. If the frequency ωk can be expressed by a
quotient of two prime integers Pk and Qk:

ωk =
Pk

Qk
(2.51)

then V (x) exhibits j periods for which

V (x+Qk) = V (x) (2.52)

where k = 1, 2, . . . , j. However, it may happen that the ωk’s are incommen-
surate. This means that for any set of rational numbers {rk} the equation
(Besicovitch (1932), Romerio (1971)) the equation

j∑
k=1

rkωk = 0 (2.53)

is able to be fulfilled for all k-values, if rk = 0 only. This is e.g. the case if
at least one of the frequencies is expressed by an irrational number. Then,
one says that the potential is quasiperiodic, in which case the spectrum
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becomes an infinite Cantor-set (Ostlund and Pandit (1984), Simon (1982)).
However, there are certain circumstances under which generalized versions
of the Bloch-theorem may be applied as shown by Ostlund et al (1983a).
Moreover, the periodic behavior is restored as soon as one resorts to rational
approximations of irrationals. So far irrationals have also been approached
via Pk → ∞, and Qk → ∞, but for this purpose continued fractions can
also be considered (Azbel (1979), Aubry and Andre (1980), Sokoloff (1981),
Thouless (1983a), Wilkinson and Austin (1994)). Nevertheless, a problem
remains, namely the question of whether an irrational number can be dis-
criminated in practice from a rational approximation, or not. Indeed, in
order to reproduce in practice irrational frequencies an infinite experimental
resolution would be necessary, but this latter point looks rather question-
able. On the other hand there are fractal-like experimental realizations
which can be viewed as competition effects between rational and irrational
frequencies, in which case successive resolutions with increasing accuracy
are in order.

It is also clear that potentials on a discrete space for which the period is
incommensurate with the spacing of the underlying lattice are able to pro-
duce nontrivial manifestations. Choosing the dimensionless lattice spacing
to be unity, we then have to consider potentials for which

V (x+Qi) = V (x) (2.54)

where now Qi is irrational. In particular, we can then consider the cosine
potential

V (x) = V0 cos
(

2π
P1

Qi
x+ δ

)
(2.55)

or so called Maryland-model (see also section 4.5)

V (x) = V0 tan
(
π
P1

Qi
x+ δ

)
. (2.56)

Furthermore, let us assume that V (x) provides the diagonal potential
of an 1D tight binding model with nearest-neighbor (NN) hopping (see also
chapters 6 and 7). Using (2.56) it has been found (interestingly enough),
that the spectrum is discrete for irrationalQi values, such that all the states
are normalizable (see Grempel et al (1982)). Accordingly, one deals with
localized states, which is reminiscent to the well-known influence of random
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potentials (Anderson (1958)). This shows that quasiperiodic potentials
are able to produce effects which are similar to the ones characterizing
disordered systems, i.e. systems governed by diagonal random potentials
specified above. In contradistinction, one obtains Q1 bands as Qi → Q1

approaches an integer, in which case the wavefunctions become increasingly
extended. It is also been found that in the case of dissipative systems the
transition from quasiperiodicity to chaos occurs both in a continuous and
universal manner (Ostlund et al (1983b)).

In the sequel we shall confine, however, our attention on rational values
of the commensurability parameter, with the understanding that irrationals
are able to be handled as special limiting cases.

2.5 A shorthand presentation of the elliptic Lamè-equation

Further mathematical details concerning periodic Schrödinger equations
(Simon (1985), Dyakin and Petrukhnovskii (1986)) are worthy of being
mentioned. So there is an increasing interest in the application of non-
unitary SU(1, 1)- and SU(2)-representations to the band-energy description
of Scarf- and Lamè-Hamiltonians, respectively (Li and Kusnezov (2000a)).
In this context, we would like to say that the usual elliptic Lamè-equation

d2ψ

dx2
+ κ2l (l + 1) sn2xψ (x) = Eψ (x) (2.57)

provides interesting applications in physics ranging from solitons to exactly
solvable models (Li et al (2000b), Finkel et al (2000)). Here snx = sn (x |κ )
is the Jacobi elliptic sine function with modulus 0 ≤ κ ≤ 1, whereas l is
a real parameter playing the role of the quantum number of the angular
momentum. Along the real axis sn2x is periodic with period 2K, where

K =
π

2
F

(
1
2
,
1
2
, 1;κ2

)
(2.58)

denotes the complete elliptic integral. This equation can be converted into
other systems, like Pöschl-Teller (Li and Kusnezov (2000a)) and Calogero-
Moser (Enolskii and Eilbeck (1995)) systems, by resorting to suitable coor-
dinate transformations and κ-selections. In this context, several classes of
inter-related elliptic potentials and corresponding orthogonal polynomials
have been discussed recently by Ganguly (2002). In addition, there are
Scarf- and Mathieu-equation limits (Li et al (2000b)).
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2.6 Quantum dot potentials

Nanoscaled systems such as quantum dots, nanorings,nanorings the 2D elec-
tron gas or the nanoconductors are multiparticle structures characterized by
a reasonable small number of particles. Besides the single particle dynam-
ics we then have to account for additional effects such as electron-electron
interactions and the scattering of impurities. In addition, spin-orbit inter-
actions can also be included. One recognizes that a complete description
incorporating all these effects is computationally quite involved if not im-
possible. However, interactions referred to above may be less important in
self assembled GaAs/GaAlAs-heterojunctions (Bastard (1992)), when the
electrons occupy the lowest Landau-band only (Chakraborty et al (1994)).
Under such conditions single particle electronic spectra are able to pro-
vide quite successfully useful information concerning thermodynamic and
transport properties.

In this context there are reasons to say that the oscillator system is a
useful tool to describe 2D- and 3D quantum dots (Simonin et al (2004)).
The same concerns electrodynamic traps for the confinement of charged
particles (Wuerker et al (1959), Wineland et al (1987)). The internal crys-
talline structure of quantum dots can be accounted for by resorting to the
effective mass m∗, but descriptions on the discrete space remain desirable.
To this aim discrete versions of the harmonic oscillator are presented in sec-
tions 4.1 and 5.6. A conceivable candidate for further developments, namely
the q-deformed oscillator (Biedenharn (1989), Bonatsos et al (1994)), could
also be proposed.

Of a special interest is the Fock-Darwin system, i.e. the single particle
2D parabolic quantum dot potential kr20/2 supplemented by influence of
a magnetic field

−→
B perpendicular to the plane of the dot. There is r20 =

x2 + y2, k = m0ω
2
0/2 and qe = −e < 0, whereas the vector potential is

selected in the symmetric gauge. This yields the Schrödinger-equation[
1

2m0

(
−i� ∂

∂x
− e

2c
Bx

)2

+
1

2m0

(
−i� ∂

∂y
+

e

2c
By

)2

+ (2.59)

+
1
2
kr20

]
Ψ (−→x ) = EΨ (−→x ) ,

which can be rewritten equivalently as

HFDΨ (−→x ) =
(
− �2

2m0
Δ2 +

m0

2
ω2r20 +

1
2
ωBLz

)
Ψ (−→x ) = EΨ (−→x ) (2.60)
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by resorting to the third component of the angular momentum operator.
There is

ω =
(
ω2

0 +
1
4
ω2

B

)1/2

= ω0

(
1 + b2

)1/2
(2.61)

where

ωB =
eB

m0c
= 2bω0 (2.62)

denotes the cyclotron frequency, while b is a transformation parameter.
Using planar polar coordinates then gives the radial equation

− �2

2m0

(
d2

dr20
+

1
r0

d

dr0

)
F (r0)+ (2.63)

+

(
m2

ϕ

2m0r20
+
m0

2
ω2r20

)
F (r0) =

(
E − �

2
mϕωB

)
F (r0)

where mϕ = 0,±1,±2, . . . is the magnetic quantum number. So all that
needs is the exact solution of the two dimensional isotropic oscillator (see
e.g. Kostelecky et al (1996)). Accordingly, the normalized wavefunction is
given by

Ψn (r0, ϕ;mϕ) =
(

2nr!
lω (|mϕ| + nr)!

)1/2 exp (imϕϕ)√
2π

Fn (r0; |mϕ|) (2.64)

where

Fn (r0; |mϕ|) = exp

(
−1

2

(
r0
lω

)2
)(

r0
lω

)|mϕ|
L(|mϕ|)

n

(
r20
l2ω

)
. (2.65)

One has n = nr and

lω =
(

�

m0ω

)1/2

(2.66)

where nr = 0, 1, 2, . . . denotes the radial quantum number, whereas L(α)
n (x)

stands for the Laguerre-polynomial. The corresponding energy reads
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E = En (mϕ) = �ω0

[√
1 + b2 (|mϕ| + 2nr + 1) + bmϕ

]
(2.67)

which proceeds in accord with (2.61) and (2.63). The dimensionless radial
coordinate, say

r =
r0
lω

(2.68)

can also be used, in which case (2.63) exhibits the typical form[
r2
d2

dr2
+ r

d

dr
+ 2 (|mϕ| + 2nr + 1) r2 − r4

]
F (r) = m2

ϕF (r) . (2.69)

So far, the wavefunction (2.64) obeys the periodic boundary condition

Ψn (r0, ϕ;mϕ) = Ψn (r0, ϕ+ 2π;mϕ) (2.70)

but an additional Aharonov-Bohm (AB) potential like (Aharonov and
Bohm (1959))

Aϕ =
ΦA

2πr0
, Ar0 = Az = 0 (2.71)

can also be inserted into (2.60). Here ΦA stands for the thin magnetic flux
confined along the Oz-axis. We can put, for convenience, ΦA = βAΦ0,
where Φ0 = hc/e denotes the magnetic flux quantum, while βA is a com-
mensurability parameter. This amounts to replace mϕ by

mϕ → mϕ + βA (2.72)

so that (2.70) becomes

Ψn (r0, ϕ+ 2π;mA) = exp(i2πβA)Ψn (r0, ϕ;mA) . (2.73)

One remarks that (2.73) looks like the 1D Bloch-theorem (2.10), which
opens the way to perform the identification

ka = 2πβA . (2.74)

Now the lattice spacing a has to be viewed as a length scale which is pro-
portional to a circumference.
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On the other hand the velocity can be established as

v =
1
�

dE

dk
(2.75)

where E = E(k) is the related band energy, which is reminiscent to the
parabolic energy dispersion law of the free particle. The corresponding
current contribution is then given by (see also Chakraborty et al (1994))

I = −ev
a

= −c dE
dΦA

(2.76)

in accord with (2.74), which has the meaning of an equilibrium property at
T = 0. This equation serves to the derivation of the persistent current by
identifying E with the energies of quantum ring potentials, as we shall see
later. The contribution of scattering states to the persistent current has
also been established (Akkermans et al (1991)).

It should also be mentioned that inserting the cyclotron frequency (2.62)
into (2.66) instead of ω yields the so called magnetic length

lB =

√
�c

eB
(2.77)

which serves as a typical length scale for systems threaded by a magnetic
field. Competition effects between a and lB would then be involved for
systems on lattices pierced by a magnetic flux.

2.7 Quantum ring potentials

The displaced oscillator potential (Chakraborty et al (1994))

VR(r0) =
1
2
k(r0 −R0)2 (2.78)

is a useful candidate to the theoretical description of narrow nanoscopic
semiconductor self-assembled rings for which the annular geometry ef-
fects are negligible. This potential exhibits a minimum at the ring radius
r0 = R0. However, the quantum ring potential (2.78) is not exactly solv-
able, so that we have to resort to numerical or approximation methods. In
contradistinction, the centrifugal “core” potential (Tan et al (1999))

V
(c)
R (r0) =

1
2
k

(
r0 −

R2
0

r0

)2

(2.79)
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can be exactly solved. This proceeds by inserting

mR =
(
m2

ϕ +
m2

0ω
2
0

�2
R4

0

)1/2

(2.80)

instead of |mϕ| in (2.64) and (2.65), with the understanding that
exp (imϕϕ) in (2.64) is preserved as it stands. In order to reproduce data
concerning actual GaAs-rings, selected numerical values like m0 = m∗ =
0.067me, R0

∼= 800nm and k ∼= 4.44x10−5meV nm2 have to be considered
(Tan et al (1999)). The ring energy is then given by

E
(α)
R = En(mR) + kR2

0 (2.81)

which works in conjunction with (2.67) and (2.80), where α stands for the
quantum numbers, i.e. α = {mϕ, nr}.

Moreover, the AB potential (2.71) piercing the ring can also be super-
imposed. The corresponding energy is then given by

Ẽ
(α)
R = �ω0

[√
1 + b2 (m̃R + 2nr + 1) + b(mϕ + βA)

]
+ kR2

0 (2.82)

where

m̃R =
(

(mϕ + βA)2 +
m2

0ω
2
0

�2
R4

0

)1/2

. (2.83)

Azimuthal corrections to the ring potential like (Magnusdottir et al (1999))

VR(r0, ϕ) =
1
2
ka cos(2ϕ)r20 (2.84)

have also been considered.

2.8 Persistent currents and magnetizations

It can be readily verified that the derivative of the energy (2.82) with respect
to the magnetic field is given by

∂

∂B
Ẽ

(α)
R =

e�

2m0c

[
mϕ + βA +

ωB

2ω
(m̃R + 2nr + 1)

]
(2.85)

whereas the one with respect to ΦA reads
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∂

∂ΦA
Ẽ

(α)
R =

eω

2πcm̃R

[
mϕ + βA +

ωB

2ω
m̃R

]
. (2.86)

Fixing the number of electrons then gives the zero-temperature magne-
tization

Mα = − ∂

∂B
Ẽ

(α)
R (2.87)

so that the total magnetization is given by the sum over states as (Tan et
al (1999))

M =
∑

α

Mα|T=0 =
∑
α

Mαθ (EF − Eα) (2.88)

where now Eα = Ẽ
(α)
R and where θ (x) denotes Heaviside’s step function

(θ (x) = 1 for x � 0 and θ (x) = 0 for x < 0). Furthermore, we can make
the identification E = Ẽ

(α)
R , in which case the persistent current such as

specified by (2.76) is given by

Iα = − eω

2πm̃R

[
mϕ + βA +

ωB

2ω
m̃R

]
(2.89)

the total current being given again by the summation over states:

I =
∑

α

Iα|T=0 =
∑
α

Iαθ (EF − Eα) (2.90)

It is understood that the summations in (2.88) and (2.90) have to be
performed by accounting for energies less than the Fermi-energy. Note that
such currents have been observed in GaAs/GaAlAs self-assembled rings
(Mailly et al (1993)). Next one sees that

cMα = πl2ωm̃RIα − e�ωB

2m0ω

(
nr +

1
2

)
(2.91)

in which the first term from the r.h.s. is the magnetization produced by a
current loop, whereas the second one represents a diamagnetic contribution.
Applying the virial theorem, it can be easily verified that the expectation
value of the squared radial coordinate with respect to the eigenfunction
characterizing (2.82) is given by
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< r20 >= l2ω(m̃R + 2nr + 1) (2.92)

in accord with (2.66). So the magnetization produced by the current loop
can be rewritten as

cM (loop)
α = π < r20 >

m̃R

m̃R + 2nr + 1
(2.93)

which approaches π < r20 > as m̃R → ∞.
Choosing as an example free electrons on the 1D ring one obtains the

number Ne of electrons as

Ne =
2
h

L∫
0

dx

pF∫
0

dp (2.94)

where L denotes the ring circumference. The Fermi momentum pF = �kF

is given by EF = p2
F /2m0, as usual. Accordingly, there is

Ne =
LkF

π
(2.95)

so that specifying the number of electrons amounts to consider a fixed value
of the Fermi momentum.

Assuming that T �= 0, we have to consider the canonical partition func-
tion

Z =
∑
α

exp
(
− Eα

kBT

)
(2.96)

for which the number of electrons is fixed. Inserting Eα = Ẽ
(α)
R into (2.96),

one realizes that Z is an even periodic function of the AB magnetic flux
ΦA (Byers et al (1961)). The underlying background is the summation over
the magnetic quantum number form −∞ to ∞, which proceeds both for
T = 0 and T �= 0. This explains the appearance of AB-oscillations in the
magnetic flux dependence of thermodynamic properties. So, the T �= 0
counterpart of the T = 0 magnetization (2.88) is given by

M(Φ, T ) = − 1
Z

∑
α

∂

∂B
exp

(
− Eα

kBT

)
(2.97)
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where Φ stands for the axial magnetic flux. Similarly, the temperature
dependent persistent current reads

I(Φ, T ) = − 1
Z

∑
α

∂

∂Φ
exp

(
− Eα

kBT

)
(2.98)

which is still a periodic, but an odd function of the magnetic flux Φ. We
have to recognize that the derivation of temperature effects characterizing
(2.95) and (2.96) is a lengthy job, but ingredients needed are presented in
Appendix A in Cheung et al (1988). The influence of the electric field has
also been considered (Barticevic et al (2002)). Thermodynamic properties
relying on the grand canonical partition function are briefly discussed in
section 8.6.

2.9 The derivation of the total persistent current for elec-
trons on the 1D ring at T = 0

Let us consider as a next example free electrons on the planar 1D ring
threaded by a magnetic flux Φ. The energies are given by Schrödinger
equation

− �
2

2m0R2
0

d2

dϕ2
ψ (ϕ) = Eψ (ϕ) (2.99)

working in conjunction with the AB-type periodic boundary condition

ψ (ϕ+ 2π) = exp (i2πβ)ψ (ϕ) (2.100)

where β = Φ/Φ0 and ϕ ∈ [0, 2π]. Proceeding in this manner gives the
energy and the eigenfunction as

E = En =
�2

2m0R2
0

(n+ β)2 (2.101)

and

ψ = ψn (ϕ) =
1√
2π

exp (i (β + n)ϕ) (2.102)

respectively, where n = 0,±1,±2, . . . . The corresponding persistent cur-
rent is then given by
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In = − 2
Ne

IF (n+ β) (2.103)

in accord with (2.76) and (2.95), where

IF =
e

L
vF . (2.104)

The circumference is denoted by L = 2πR0, whereas

vF =
�kF

m0
. (2.105)

In order to derive the total persistent current at T = 0 we have to apply
(2.90), which means that energies less than EF have to be selected. This
proceeds in terms of the inequalities (Cheung et al (1988))

−Ne

2
� n+ β � Ne

2
(2.106)

which produce in turn limitations which are sensitive to the parity of Ne.
Performing summations over n then gives the total persistent current versus
periodicity intervals as

I+(β,Ne) = −2IF (2β − 1)
Ne + 1
Ne

(2.107)

and

I−(β,Ne) = −4IFβ
Ne + 1
Ne

(2.108)

if Ne is even (β ∈ [0, 1]) and odd (β ∈ [−1/2, 1/2]), respectively. The
corresponding β-intervals can be joined together as

β ∈
[
−1

2
+

1 + (−1)Ne

4
,
1
2

+
1 + (−1)Ne

4

]
(2.109)

where (−1)Ne = ±1.
Resorting to Fourier series (see also (8.133)-(8.135)) leads to the gener-

alized current

Ig(β,Ne) =
2IF (Ne + 1)

πNe

∞∑
l=1

cos(lkFL)
l

sin(2πlβ) (2.110)
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which proceeds in accord with (2.94). One sees that

Ig(β + 1, Ne) = Ig(β,Ne) (2.111)

so that the oscillations characterizing the flux dependence of the total per-
sistent current exhibit the unit period. Furthermore, one has the summa-
tion formula (see 1.448.1 in Gradshteyn and Ryzhik (1965))

∞∑
l=1

pl sin(lx)
l

= arctan
(

p sinx
1 − p cosx

)
(2.112)

where now p = (−1)Ne = ±1. Accordingly

Ig(β,Ne) =
2IF (Ne + 1)

πNe
arctan

(
p sin(2πβ)

1 − p cos(2πβ)

)
(2.113)

which is valid for both even and odd Ne-values. Note that in order to derive
(2.108) the integral∫

x sin (ax) dx = −x
a

cos (ax) +
1
a2

sin (ax) (2.114)

has been used.
The flux dependence of the dimensionless current

C = Cg(β,Ne) =
Ig(β,Ne)

IF
(2.115)

is displayed in figures 2.2 and 2.3 for Ne = 3 and Ne = 4, respectively.
One sees that there is a π phase-difference in the oscillations characterizing
these currents.

2.10 Circular currents

In order to establish alternatively circular currents in planar systems
threaded by axial magnetic fields we can also resort to the current den-
sity

−→
j =

i�e

2m0
(ψ∗∇ψ − ψ∇ψ∗) − e2

m0c

−→
A |ψ|2 = (2.116)
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Fig. 2.2 The flux dependence of Cg(β, Ne) for Ne = 3. The sawtooth like os-
cillations displayed above are characterized by amplitudes having the mag-
nitude order of 1.32.

= −
(

�e

2m0
∇ argψ +

e2

m0c

−→
A

)
|ψ|2

where
−→
A denotes the vector potential and ψ = |ψ| argψ. Details concern-

ing this rather special device have been presented before (Ziman (1964)).
Choosing

−→
A =

1
2
−→
B ×−→r 0 +

−→
ΦA ×−→r 0

2πr20
(2.117)

we can account both for the influence of a transversal and homogeneous
magnetic field B as well as for the axial AB -flux ΦA. The tangential
component characterizing (2.115) is then given by

jϕ =
i�e

2m0

(
ψ∗ 1
r0

∂ψ

∂ϕ
− ψ

1
r0

∂ψ∗

∂ϕ

)
− e2

m0c
Aϕ |ψ|2 (2.118)

where
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Fig. 2.3 The flux dependence of Cg(β, Ne) for Ne = 4. The sawtooth like os-
cillations displayed above are characterized by amplitudes having the mag-
nitude order of 1.24.

Aϕ =
Br0
2

+
ΦA

2πr0
(2.119)

Choosing

ψ =
1√
2π

exp (imϕ)ψα (r0) (2.120)

which is reminiscent to (2.64), one finds the circular current as (see also
Avishai et al (1993))

Ĩα =

∞∫
0

r0dr0j
(α)
ϕ (r0) (2.121)

where

j(α)
ϕ (r0) = − e�

m0
|ψα (r0)|2

(
m+ βA

r0
+
eB

2c�
r0

)
. (2.122)
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This serves as an alternative to (2.76).
The total current at T = 0 can then be established with the help of

(2.90). Inserting

|ψ0 (r0)|2 = const.δ (r0 −R0) (2.123)

we have to remarks that (2.120) reproduces the persistent current character-
izing the 1D ring such as given by (2.103) if const. = π/L and β = βA. This
indicates that the present current can be rescaled on dimensional grounds
as

Ĩα → Iα =
π

L
Ĩα (2.124)

in which case the normalization of the wavefunction is safely preserved.
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Chapter 3

Time Discretization Schemes

The unitary quantum mechanical evolution operator obeys the equation

H U (t) = i
∂

∂t
U (t) (3.1)

in simplified units for which � = 1, which exhibits the well known solution

U (t) = exp (−iHt) (3.2)

on the continuous time, provided that the Hamiltonian H is both Hermitian
and independent of time. Considering a discrete space, amounts to replace
H by a discretized counterpart, as we shall see later in chapter 4. Assuming
a discrete time one should proceed similarly, now by replacing the usual
time derivative ∂/∂t by a discrete derivative. We emphasize that this rule
should be preserved even if the discrete time may look less fundamental
than the the idea of a discrete space. This results in evolution equations
proceeding on the discrete time, such as discussed in some more detail before
(Caldirola (1976), Bender et al (1985), Bender and Dunne (1988), Lorente
(1989)). Proofs have also been given that path integrals can be evaluated
safely in terms of a countable discrete time (Lee (1983)). Assuming the
time discretization t = nε, where ε denotes a sufficiently small time scale
and invoking, for convenience, (1.2), one then finds that (3.1) is subject to
the discretization

i

ε
(Un+1 − Un) =

1
2
H (Un+1 + Un) (3.3)

where U (nε) = Un. In addition, the Un-wavefunction has been replaced by
(Un+1 + Un) /2, so as to make the discretization a little bit more elaborated.

41
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Such equations will then be exercised in practice in the sequel. Conversely,
taking the limits ε→ 0 and n→ ∞, but keeping t = nε fixed, one sees that
(3.3) reproduces the continuous limit, i.e. (3.1), to O

(
ε2
)
-order. Moreover,

(3.3) exhibits the solution

Un =

(
1 − i

2εH
1 + i

2εH

)n

(3.4)

where U0 = 1, which reproduces again the continuous limit:

Un → exp (−itH) , (3.5)

as son as ε→ 0 and n→ ∞. Interesting results are also revealed by the q-
deformation of the time evolution, as we shall see in the next sections. Such
results are still open for further applications. Moreover, the time discretiza-
tion can also be implemented in a close connection with the derivation of
dynamic localization conditions (see (6.84)).

3.1 Discretized time evolutions of coordinate and momen-
tum observables

An interesting class of time-dependent problems is the evolution of time-
dependent observables in the Heisenberg representation. Indeed, one has

A (t) = U+ (t)AU (t) (3.6)

where A ≡ A (0), so that the evolution equation

i
dA (t)
dt

= [A (t) ,H] (3.7)

serves as a starting point for a subsequent discretization, too. In this con-
text we shall discuss in particular the discretized time evolution of dimen-
sionless and Hermitian coordinate (Qn) and momentum (Pn) observables
in terms of time-independent Hamiltonians of hyperbolic and elliptic type.
The time discretized evolution equations can be introduced as

i

ε
(Qn+1 −Qn) =

1
2

[Qn+1 +Qn,H] (3.8)

and
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i

ε
(Pn+1 − Pn) =

1
2

[Pn+1 + Pn,H] (3.9)

proceeding in accord with (3.3), such that

[Qn, Pn] = i (3.10)

irrespective of n.

3.2 Time independent Hamiltonians of hyperbolic type

Let us assume that the Hamiltonian H = H (X) is an analytic function of
X , where

X = Q0P0 + P0Q0 = QnPn + PnQn (3.11)

is Hermitian an independent of time, i.e. of n. One finds[
Qn, X

k
]

=
[
(X + 2i)k −Xk

]
Qn (3.12)

in accord with (3.10), where k is an integer. Similarly, one has[
Pn, X

k
]

=
[
(X − 2i)k −Xk

]
Pn (3.13)

so that

[Pn,H (X)] = [H (X − 2i) −H (X)]Pn (3.14)

and

[Qn,H (X)] = [H (X + 2i) −H (X)]Qn . (3.15)

Then (3.8) and (3.9) become

i

ε
(Qn+1 −Qn) =

1
2

(H (X + 2i) −H (X)) (Qn+1 +Qn) (3.16)

and

i

ε
(Pn+1 − Pn) =

1
2

(H (X − 2i) −H (X)) (Pn+1 + Pn) (3.17)
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respectively. One sees that (3.16) and (3.17) are two-term recurrence rela-
tions, so that

Qn+1 =
1 − i

2ε [H (X + 2i) −H (X)]
1 + i

2ε [H (X + 2i) −H (X)]
Qn (3.18)

and

Pn+1 =
1 − i

2ε [H (X − 2i) −H (X)]
1 + i

2ε [H (X − 2i) −H (X)]
Pn (3.19)

respectively. One realizes, even at this stage of our calculations, that X is
actually independent of n. Indeed, one has

Q+
n+1 = Qn+1 = Qn

1 + i
2ε [H (X − 2i) −H (X)]

1 − i
2ε [H (X − 2i) −H (X)]

(3.20)

so that

Qn+1Pn+1 = QnPn . (3.21)

Concerning the product PnQn one proceeds similarly, which shows in
turn that X is independent of n. Now it is obvious that the solution to the
discretized time evolution of the coordinate is given by (see Lorente (1989))

Qn =

(
1 − i

2ε [H (X + 2i) −H (X)]
1 + i

2ε [H (X + 2i) −H (X)]

)n

Q0 . (3.22)

The continuous limit of Qn reads

Qn → exp (−it (H (X + 2i) −H (X)))Q0 (3.23)

if n→ ∞ and ε→ 0, so that

Qn → exp (itH (X))Q0 exp (−itH (X)) (3.24)

by virtue of (3.15). In the case of the momentum we have just to repeat
the same steps.
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3.3 Time independent Hamiltonians of elliptic type

In this case the Hamiltonian is an analytic function of the time-independent,
dimensionless and Hermitian expression

y = P 2
n +Q2

n . (3.25)

Now it is suitable to resort to boson annihilation and creation operators,
in which case

an =
1√
2

(Qn + iPn) (3.26)

and

a+
n =

1√
2

(Qn − iPn) . (3.27)

Accordingly, there is

y = ana
+
n + a+

n an (3.28)

irrespective of n. Now one has[
an, y

k
]

=
[
(y + 2)k − yk

]
an (3.29)

so that [
a+

n , y
k
]

= −a+
n

[
(y + 2)k − yk

]
. (3.30)

Inserting (3.26) and (3.27) into (3.8) and (3.9) yields

i

2
(an+1 − an) =

1
2

[an+1 + an,H] (3.31)

and

i

2
(
a+

n+1 − a+
n

)
=

1
2
[
a+

n+1 + a+
n ,H

]
(3.32)

as one might expect.
This time (3.31) produces the two-term recurrence relation (Lorente

(1989))
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an+1 =
1 − i

2ε [H (y + 2) −H (y)]
1 + i

2ε [H (y + 2) −H (y)]
an (3.33)

so that

a+
n+1 = a+

n

1 + i
2ε [H (y + 2) −H (y)]

1 − i
2ε [H (y + 2) −H (y)]

. (3.34)

On sees again that the product a+
n an is time-independent:

a+
n+1an+1 = a+

n an . (3.35)

Moreover, one has the intertwining relation

anH (y) = H (y + 2) an (3.36)

by virtue of (3.29), which enables us to rewrite the r.h.s. of (3.33) by
locating the an-factor to the left. This also means that

an+1a
+
n+1 = ana

+
n (3.37)

which confirms the n-independence of y.

3.4 The derivation of matrix elements

Let us introduce Fock states |k〉 for which

a0 |k〉 =
√
k |k − 1〉 (3.38)

and

a+
0 |k〉 =

√
k + 1 |k + 1〉 (3.39)

as usual. Then

y |k〉 = (2k + 1) |k〉 (3.40)

so that

〈l|H |k〉 = H (2k + 1) δl,k . (3.41)
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On the other hand,(3.33) yields the solution

an =

(
1 − i

2ε [H (y + 2) −H (y)]
1 + i

2ε [H (y + 2) −H (y)]

)n

a0 (3.42)

in which case

〈l| an |k〉 =

(
1 − i

2ε [H (2k + 3) −H (2k + 1)]
1 + i

2ε [H (2k + 3) −H (2k + 1)]

)n

〈l| a0 |k〉 . (3.43)

But

〈l|a0 |k〉 =
√
kδl,k−1 (3.44)

so that both matrix elements 〈l|an |k〉 and 〈l|a+
n |k〉 are completely speci-

fied. Matrix elements of Qn and Pn can also be easily obtained with the
help of (3.26) and (3.27).

In the case of Hamiltonians of hyperbolic type, one needs the eigenvalues
of the HermitianX-operator such is given by (3.11). Using (3.26) and (3.27)
gives

X = −i
(
a2
0 − a+2

0

)
(3.45)

but unfortunately, the Fock states are not eigenfunctions of this operator.
We then have to introduce a differential realization like a0 → d/dζ and
a0 → ζ (Lorente (1989)). Then the X-eigenvalues, say 2ρ, are produced by
the equation

−i
(
d2

dζ2
− ζ2

)
ψρ (ζ) = 2ρψρ (ζ) . (3.46)

The corresponding eigenfunction gets expressed in terms of the parabolic
cylinder function (see e.g. Gradsteyn and Ryzhik (1965)) as

ψρ (ζ) = D−iρ−1/2

(√
2ζ
)

(3.47)

so that the zero-time matrix elements are

〈ρ|Q0 |ρ′〉 =
1√
2

+∞∫
−∞

ψ∗
ρ (ζ)

(
ζ +

d

dρ

)
ψρ′ (ζ) dζ (3.48)
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and

〈ρ|P0 |ρ′〉 =
i√
2

+∞∫
−∞

ψ∗
ρ (ζ)

(
ζ − d

dρ

)
ψρ′ (ζ) dζ . (3.49)

The matrix element of the n-dependent coordinate is then given by

〈ρ|Qn |ρ′〉 =

(
1 − i

2ε (H (2ρ+ 2i)−H (2ρ))
1 + i

2ε (H (2ρ+ 2i)−H (2ρ))

)n

〈ρ|Q0 |ρ′〉 (3.50)

in accord with (3.22). It is obvious that a similar relation is valid for the
momentum Pn.

3.5 Finite difference Liouville-von Neumann equations and
“elementary” time scales

A finite difference formulation of the Liouville-von Neumann equation for
the density operator:

i�
ρ (t+ τ) − ρ (t− τ)

2τ
= [H, ρ (t)] (3.51)

has also been discussed by Bonifacio and Caldirola (1983a), where τ rep-
resents a characteristic time scale of the system. This corresponds to a
symmetrization of the difference quotients introduced before by virtue of
(1.1) and (1.2). A similar symmetrization has also been used in terms of the
finite difference Schrödinger-equation (Bonifacio (1983b), Janussis (1984))

i�
ψ (t+ τ) − ψ (t− τ)

2τ
= Hψ (t) (3.52)

in which τ plays the role of an “elementary” time scale. A such time scale re-
lies on several time-quantization ideas proposed before (see e.g. Pokrowski
(1928) and Beck (1929)) and especially on the ”chronon” hypothesis” for-
warded by Caldirola (1976). Moreover, accounting for discrete time ef-
fects results in certain corrections to the relativistic mass energy formula
(Wolf (1989)). Of course the “elementary” time can also be approached via
τ = a/c, where a plays the role of an “elementary” length.

Equation (3.51) can be easily solved in terms of the matrix elements
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ρnm (t) = 〈n| ρ(t) |m〉 (3.53)

where |n〉 and |m〉 are non-degenerate energy eigenfunctions:

H |n〉 = En |n〉 (3.54)

as usual. So, (3.51) becomes

ρnm (t+ τ) − ρnm (t− τ) = −2iωnmτρnm (t) (3.55)

where

ωnm =
1
�

(En − Em) . (3.56)

The solution of (3.55) reads

ρnm (t) = ρnm (0) exp (−knmt) (3.57)

where

exp (−knmτ) = −iτωnm ±
√

1 − ω2
nmτ

2 . (3.58)

Putting

knm = γnm + iυnm (3.59)

one finds further details by accounting for the continuous limit

ρnm (t) = ρnm (0) exp (−iωnmt) . (3.60)

This shows that one should have γnm → 0 and υnm → ωnm as ωnmτ → 0.
Next, exp (−knmt) should be bounded as t → ∞, which means in turn
that γnm > 0. In addition, we shall consider a rather reasonable ansatz,
namely that knm should be a continuous function of ωnmτ , which concerns
especially the points ωnmτ = ±1.

First let us assume that |ωnm| τ ≥ 1. Then

υnm =
π

2τ
sgn (ωnmτ) (3.61)

whereas
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γnm =
1
τ

ln
[
|ωnm| τ +

√
ω2

nmτ
2 − 1

]
. (3.62)

Complementarily, one obtains

γnm = 0 (3.63)

and

υnm =
1
τ

arcsin (|ωnm| τ) (3.64)

if |ωnm| τ ≤ 1.
One remarks that the influence of the characteristic time τ concerns

not only the rescaling of the transition frequency ωnm, but of the real and
imaginary parts of knm ,too. We then have to realize that the discrete
description produces richer structures than the continuous one and this is
the reason why discretizations look both interesting and promising.

3.6 The q-exponential function approach to the q-
deformation of time evolution

Equation (3.2) shows that in order to perform the q-deformation of the
quantum-mechanical time evolution we have to introduce the q-exponential
functions, say

exp (βt) → expq (βt) (3.65)

working in combination with appropriate q-derivatives (Ubriaco (1992)).
Choosing the Jackson-derivative, we have to account for the substitution

∂

∂t
→ ∂

(q)
t (3.66)

which works in accord with (1.12). Then one deals with the q-deformed
exponential functions like

expq (x) =
∞∑

k=0

xk

[[k]]q!
(3.67)

in which case
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∂
(q)
t expq (βt) = β expq (βt) . (3.68)

Another realization such as

Expq (x) =
∞∑

k=0

qn(n−1)/2xk

[[k]]q!
(3.69)

can also be considered, so that

∂
(q)
t Expq (βt) = βExpq (βqt) . (3.70)

Moreover, the symmetrized q-derivative D(q)
x can also be invoked. Then

(3.67) and (3.68) get replaced by

eq(x) =
∞∑

k=0

xk

[k]q!
(3.71)

and

D(q)
t eq (βt) = βeq (βt) (3.72)

respectively. Furthermore, the symmetrized counterpart of (3.70) reads

D(q)
z Eq (βt) = βEq (βqt) (3.73)

where now

Eq (x) =
∞∑

k=0

qn(n−1)/2xk

[k]q!
. (3.74)

We are ready to remark that the q-exponential functions introduced
above are able to exhibit non-classical properties by virtue of the inherent
non-additivity behavior with respect to the argument. Indeed, one has

expq (x+ y) �= expq (x) expq (y) (3.75)

if q �= 1, which can be easily verified by using the a = 0 version of (1.21):

expq

(
x

1 − q

)
=

∞∏
k=0

1
(1 − xqk)

. (3.76)
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Other details concerning q-exponential functions can be found in the liter-
ature (Nelson and Gartley (1994), MacAnally (1995)).

The next point of interest is the derivation of the q-deformed Baker-
Campbell-Hausdorf formula (see e.g. Ubriaco (1992), Chung (1993))

expq (A)B exp1/q (−A) = B + [A,B] +
1

[[2]]q!

[
A, [A,B]q

]
+ (3.77)

+
1

[[3]]q!

[
A,

[
A, [A,B]q2

]
q

]
+ . . .

in which the general term looks like

T (BCH)
n (q) =

1
[[n]]q!

[
A,

[
A, . . . [A,B]qn−1

]
qn−2

. . .

]
q

]
. (3.78)

The q-deformed commutator displayed above reads

[A,B]qn = AB − qnBA (3.79)

so that [
A, [A,B]qn

]
qm

=
[
A, [A,B]qm

]
qn

. (3.80)

This means in turn, that the ordering of q-commutators is irrelevant.
Equation (3.77) can be verified by performing q-difference Taylor-series
expansions of the function

f (λ) = expq (λA)B exp1/q (−λA) (3.81)

which works as follows

f (λ) = f (0) + ∂
(q)
λ f (λ)|λ=0 +

1
[[2]]q!

∂
(q)2

λ f (λ)|λ=0 + . . . . (3.82)

For this purpose we have to apply the derivatives

∂
(q)
λ expq (λA) = A expq (λA) (3.83)

and
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∂
(q)
λ exp1/q (−λA) = −A exp1/q (−λAq) (3.84)

where

[[n]]1/q! =
[[n]]q!

qn(n−1)/2
. (3.85)

Proceeding in conjunction with (1.13) yields the concrete results

f (0) = B (3.86)

∂
(q)
λ f (λ)|λ=0 = [A,B] (3.87)

∂
(q)2

λ f (λ)|λ=0 =
[
A, [A,B]q

]
(3.88)

and similarly to higher orders. In particular, we can put A = x and B = 1,
in which case (3.77) becomes

expq (x) exp1/q (−x) = 1 . (3.89)

This provides a useful solution to the inverse of the q-exponential function.
Of course,(3.77) works also in terms of other q-exponential functions, but in
this case we have to consider appropriate realizations of the q-commutator
instead of (3.79).

Having obtained the main ingredients, one realizes that the q-
deformation of (3.6) is an easy exercise. For this purpose we shall apply
the q-deformation of the evolution operator as

U(t) → Uq(t) = expq(−
i

2
tH) exp1/q(−

i

2
tH) (3.90)

where q is real, which satisfies unitarity requirements needed:

U+
q (t) = U−1

q (t) (3.91)

by virtue of (3.89). Using (3.83) and (3.84) it can be easily verified that

i∂
(q)
t Uq(t) =

H
2

(Uq(t) + Uq(qt)) (3.92)
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which leads to

−i∂(q)
t U+

q (t) =
H
2
(
U−1

q (t) + U−1
q (qt)

)
(3.93)

by Hermitian conjugation. The related q-deformed time evolution of an
observable is then given by

Aq(t) = U+
q (t)A(0)Uq(t) (3.94)

so that

∂
(q)
t Aq(t) =

i

2
(HAq(t) −Aq(qt)H)+ (3.95)

+
i

2
U+

q (qt)[H, A(0)]Uq(t)

which exhibits certain similarities with (3.8). On sees that (3.95) reproduces
(3.7) as soon as q → 1, as one might expect.

Using (3.77) leads to

exp1/q(
i

2
tH)A(′) expq(−

i

2
tH) = A(0) +

i

2
t[H, A(0)]+ (3.96)

+
(
it

2

)2 1
[[2]]1/q!

[H, [H, A(0)]1/q] + ... .

Next, one obtains

expq(
i

2
tH)A(′) exp1/q(−

i

2
tH) = A(0) +

i

2
t[H, A(0)]+ (3.97)

+
(
it

2

)2 1
[[2]]q!

[H, [H, A(0)]q] + ...

with the understanding that similar formulae can be done for all non-zero
terms from the r.h.s. of (3.96). This shows that Aq(t) can be established
in an explicit manner by resorting to underlying non-zero commutators.
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3.7 Alternative realizations of discrete time evolutions and
stationary solutions

Alternative realizations to the discrete time evolution are able to be pro-
vided by the q-deformed formulae written down above by applying the
substitution

t→ qn (3.98)

in which one assumes again that q is real. Accordingly, the unitary time
evolution operator becomes

Uq (t) → U (n)
q = expq

(
− i

2
qnH

)
exp1/q

(
− i

2
qnH

)
(3.99)

so that the unitarity condition becomes(
U (n)

q

)+

U (n)
q = 1 . (3.100)

Then the discrete counterparts of (3.92) and (3.95) are given by

i

qn (q − 1)

(
U (n+1)

q − U (n)
q

)
=

H
2

(
U (n+1)

q + U (n)
q

)
(3.101)

which relies on (3.3), and

A
(n+1)
q −A

(n)
q

qn (q − 1)
=
i

2

[
HA(n)

q −A(n+1)
q H

]
+
i

2

(
U (n+1)

q

)+

[H, A (0)]U (n)
q

(3.102)
respectively, where

A(n)
q = Aq (qn) . (3.103)

Of course, stationary solutions to (3.52):

ψ (x) = ψ (−→x , t) = exp (−iωt)ϕ (−→x ) (3.104)

can also be easily done. Inserting (3.104) into (3.52) yields

E =
�

τ
sinωτ (3.105)

where
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Hϕ (−→x ) = Eϕ (−→x ) . (3.106)

Then (3.104) can be rewritten as (see also Caldirola (1976))

ψ (−→x , t) = exp
(
−i t
τ

arcsin
(
Eτ

�

))
ϕE (−→x ) (3.107)

where ϕE (−→x ) = ϕ (−→x ). However, this time the energy is subject to the
upper bound

|E| ≤ E(max) =
�

τ
(3.108)

which is an immediate consequence of (3.105). We have to anticipate that
the discrete analog of the harmonic oscillator is characterized by the max-
imum energy

E(max) = �ω0

(
N0 +

1
2

)
(3.109)

where now �ω0 �= 1, which proceeds in accord with (5.39) and (5.40). The
corresponding “chronon” is then given by

τ =
T0

π (2N0 + 1)
(3.110)

where T0 = 2π/ω0 denotes the period of the oscillator and where N0 is a
fixed integer.
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Chapter 4

Discrete Schrödinger Equations.
Typical Examples

Schrödinger equations on the discrete space can be readily established by re-
sorting to the discrete left- and right-hand derivatives written down before.
A first realization can be done by replacing the usual second-derivative
by its discrete counterpart ∇Δ = Δ∇. This leads to the 1D discrete
Schrödinger-equation

−∇Δψ (x) + V1 (x)ψ (x) = E1ψ (x) (4.1)

where V1 (x) stands for the usual potential and where x denotes the di-
mensionless discrete variable. This equation can be rewritten equivalently
as

−ψ (x+ 1) − ψ (x− 1) + V1 (x)ψ (x) = Eψ (x) (4.2)

in accord with (1.5), where E = E1 − 2. However, in many cases one deals
with a slightly modified form:

Hψ(x) = ψ (x+ 1) + ψ (x− 1) + V (x)ψ (x) = E
′
ψ (x) (4.3)

where V (x) = −V1(x) and E
′
= −E. Hopping effects can also be included

into (4.2) and (4.3) by multiplying ψn+1 and ψn−1 with hopping matrix
elements needed. We have to remark that the Hamiltonian characterizing
(4.2) can be rewritten in terms of translations as

H = −
[
exp

(
∂

∂x

)
+ exp

(
− ∂

∂x

)]
+ V1 (x) (4.4)

so that

57
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H = −2 cosh
(
∂

∂x

)
+ V1 (x) (4.5)

or

H = −2 cospop + V1 (x) (4.6)

where pop = −i∂/∂x denotes again the dimensionless momentum operator.
Starting e.g. with (4.6) we can then account for the discrete coordinate at
the end of calculations. It is also clear that (4.5) can be easily generalized
to N space-dimensions as

H = −2
N∑

j=1

cosh
(

∂

∂xj

)
+ V1 (−→x ) (4.7)

where −→x = (x1, x2, . . . , xN ). The same concerns, of course, (4.6). Such
equations are produced specifically by tight binding models to the descrip-
tion of electrons on square, or other kind of lattices under the influence
of external fields. However, well-known examples from usual quantum
mechanics, such as the harmonic oscillator (Chabaud et al (1986)), the
Coulomb -potential (Gallinar (1984), Kvitsinsky (1992)), or the linear po-
tential (Gallinar and Mattis (1985)) are worthy of being mentioned, too.
Moreover, the so-called Maryland-potential has also been discussed in some
more detail (Kvitsinsky (1994), Simon (1985) and Grempel et al (1982)).
Such studies reveal quite interesting manifestations of space-discreteness.
The infinite square well has been discussed recently by Boykin and Klimeck
(2004) by accounting in some more detail for perfect confinement boundary
conditions. However a simplified description can also be readily done by
proceeding in a close connection with the usual description.

4.1 The isotropic harmonic oscillator on the lattice

The isotropic quantum harmonic oscillator on a cubic lattice is described
by the Hamiltonian

H = −2tH
3∑

j=1

cosh
(

∂

∂xj

)
+
k

2

3∑
j=1

x2
j (4.8)
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where tH is responsible for site independent hopping effects. The related
eigenvalue equation

HΨ (−→x ) = EΨ (−→x ) (4.9)

is of a special interest in semiconductor physics. The present wavefunction
separates as

Ψ (−→x ) =
3∏

j=1

ψ (xj) (4.10)

in accord with the usual description. Accordingly, the energy reads

E =
3∑

j=1

Ej (4.11)

where the quotations are selfconsistently understood. So, (4.9) gets solved
in terms of the 1D eigenvalue problem

−tH cos popψ (x) +
k

2
x2ψ (x) = Eψ (x) . (4.12)

Resorting, for convenience, to the Fourier-decomposition

ψ (x) =

+∞∫
−∞

f (s) exp (isx) ds (4.13)

leads to the s-momentum representation equation

−2tH cos (s) f (s) − k

2
d2f

ds2
= Ef(s) (4.14)

with the understanding that a similar result would obtained by using sum-
mations over the Brillouin zone instead of (4.13). Both ψ (x) and f (s)-
functions are assumed to be square integrable. One sees that (4.14) ex-
hibits the canonical form of the Mathieu-equation (Abramowitz and Stegun
(1972))

d2f

du2
+ (aM − 2qM cos 2u) f = 0 , (4.15)
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via s = 2u,

qM = −8AH

k
(4.16)

and

aM =
8E
k

. (4.17)

On the other hand, the reciprocal lattice (Ashcroft and Mermin (1976)),
is characterized by the period Tp = 2π, so that the admissible solutions
should satisfy the periodicity condition

f (u) = f (u+ π) (4.18)

which works in accord with (2.47). At this point, we have to remind that
there exists a countable infinite set of real and distinct characteristic aM -
values, say

aM = a2ρ (qM ) (4.19)

where ρ = 0, 1, 2, . . . , and

aM = b2ρ (qM ) (4.20)

for ρ = 1, 2, . . . , yielding even and odd periodic solutions of period π,
respectively. Accordingly, one has the Mathieu-wavefunctions

f (u) = N
(c)
2r ce2ρ (u; qM ) =

∞∑
n=0

A2n cos (2nu) (4.21)

and

f (u) = N
(s)
2r se2ρ (u; qM ) =

∞∑
n=0

B2n sin (2nu) (4.22)

where the coefficients A2n and B2n are able to be established with the
help of three-term recurrence relations. The corresponding normalization
constants are denoted by N (c)

2r and N (s)
2r .

Proceeding in this manner one finds the energy-eigenvalues
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E = E(a)
ρ (qM ) =

k

8
a2ρ (qM ) (4.23)

and

E = E(b)
ρ (qM ) =

k

8
b2ρ (qM ) (4.24)

respectively, for which power series in qM can be derived. So, one has the
limit

E → k

2
ρ2 (4.25)

if qM → 0, which differs drastically from the behavior characterizing the
usual harmonic oscillator. However, there is

a2ρ
∼= b2ρ+1

∼= −2 |qM | + 2 (2ρ+ 1)
√
|qM | (4.26)

if |qM | � 1. Then

E(a)
ρ

∼= −2AH +
(
ρ+

1
2

)
ω0

√
tH (4.27)

where k ≡ ω2
0/2, which reproduces precisely the spectrum of the usual

harmonic oscillator if tH = 1. The real-space counterparts of the above
wavefunctions have also been discussed by Chabaud et al (1986). In other
words, the harmonic oscillator on the lattice produces energy eigenvalues
depending in a nontrivial manner on the qM -parameter, which goes beyond
the capabilities of the usual harmonic oscillator on the usual line. Note that
the discrete harmonic oscillator has also been revisited recently by Aunola
(2003), by resorting again to the Mathieu-equation, which results in a new
solution expressed in terms of generalized Hermite-polynomials.

4.2 Hopping particle in a linear potential

The discrete Schrödinger equation describing a particle with charge qe and
hopping with a constant matrix element tH under the influence of an applied
electric field

−→E el = (Eel, 0, 0) is given by (Gallinar and Mattis (1985))

−tH (ψn+1 + ψn−1) + Unψn = Eψn (4.28)
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where

Un = Fn (4.29)

stands for a linear potential, while

F = −qeEel > 0 . (4.30)

One realizes immediately that the discrete Hamiltonian characterizing
(4.28) is

H = −2tH cosh
∂

∂n
+ Fn (4.31)

where x ≡ n ∈ Z. The continuous limit of (4.31) reads

Hc = −tH
d2

dx2
+ Fx− 2tH (4.32)

in which case the wavefunctions are expressed in terms of Airy-functions
(Abramowitz and Stegun (1972))

Ai± (s) ≡
√
s

3
J±1/3

(
2
3
s3/2

)
(4.33)

as

ψn = ψ (s) = Ai± (s) +Ai∓ (s) (4.34)

where

s =
1

F2/3t
1/3
H

(E + 2tH −Fx) . (4.35)

However, such wavefunctions are not square integrable, which indicates that
there are no discrete energy levels.

On the other hand, the Bessel-functions of the first kind, say Jν (z0),
satisfy the recurrence relation

Jν−1(z0) + Jν+1(z0) =
2ν
z
Jν (z0) (4.36)

in which case (4.28) exhibits the solution
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ψn = ψn (z0) = Jn−w (z0) (4.37)

where

z0 = 2
tH
F (4.38)

and

ν = n− w = n− E

F . (4.39)

For this purpose (4.28) has been converted into the momentum represen-
tation by resorting specifically to Fourier transforms. In contradistinction
to the Bessel functions of the second kind, the Jν (z0) functions considered
above get favored as they are normalizable on the ν -space. So far the quo-
tient E/F is not quantized in an explicit manner, but this question will be
clarified in section 6.12 by using summations over the first Brillouin zone
instead of Fourier transforms.

Next let us look, however, for a suitable boundary condition. For this
purpose we can insert an infinite high barrier into (4.28), such that Un is
replaced by ( Gallinar and Mathis (1985))

Un → Ũn =
{
Un n ≥ 0
∞ n < 0

. (4.40)

This amounts to restrict the eigenvalue problem on the positive half-line.
We then have to account for the boundary condition ψ0 (z0) = 0, in which
case the related energy eigenvalues are produced by the w = E/F -roots of
the equation

ψ0

(
z
tH
F

)
= J−E/F

(
2
tH
F

)
= 0 . (4.41)

We are ready to derive an explicit, but crude approximation to (4.41), by
resorting to the leading term

Jν (z) =

√
2
πz

cos
(
z − π

2
ν − π

4

)
+O

(
1
z

)
(4.42)

of the asymptotic expansion of the Bessel-function as |z| → ∞. This yields
an unexpected “harmonic oscillator” approximation like
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E = En0 =
(

2n′ +
3
2

)
F − 4

π
tH (4.43)

in so far as the quotient tH/F exhibits sufficiently large values, where n′

is an integer. Some further conversions are in order. Indeed, one has (see
e.g. Abramowitz and Stegun (1972))

Jν (z0) =
(z0/2)ν exp (−iz0)

Γ (ν + 1)
M

(
ν +

1
2
, 2ν + 1, 2iz0

)
(4.44)

where

M(a, c, z) =
∞∑

k=0

(a)k

(c)k

zk

k!
(4.45)

denotes the Kummer-function . Then (4.41) leads to the eigenvalue condi-
tion

1
Γ (1 − E/F)

M

(
1
2
− E

F , 1 − 2E
F , 4i

tH
F

)
= 0 (4.46)

so that, in general, the energy-spectrum is generated by the poles of Gamma
function Γ (1 − E/F), as well as by the zero’s of the Kummer’s function.
In the first case one obtains

1 − E

F = 0, 1, 2, ... (4.47)

which leads to equally spaced energy levels like

E = E(Γ)
n0

= F (1 + n0) (4.48)

where n0 = 0, 1, 2, .... Further eigenvalues are generated by the equation

M

(
1
2
− E

F , 1 − 2E
F , 4i

tH
F

)
= 0 (4.49)

but closed solutions to energies implied in this way are not available.
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4.3 The Coulomb potential on the Bethe-lattice

An interesting solvable discrete model is the Coulomb-potential on the
Bethe-lattice (Gallinar (1984)). This lattice is characterized by a central
point x0 surrounded in a hierarchical manner by sets of points like x(c)

j,lj
,

where j = 1, 2, 3, . . . . This latter number specifies the increasing complex-
ity of discrete structures, such that

lj = 1, 2, . . . , c (c− 1)j−1 . (4.50)

The corresponding coordination parameter is denoted by c ≥ 2. This
means that any point of this lattice is surrounded by c nearest neighbors.
The eigenvalue equation is now given by the discrete Schrödinger-equation

Hψj,lj = tHψj−1,lj−1 + tHψj−1,lj+1 + Vjψj,lj = E′ψj,lj (4.51)

which relies on (4.3), where

Vj =
α0

j
(4.52)

and α0 > 0. We shall also consider that |V0| = ∞, which makes the problem
well-defined on the positive discrete half-line, as shown in the previous sec-
tion. Equation (4.51) has also been solved by applying the Green-function
method, such as discussed before in terms of corresponding tight binding
Hamiltonians (Brinkmann and Rice (1970), Hubbard (1979)). This Green-
function exhibits the form

G
(−)
j (E′ − iε) = 〈j, lj |

1
E′ − iε−H |j, lj〉 . (4.53)

Then the energy eigenvalues rely, in general, both on the poles of the real
part

ReG
(−)
j (E′ − iε) = 〈j, lj |P

1
E′ −Hκ

|j, lj〉 (4.54)

as well as on the discrete scars of the Dirac delta function characterizing
the imaginary part of (4.53), i.e.

Dj (E′) =
1
π
ImG

(−)
j (E′ − iε) = 〈j, lj | δ (E′ −H) |j, lj〉 . (4.55)
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This equation leads to the density of states per unit volume (see also
sections 6.2 and 8.4) by performing, of course, the sum over states. The
interesting point is that (4.53) can be handled in terms of the incomplete
beta-function, which results in an explicit derivation of the discrete singular
part of the density of states. Such issues lead to the energy eigenvalue

E′ ≡ −E =

√
4 (c− 1) t2H +

α2
0

n2
0

(4.56)

exhibiting a rather special square-root behavior, where n0 = j = 1, 2, 3, . . ..
Note that such results have been obtained without resorting to the eigen-
function. One sees that

E + 2 → ES = − α2
0

4n2
0

(4.57)

as n0 → ∞, which reproduces the discrete spectrum of the usual hydrogen
atom via tH = 1 and c = 2. In this latter case, the Bethe-lattice gets
identified with the discrete positive half-line.

4.4 The discrete s-wave description of the Coulomb-
problem

An alternative discrete analog of the s-wave (l = 0) Coulomb-problem
looking like

Δ∇ψ (x) +
(
E + 2 +

α0

x

)
ψ (x) = 0 (4.58)

has also been proposed by Kvitsinsky (1992). This works in accord with
(4.1), where x = 0, 1, 2, . . . denotes the dimensionless discrete radial coor-
dinate. Accordingly r = xa0 and α0 = e2/a0, where a0 denotes a suitable
length scale. One could eventually try to solve (4.58) in terms of (1.11),
i.e. with the help of hypergeometric type solutions. However, this fails to
work as one would have τ(x) = 0, in which case α0 = λ = 0 by virtue of
(1.77). We shall then start from the wavefunction-ansatz

ψ (x) = x exp (iθx)L (x) (4.59)

working in combination with the energy-dispersion law
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E + 2 = E (k) = 2 (1 − cos θ) (4.60)

where θ = ka0, which is reminiscent to (4.104) in Freeman et al (1969).
Inserting (4.59) into (4.58) yields the discrete equation

exp (iθ) (x+ 1)L (x+ 1) + exp (−iθ) (x− 1)L (x− 1)+ (4.61)

+ (α0 − 2x cos θ)L (x) = 0

which can be rewritten equivalently as

(x+ 1)L (x+ 1) + exp (−2iθ) (x− 1)L (x− 1)+ (4.62)

+ exp (−iθ) (α0 − 2x cos θ)L (x) = 0 .

On the other hand, the hypergeometric function

F (a) =2 F1 (a, b, c; ξ) (4.63)

obeys the discrete equation

a (ξ − 1)F (a+ 1)+(c− a)F (a− 1)+[2a− c− (a− b) ξ]F (a) = 0 (4.64)

in accord with (1.115), i.e. by virtue of Gauss’s relations for contiguous
hypergeometric functions. This relies on (4.62) via L (x) = F (a) and

a = −x+ β (4.65)

where β remains to be established.
Comparing (4.64) and (4.62) yields the matching conditions

a (ξ − 1) = (x− 1) exp (−2iθ) = (β − (a+ 1)) exp (−2iθ) (4.66)

c− a = β − a+ 1 (4.67)

and

2a− c− (a− b) ξ = exp (−iθ) (α0 − 2 (β − a) cos θ) . (4.68)
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Equation (4.66) gives

a (ξ − 1 + exp (−2iθ)) = exp (−2ik) (β − 1) (4.69)

which can be readily satisfied in terms of the inter-connected relationships

ξ = 1 − exp (−2iθ) (4.70)

and

β = 1 (4.71)

in which case

c = 2 . (4.72)

On the other hand, one obtains

b = i tan θ
(

1 − iα0

2 sin θ

)
(4.73)

by virtue of (4.68).
So we found that (4.58) exhibits the solution

ψ (x) = x exp (iθ)2 F1 (−x+ 1, b, 2; 1− exp (−2iθ)) (4.74)

which is valid irrespective of E. Looking however, for bound-states we have
to realize that the square integrability of ψ (x) is able to be fulfilled if

θ = θn = iKn (4.75)

in which Kn > 0, provided that the hypergeometric function becomes a
polynomial of degree nr, where nr = 0, 1, 2, . . . plays again the role of the
radial quantum number. In this latter case, one should have b = −nr in
accord with (1.37), so that

u− α0

2
= nr

√
1 + u2 (4.76)

where

u = sinh (Kn) . (4.77)
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There is also an alternative to (4.76), namely a = 1−x = −nr, but this
has a trivial meaning. The appropriate solution is then given by

sinh (Kn) =
α0

2
1

nr + 1
(4.78)

which produces the energy of the discrete s-wave Coulomb-system as

E = Enr = −2

(
1 +

α2
0

4 (nr + 1)2

)1/2

(4.79)

in accord with (4.60) and (4.75). This result is similar to (4.56) derived
before. The continuous limit is then given by

E + 2 → ES = − α2
0

4 (nr + 1)2
(4.80)

which reproduces precisely the usual s-wave result.
One sees that (4.79) and (4.80) proceed in a close analogy with (4.56)

and (4.57). We have to realize that both (4.56) and (4.79) are interesting, as
they incorporate square-root energy contributions, which are almost typical
for relativistic energy descriptions. This latter interpretation is confirmed
by the energy-formula established within the relativistic quasipotential ap-
proach to the Coulomb-problem. Indeed, (4.107) reproduces identically
(4.79) as soon as l = 0, which represents a rather remarkable agreement.

4.5 The Maryland class of potentials

The potential

VM (x) =
a+ bz

1 + cz
(4.81)

where z = qx has also been analyzed in some more detail (Kvitsinsky
(1994)). Here q ∈ C stands for an inherent deformation parameter produc-
ing the conversion of the second-order discrete equation like (4.3) into a
q-difference one. This potential is of special interest, as it is able to repro-
duce well-known potentials, such as the Maryland-model (Grempel et al
(1982), Bentosela et al (2003)), the exponential and Hulthén potentials,
for selected values of parameters a, b and c, as shown in Table 4.1. One has
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q = exp (−2πiα) for the Maryland-model , whereas the q = exp (−α) > 0
-in the case of exponential and Hulthén-potentials.

Table 4.1. Concrete realizations of the Maryland potential for selected
values of the parameters a, band c.

q a b c V (x)

exp (−2πiα) −iλ iλ exp (−2iθ) exp (−2iθ) λ tan (παx + θ)

exp (−α) 0 λ 0 λ exp (−αx)

exp (−α) 0 λ −1 λ exp (−αx) / (1 − exp (−αx))

One remarks that the wavefunction can be rewritten as

ψ (x) = ϕ (qx) (4.82)

in which case (4.3) exhibits the q-difference form

ϕ (qz) + ϕ (z/q) +
a+ bz

1 + cz
ϕ (z) = E′

Mϕ (z) ≡ Eϕ (z) (4.83)

referred to above. The identification E′
M = E is used just in connection

with (4.3). Multiplying (4.83) by 1 + cz, opens the way to use the power-
series expansion

ϕ (z) = zσ
∞∑

n=0

fnz
n (4.84)

where f0 �= 0 and where σ is a positive parameter. This results in the
two-term recurrence relation(

b− cE + cqn+σ−1 +
c

qn+σ−1

)
fn−1 =

(
E − a− qn+σ − 1

qn+σ

)
fn

(4.85)
where n = 0, 1, 2, . . . . Inserting n = 0, yields the energy-dependent rela-
tionship

E − a = qσ +
1
qσ

(4.86)

which works in accord with the condition f−1 = 0. Furthermore, one finds
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fn+1 =

n∏
k=0

[
(b− cE) + c

(
qk+σ + 1/qk+σ

)]
n∏

k=0

[(qσ + 1/qσ) − (qσ+k+1 + 1/qσ+k+1)]
f0 . (4.87)

This exhibits a polynomial solution, say

ϕ (z) = Pn0 (z) (4.88)

if

b− cE + c

(
qn0+σ +

1
qn0+σ

)
= 0 . (4.89)

The degree of this polynomial is denoted by n0. In this case, the energy
comes from the algebraic equation

q±n0 =
E − b

c ±
√(

E − b
c

)2 − 4

E − a±
√

(E − a)2 − 4
(4.90)

provided that a �= b/c, which also means that it is enough to restrict our-
selves to the “+” sign. The q-dependence of the energy in (4.90) is displayed
in figure (4.1), for 0 < q < 1, n0 = 3 (left curve) and n0 = 1 (right curve).
We have assumed, for instance, that a = 2, and b/c = 1. Both energies are
negative and increase with q up to the upper bound E = −2. We can also
say that underlying q-values move to the right, when n0 becomes larger.

Assuming that n0 is not an integer, we have to resort, however, to non-
polynomial solutions. This leads us to rewrite (4.89) as

b− cE + c

(
qr +

1
qr

)
= 0 . (4.91)

This indicates that polynomial (non-polynomial) solutions are involved if
r = n0 + σ (r �= n0 + σ). A such discrimination looks reasonable, as the
difference r−σ may be actually an integer, or not. In the latter case (4.85)
yields

fn+1

fn
= −c qr + 1/qr − qn+σ − 1/qn+σ

qσ + 1/qσ − qn+σ+1 − 1/qn+σ+1
(4.92)



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

72 Low-Dimensional Nanoscale Systems on Discrete Spaces

Fig. 4.1 The q-dependence of the energy for b/c = 1, a = 2, n0 = 3 (right
curve) and n0 = 1 (left curve).

which relies on a hypergeometric function of the 2F1-kind. Indeed, com-
paring (1.46) and (4.92) yields the identifications p1 = 2, p2 = 1, γ = −cq,
β1 = 2σ + 1, α1 = σ − r and α2 = σ + r. So, the non-polynomial solution
reads

ψ (x) =2 F
(q)
1

⎛⎝σ − r, σ + r

2σ + 1

∣∣∣∣∣∣ −cqx+1

⎞⎠ qσx (4.93)

so that

ψ (0) =2 F
(q)
1

⎛⎝σ − r, σ + r

2σ + 1

∣∣∣∣∣∣ −cq

⎞⎠ . (4.94)

Note that a boundary condition like

ψ (0) = 0 (4.95)

which is reminiscent to (4.40), has also been proposed in order to derive
the energies characterizing even-parity states (Kvitsinsky (1994)).
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4.6 The relativistic quasipotential approach to the
Coulomb-problem

Besides Snyder’s space time discretization referred to before, further inter-
plays between relativity and space discreteness are provided by the relativis-
tic quasipotential description. Indeed, handling the relativistic two-body
problem on the Lobachevsky-space, proofs have been given that a rela-
tivistic configuration space, say

−→
R = −→nR, can be introduced in a suitable

manner (Kadyshevsky et al (1968)). For this purpose the usual Fourier de-
compositions in terms of plane waves are replaced by novel decompositions
in terms of relativistic “plane waves” like

ζ
(−→p ,−→R)

=
(
pμRμ

m0R

)−1−(i/�)m0R
(4.96)

which corresponds to unitary representations of the Lorentz-group. There
is Rμ =

(
R,−→R

)
and pμ = (p0,

−→p ), such that Rμpμ = p0R − −→p · −→R and

po = (−→p 2 + m2
0)1/2. This means that R is the eigenvalue of a relativistic

radial coordinate operator such as

Rop = i
�

m0

[
pμ ∂

∂pμ
+ 1

]
(4.97)

in which case

Ropζ
(−→p ,−→R)

= Rζ
(−→p ,−→R)

. (4.98)

In this context the relativistic free particle Hamiltonian is given by the
finite difference operator

H0 = 2 cosh
(
i
∂

∂r

)
+

2i
r

sinh
(
i
∂

∂r

)
− Δϑ,ϕ

r2
exp

(
i
∂

∂r

)
(4.99)

where Δϑ,ϕ denotes the usual angular Laplacian, such that the eigenvalue
problem reads

H0ζ (−→p ,−→r ) = 2Epζ (−→p ,−→r ) . (4.100)

There is Ep = p0, while

r =
m0c

�
R (4.101)
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denotes the relativistic dimensionless coordinate.
The relativistic quasipotential description with a local potential is then

given by the difference equation (Kadyshevsky et al (1968), Freeman et al
(1969)) (

H
(r)
0 + V (r)

)
ψ(l)

p (r) = 2Epψ
(l)
p (r) (4.102)

where

H
(r)
0 = 2 cosh

(
i
∂

∂r

)
+

2i
r

sinh
(
i
∂

∂r

)
+
l (l + 1)
r2

exp
(
i
∂

∂r

)
(4.103)

plays the role of the radial Hamiltonian, in which in general, V (r) =
V (r;Ep). For convenience, the spherical symmetry has been assumed. The
above equation, though being relativistic, is similar to a non-relativistic
Schrödinger-equation. In particular, the Coulomb-potential V (r) = −α0/r

has been discussed by using the parametrization

Ep = cosχp . (4.104)

Inserting (4.104) in (4.102), it has been found that the Coulomb-problem
is solvable in terms of the hypergeometric function 2F1 (a, b, c; z),. The
solution is then given by (Freeman et al (1969))

ψ(l)
p (r) = C (l, χp) exp (−rχp) (−r)l+1

F (a, b, c; z) (4.105)

which proceeds up to a normalization factor, where

z = 2i sinχp exp (−χp) (4.106)

a = l + 1 − α0

2 sinhχp
(4.107)

b = l+ 1 − ir (4.108)

and

c = 2l+ 2 . (4.109)
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Such equations can be viewed, in several respects, as a l �= 0, generalization
of the ones presented in section 4.4. The Coulomb energy is then given by
the polynomial reduction

sinhχp =
α0

2n
(4.110)

which corresponds to (4.78), such that n = 1, 2, . . . .
Furthermore, we have to consider that a = −nr, in which case the

principal quantum number is given by

n = nr + l+ 1 (4.111)

as usual. This leads to the energy

2Ep = 2E(n)
p = −2

(
1 +

α2
0

4n2

)1/2

(4.112)

which reproduces (4.79) just by inserting l = 0. This agreement confirms,
once more again, our interpretation that the presence of the square-root in
the expression of the energy can be viewed as a well defined signature of a
relativistic background.

4.7 The infinite square well

Our last example in this chapter is the infinite square well proceeding on a
lattice with Ns sites. Using e.g. (4.3) yields the discrete equation

ψn+1 + ψn−1 = E′ψn (4.113)

where n ∈ (0, Ns) , such that Vn = −∞ for n /∈ (0, Ns). This produces the
zero boundary conditions

ψn=0 = ψn=Ns = 0 (4.114)

which have to be handled in terms of the ansatz

ψn = C sin (np) . (4.115)

The energy is then given by
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E′ = 2 cos p = 2 cos
(
kπ

Ns

)
(4.116)

where k is a positive integer, which corresponds to (11) in Boykin and
Klimeck (2004). The normalization

Ns−1∑
n=0

|ψn|2 = 1 (4.117)

can also be invoked, in which case

ψn = ψ(k)
n =

√
2
Ns

sin
(
n
kπ

Ns

)
. (4.118)

The present energy exhibits the form

E1 = E
(k)
SW = 2 − E′ = 4 sin2

(
n
kπ

Ns

)
(4.119)

in accord with (4.1), so that E1 ∈ (0, 4].

4.8 Other discrete systems

Other discrete systems such as produced e.g. by the selected wavefunction

ϕq (n, λ) =

[
λ+

(
λ2 − q

)1/2
]n

−
[
λ−

(
λ2 − q

)1/2
]n

2 (λ2 − q)1/2
(4.120)

which exhibits the limit

ϕq (n, λ) → (2λ)n−1 (4.121)

as q → 0, can also be shortly mentioned. This satisfies the discrete equation

ϕq (n+ 1, λ) + qϕq (n− 1, λ) = 2λϕq (n, λ) (4.122)

which has been studied before in connection with the inverse scattering
method (Karlo et al (1995)). This latter equation generalizes (4.113) to-
wards q �= 1. Proofs have also been given that the discrete versions of the
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Korteweg- de Vries, sine-Gordon and Liouville equations are able to rely
on the discrete Schrödinger equation

ψ(n+ 2) + V (n)ψ(n+ 1) = λψ(n) (4.123)

where V (n) plays the role of the potential (Boiti et al (2003)). One sees
that (B.14) reproduces the above equation via an+1 = −1, dn+1 = λ and

V (n) = E + vn+1 . (4.124)

A similar inter-connection can also be established with (5.119).
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Chapter 5

Discrete Analogs and Lie-Algebraic
Discretizations. Realizations of

Heisenberg-Weyl Algebras

Now we look for a more general and deeper understanding of tight bind-
ing equations from the mathematical point of view. So far the discrete
Schrödinger-equations discussed in the previous chapter are expressed by
typical superpositions between the kinetic-energy and the potential, as
usual. However, there are discrete formulations working in terms of or-
thogonal polynomials of the discrete variable which go beyond transparent
superpositions referred to above. In this latter context one deals with dis-
crete analogs of quantum-mechanical systems. We shall then discuss dis-
crete analogs of the harmonic oscillator (Lorente (2001b), Atakishiyev and
Suslov (1990)) and of the Coulomb-system (Lorente (2001b). The study
of algebraic symmetries plays also an important role as it serves for ex-
plicit investigations of spectral structures, too. However, there are other
mathematical developments deserving further attention. This concerns dis-
crete realizations of the Heisenberg-Weyl commutation relation (Zhedanov
(1993)) HR = qRH , where e.g. 0 < q < 1, which arises in the theory
of the Heisenberg-Weyl group (Boon (1972) ), or in the description of the
q-deformed algebras (Faddeev et al (1990), Majid (1990), Manin (1988)).
It should also be mentioned that difference operator realizations of both
SL (N) and SLq (N) groups have been discussed in some more detail be-
fore (Miller (1969), Miller (1970), Floreanini and Vinet (1995a), Floreanini
and Vinet (1995b), Shafiekhani (1994), Vilenkin and Klimyk (1992)).

On the other hand studies in the general theory of integrable systems
have been done by resorting to the Bethe-ansatz method (Gaudin (1983),
Faddeev et al (1995b), Korepin et al (1992)). Concrete quantum-mechanical
manifestations of this latter method will then be presented in Appendix B.

79



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

80 Low-Dimensional Nanoscale Systems on Discrete Spaces

5.1 Lie algebraic approach to the discretization of differen-
tial equations

A theoretical understanding of difference equations, their solvability in-
cluded, is able to be expressed, interestingly enough, in terms of algebraic
attributes of δ± operators introduced in section 1.1. Indeed, the differ-
ence operators defined in accord with (1.1) and (1.2) are able to produce a
realization of the Heisenberg algebra

[A,B] = 1 (5.1)

via

A = δ+ (5.2)

and

B = x (1 − aδ−) (5.3)

in which case

ABf (x) = f (x) + xδ−f (x) (5.4)

and

BAf (x) = xδ−f (x) . (5.5)

The algebraic attributes referred to above are provided by the action of
difference operators on quasi-monomials like (Smirnov and Turbiner (1995))

x(n+1) = x (x− a) (x− 2a) · · · (x− na) = δn+1 Γ (x/a+ 1)
Γ (x/a− n)

(5.6)

where x(1) = x, so that x(n+1) → xn+1 if a→ 0. So, it can be easily verified
that

Ax(n) = nx(n−1) (5.7)

Bx(n) = x(n+1) , (5.8)



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

Discrete Analogs and Lie-Algebraic Discretization 81

as well as (5.1), can be viewed as well-defined difference counterparts of the
continuous relationships

d

dx
xn = nxn−1 (5.9)

x xn = xn+1 (5.10)

and [
d

dx
, x

]
= 1 (5.11)

respectively.
Under such circumstances we are ready to say that the difference coun-

terpart of the second-order linear differential operator L [d/dx, x], for which

L

[
d

dx
, x

]
ϕ (x) = Eϕ (x) (5.12)

where L is synonymous with the Hamiltonian given by

L [A,B]ϕ (B) |0〉 = Eϕ (B) |0〉 . (5.13)

The vacuum state is defined via A |0〉 = 0, as usual. Using in an explicit
manner the x-representation, yields

〈x|A |0〉 ≡ Axf (x) = 0 (5.14)

where 〈x| 0〉 = f (x) and A ≡ Ax. This means that

f (x+ a) = f (x) (5.15)

in accord with (5.2). Leaving aside the study of such periodic functions,
we shall make the simplifying identification f (x) = 1. Then the function
Bn |0〉 can be handled as follows

〈x|Bn |0〉 = Bn
xf (x) = x(n) (5.16)

which indicates that the continuous polynomial
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ϕ (x) =
∑

ckx
k (5.17)

is replaced by

ϕ̃ (x) =
∑

ckx
(k) . (5.18)

Accordingly, the difference analog of (5.12) is

L [A,B] ϕ̃ (x) = Eϕ̃ (x) (5.19)

which shows that the original eigenvalue is preserved. In other words,
the Lie algebraic approach to the discretization done above exhibits the
isospectral property, too.

5.2 Describing exactly and quasi-exactly solvable systems

It is well known that the dynamical symmetry characterizing exactly solv-
able systems is done by the SL(2)-group (Debergh et al (2002), Turbiner
(1992)). In the present case, the generators of this algebra are given by

J+
n = B2A− nB (5.20)

J−
n = A (5.21)

and

J0
n = BA− n

2
(5.22)

where n denotes a non-negative integer. Thus, one has[
J0

n, J
±
n

]
= ±J±

n (5.23)

and [
J+

n , J
−
n

]
= −2J0

n . (5.24)

The Hamiltonian characterizing exactly solvable systems is given by a
cubic polynomial in the sole generators J0 ≡ J0

0 and J− ≡ J−
0 only. This

polynomial reads
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LES [B,A] = A1J
0J0

(
J− +

1
δ

)
+A2J

0J−+ (5.25)

+A3J
0 +A4J

− +A5

where Ai (i = 1, 2, . . . , 5) are suitable coefficients. Accordingly, one obtains
the second-order difference equation (Smirnov and Turbiner (1995))(

A4

δ
+
A2

δ2
+
A1

δ3
+ x2

)
ψ (x+ δ) + (5.26)

+
(
A5 −

A

δ
+
(
A1

δ2
− 2

A2

δ2
+
A3

δ

)
x− 2

A1

δ3
x2

)
ψ (x)+

+
(
−
(
A1

δ2
− A2

δ2
+
A3

δ

)
x+

A1

δ3
x2

)
ψ (x− δ) = Eψ (x)

where

E = En =
1
δ
A1n

2 +A3n (5.27)

and n = 0, 1, 2, . . . . One sees that the underlying Hamiltonian is of a
hypergeometric type (Nikiforov, Suslov and Uvarov (1991), Smirnov and
Turbiner (1995))

LES

[
d

dx
, x

]
= Q2 (x)

d2

dx2
+Q1 (x)

d

dx
+Q0 (5.28)

where the Qk (x) polynomials (k = 1, 2, 3) are of the kth -order. This
corresponds to (1.11), so that mutual identifications of coefficients can be
easily done.

In the case of quasi-exactly solvable systems only a finite amount of poly-
nomial eigenfunctions are able to be established (Shifman (1989a), Turbiner
and Ushveridze (1987), Ushveridze (1994)). In this case, the Hamiltonian
is expressed by the n-dependent superposition

LQES [B,A] = A6

(
J+

n + δJ0
nJ

0
n

)
+A1J

0
nJ

0
n

(
J−

n +
1
δ

)
+ (5.29)

+A2J
0
nJ

−
n +A3J

0
n +A4J

−
n +A5

where the Ai’s (i = 1, 2, . . . , 6) are new pertinent coefficients. Further
developments of such issues, like quantum-group SLq(2) -symmetries will
be discussed in sections 9.4 and 10.2. However, we have to say that there
are quasi-exactly solvable Hamiltonians which do not exhibit the SL(2)
-symmetry displayed above (Jatkar et al (1989)).
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5.3 The discrete analog of the harmonic oscillator

A difference analog of the harmonic oscillator has been discussed in terms
of Krawtchouk polynomials by Atakishiyev and Suslov (1990), Atakishiyev
and Wolf (1997) as well as by Lorente (2001b). The Hamiltonian is given
by

H = −1
2

[
α (x) exp

(
− ∂

∂x

)
+ α (−x) exp

(
∂

∂x

)]
+

1
2

(N0 + 1) , (5.30)

so that

Hψ (x) = −1
2
α (x)ψ (x− 1) − 1

2
α (−x)ψ (x+ 1) +

1
2

(N0 + 1)ψ (x) =

(5.31)

= Eψ (x)

where

α (x) =

√(
N0

2
+ x

)(
N0

2
− x+ 1

)
. (5.32)

Introducing a further operator like

J2 = − i

2

[
α (x) exp

(
− ∂

∂x

)
− α (−x) exp

(
∂

∂x

)]
(5.33)

one remarks that one obtains a realization of the SO (3)-group

[Jj , Jk] = εjklJl (5.34)

in terms of the identifications

J1 = x (5.35)

and

J3 = H− 1
2

(N0 + 1) (5.36)

where the l-summation is implicitly understood.. The Casimir-operator can
also be easily calculated. One has
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C0 = J2
1 + J2

2 + J2
3 ≡ l (l + 1) (5.37)

in which l = N0/2. This shows that the irreducible representations are
characterized by the N0 + 1-dimension.

Next, we have to invoke the standard eigenvalue equation

J3 |l,m〉 = m |l,m〉 (5.38)

where m = −l,−l + 1, . . . , l. This shows that oscillator energies are pro-
duced by

H
∣∣∣∣N0

2
,m

〉
=
(
n+

1
2

) ∣∣∣∣N0

2
,m

〉
(5.39)

where now

n =
N0

2
+m = 0, 1, . . . , N0 . (5.40)

One sees, of course, that now n is bounded from above. A such limi-
tation can be viewed as a typical manifestation of space-discreteness (see
also Kehagias and Zoupanos (1994)).

The corresponding eigenfunction can be established in terms of normal-
ized Krawtchouk-functions (Lorente (2001a)):

K(p)
n (x,N0) =

√
n! (N0 − n)!

(pq)n
pxqN0−x

x! (N0 − x)!
k(p)

n (x,N0) (5.41)

where p+q = 1 (p > 0 and q > 0) and where k(p)
n (x,N0) is the Krawtchouk-

polynomial (Nikiforov, Suslov and Uvarov (1991), Atakishiyev and Suslov
(1990), Lorente (2001b)), for which main formulae have been presented in
the Appendix A. This function is normalized as

N0+1∑
x=0

K(p)
n (x,N0)K

(p)
n′ (x,N0) = δn′,n . (5.42)

Indeed, the shifted Krawtchouk-function

ψn (x) = K(p)
n

(
n+

N0

2
, N0

)
(5.43)
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obeys the equation (see also equation (NK1) in Lorente (2001a))

−1
2
α (x)ψn (x− 1) − 1

2
α (−x)ψn (x+ 1) = mψn (x) (5.44)

if p = q = 1/2, which reproduces identically (5.31) in terms of (5.40). For
the sake of illustration some concrete expressions of shifted Krawtchouk
polynomials :

k̃n ≡ k̃(1/2)
n (x,N0) = k(1/2)

n

(
x+

N0

2
, N0

)
(5.45)

are presented herewith. So, one has k̃0 = 1, k̃1 = x and k̃2 =(
x2 −N0/4

)
/2, whereas (Atakishiyev and Wolf (1997))

k̃3 =
1
3!

[x3 − 1
4

(3N0 − 2)x] (5.46)

k̃4 =
1
4!

[x4 − 1
2

(3N0 − 4)x2 +
3
16
N0 (N0 − 2)] (5.47)

and

k̃5 =
1
5!

[x5 − 5
2

(N0 − 2)x3 +
1
16

(
15N2

0 − 50N0 + 24
)
x] . (5.48)

For other details the original paper by Krawtchouk (1929) can be recom-
mended.

The classical limit of (5.31) can also be readily done with the help of
the N0 → ∞-limit. One finds

Hψ (x) → N0 + 1
2

(
−1

2
d2ψ (x)
dx2

)
+

2x2

N0

1
2
ψ (x) (5.49)

which shows that the x-coordinate can be rescaled as

x = γζ =
(
N0 (N0 + 1)

4

)1/4

ζ ∼=
√
N0

2
ζ . (5.50)

So, the leading classical equation characterizing this N0 → ∞-limit is

−1
2
d2ψ̃ (ζ)
dζ2

+
1
2
ζ2ψ̃ (ζ) =

(
n+

1
2

)
ψ̃ (ζ) (5.51)
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but now n ceases to be bounded from above (n = 0, 1, 2, . . .). It is clear
that ψ̃ (ζ) stands for the classical limit of ψ (x). This reproduces precisely
the eigenvalue equation of the one dimensional 1D harmonic oscillator , this
time in terms of the ζ-coordinate needed. The corresponding eigenfunctions
are the well known Hermite-Gauss functions (Flügge (1971)).

We can then conclude that the Hamiltonian (5.30) plays actually the
role of a discrete analog of the harmonic oscillator . The interesting point
is that the harmonic potential is included in an inherent manner into the
kinetic energy. This suggests that the harmonic oscillator on the discrete
space exhibits some of the attributes characterizing a “pure” gauge field.
In addition, we have to realize that a difference equation is a quite complex
entity, as it is able to produce, besides (5.51), an infinite set of higher-
derivative equations. However, there are reasons to say these latter equa-
tions have to be viewed as being irrelevant. We have also to remark that
the limitation concerning the number of admissible levels such as done by
(5.40) can be viewed as being similar to the selection of energies less than
the Fermi-one in the summation over states at T = 0 (see also section 2.8).
In this context there are reasons to say that the 1D harmonic oscillator on
the lattice exhibits attributes characterizing specifically fermionic systems
at T = 0.

5.4 Applying the factorization method

The discrete equation characterizing the Krawtchouk-polynomials

[x(q − 1) +N0p]k(p)
n (x + 1, N0) + qxk(p)

n (x− 1, N0)+ (5.52)

+ [n−N0p− x(q − p)] k(p)
n (x,N0) = 0

can be rewritten, of course, as a Hamiltonian eigenvalue equation as

Hk(p)
n (x,N0) = [x(q − 1) +N0p exp(∂/∂x) + nq − x(q − p)+ (5.53)

+qx exp(−∂/∂x)]k(p)
n (x,N0) = p(N0 − n)k(p)

n (x,N0) .

A such Hamiltonian can be factorized in terms of raising and lowering
operators (Lorente (2001a), Lorente (2001b)), which proceeds in a close
analogy with the standard factorization method discussed long ago by Dar-
boux (1889) and later by Infeld and Hull (1951). The interesting point is
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that this latter method can be generalized towards establishing a Lie-theory
description of both difference (Miller (1969), Miller (1972)) and q-difference
(Miller (1970)) equations.

First we have to recall that the raising operator is produced in terms
of the ∇-operator , such as established before for discrete polynomials, as
shown in (A.18) . The lowering operator can then be established with the
help of (A.15). Indeed, one obtains

[qx∇ + (N0 − n)p− x]k(p)
n (x,N0) = −(n+ 1)k(p)

n+1(x,N0) (5.54)

by virtue of (A.18), which shows that the raising operator can be defined
as

L(+)(x, n)k(p)
n (x,N0) ≡ [−qx∇− (N0 − p) + x]k(p)

n (x,N0) . (5.55)

On the other hand, one has the recurrence relation

xk(p)
n (x,N0) = (n+ 1)k(p)

n+1(x,N0)+ (5.56)

[p(N0 − n) + nq]k(p)
n (x,N0) + pq(N0 − n+ 1)k(p)

n−1(x,N0)

in accord with (A.15). Inserting (5.56) into (5.55) yields

L(+)(x, n)k(p)
n (x,N0) ≡ [qx∇− qn]k(p)

n (x,N0) = (5.57)

= pq(N0 − n+ 1)k(p)
n−1(x,N0) .

Under such circumstances one obtains

L(+)(x, n− 1)L(−)(x, n)k(p)
n (x,N0) = pq(N0 − n+ 1)k(p)

n (x,N0) (5.58)

and

L(−)(x, n− 1)L(+)(x, n)k(p)
n (x,N0) = (5.59)

= (pq)(n+ 1)(N0 − n)k(p)
n (x,N0) .

It is then clear that the Hamiltonian can be factorized as

H =
1

q(n+ 1)
L(−)(x, n+ 1)L(+)(x, n) = (5.60)
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=
N0 − n

qn(N0 − n+ 1)
L(−)(x, n− 1)L(+)(x, n) .

Starting from L(−)(x, 0)k(p)
0 (x,N0) = 0, i.e. from k

(p)
0 (x,N0) = 1, one

obtains the eigenfunction

k(p)
n (x,N0) =

1
n!

n−1∏
l=0

L(+)(x, l)k(p)
0 (x,N0) (5.61)

which reproduces (5.45) via p = 1/2 and x → x + N0/2. One proceeds
similarly in the case of Krawtchouk functions (Lorente (2001b)), as already
indicated by (A.22) and (A.23).

5.5 The discrete analog of the radial Coulomb-problem

Now we would like to us this opportunity in order to generalize the discrete
analog of the radial Coulomb-problem , such as proposed recently in terms
of normalized Meixner-functions (Lorente (2001b)). Indeed, the discrete
equation of the Meixner-polynomials is given by (Nikiforov, Suslov and
Uvarov (1991))

μ (γ + x)m(γ,μ)
n (x+ 1) + xm(γ,μ)

n (x− 1)+ (5.62)

+ (n− nμ− μγ − x (1 + μ))m(γ,μ)
n (x) = 0 .

On the other hand, the normalized Meixner-function reads

M (γ,μ)
n (x) =

√
ρ (x)
dn

m(γ,μ)
n (x) = (5.63)

=

√
μn+xΓ (γ + x) (1 − μ)γ

n!Γ (γ) Γ (x+ 1) (γ)n
m(γ,μ)

n (x)

which proceeds in accord with (A.14). This produces the discrete equation√
μ (x+ 1) (γ + x)M (γ,μ)

n (x+ 1) +
√
μx (γ + x− 1)M (γ,μ)

n (x− 1)+
(5.64)

+ (n− nμ− μγ − x (1 + μ))M (γ,μ)
n (x) = 0
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for which the classical limit can be established via x = ρ/ε and μ = 1 − ε.
So, one gets faced with the equation

ρ2 d
2

dρ2
M̃ (γ,1)

n (ρ) + ρ
d

dρ
M̃ (γ,1)

n (ρ)+ (5.65)

+

[
ρ
(
n+

γ

2

)
− ρ2

4
− (γ − 1)2

4

]
M̃ (γ,1)

n (ρ) = 0

in which the ρ-dependence of M̃ (γ,1)
n (ρ) is selfconsistently understood.

Now, the point is that (5.65) should be compared with the N -dimensional
form of the classical radial Coulomb-problem, i.e. with (Nieto (1979))

ρ2 d
2

dρ2
Rn + (N − 1)ρ

d

dρ
Rn +

[
λ1ρ−

ρ2

4
− l (l +N − 2)

]
Rn = 0 (5.66)

in which n = nr stands for the radial quantum number, whereas

Rn(ρ) ∈
{
L2 (0,∞) , ρN−1dρ

}
. (5.67)

The principal quantum number reads as λ1 = l + nr + (N − 1)/2.
Here, we also consider that the Coulomb-problem concerns the attractive
−e2/r potential irrespective of N . Comparing (5.65) and (5.67), we have
to perform the identifications N = 2 and

γ = 2l+ 1 ≡ 2 |m| + 1 . (5.68)

Now the principal quantum number reads

λ = n2 = nr + |m| + 1
2

=
1
2
,
3
2
, . . . (5.69)

whereas the radial wavefunction has the form

M̃ (γ,1)
nr

(ρ) ≡ R(|m|)
nr

(ρ) = C1ρ
|m| exp

(
−ρ

2

)
L(2|m|)

nr
(ρ) (5.70)

where L(2|m|
nr (ρ) denotes the related Laguerre-polynomial. The normaliza-

tion constant is denoted by C1 = C1(l, N), so that this time C1 = C1(|
m |, 2). We can proceed further towards selecting N = 3 by rescaling the
normalized Meixner-polynomial as
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M (γ,μ)
n (x) → M(γ,μ)

n,3 (x) =
√
xM (γ,μ)

n (x) (5.71)

where n = nr and m = mϕ. Inserting (5.71) into (5.64) yields the modified
discrete equation

√
μx (γ + x)M(γ,μ)

n,3 (x+ 1) + x

√
μ (γ + x− 1)

x− 1
M(γ,μ)

n,3 (x− 1)+ (5.72)

+ (n− μn− μγ − x (1 + μ))M(γ,μ)
n,3 (x) = 0 .

which produces the classical limit

d2

dρ2
M̃(γ,1)

n,3 (ρ) +
(
ρ
(
n+

γ

2

)
− ρ2

4
− γ2 − 2γ

4

)
M̃(γ,1)

n,3 (ρ) = 0 . (5.73)

This generates in turn the reduced radial equation for theN -dimensional
Coulomb-problem :

ρ2 d
2

dρ2
ϕn (ρ) +

(
λ1ρ−

ρ2

4
− (l +

N − 1
2

(
l +

N − 3
2

))
ϕn (ρ) = 0 (5.74)

where N = 3, such that

ϕn (ρ) = ρ(N−1)/2Rn (ρ) ∈ {L2 (0,∞) , dρ} (5.75)

γ = 2 (l + 1) (5.76)

and

λ1 = n+ l + 1 = nr + l + 1 (5.77)

as usual. We can then say, that the discrete analog of the three dimensional
(reduced) radial Coulomb-problem is given by (5.72). A similar result has
been obtained before by starting from the normalized Meixner-function
(Lorente (2001b))

M (γ,μ)
n (x) → M(γ,μ)

L,n (x) =
√
μ(γ + x)M (γ,μ)

n (x) (5.78)

instead of (5.71). Now we are ready to say that the discrete analog of (5.66)
is done by the rescaled Meixner-function
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M (γ,μ)
n (x) → M(γ,μ)

n (x) = x(2−N)/2M (γ,μ)
n (x) . (5.79)

The continuous limit of the discrete equation characterizing M(γ,μ)
n (x)

reproduces (5.66) via

γ = 2l+N − 1 (5.80)

and

λ1 = n+
γ

2
= l + n+

N − 1
2

. (5.81)

On the other hand one has the normalization

Nn′,n =
∞∑

x=0

M(γ,μ)
n′ (x)M(γ,μ)

n (x) xN−2 =
∞∑

x=0

M
(γ,μ)
n′ (x)M (γ,μ)

n (x)

(5.82)
by virtue of (5.79). We shall then assume that the continuous limit

Rn(ρ) = M̃(γ,1)
n (ρ) (5.83)

is generated by virtue of the normalization

Nn′,n →
∫ ∞

0

M̃(γ,1)
R,n′ (ρ)M̃(γ,1)

R,n (ρ)ρN−1dρ = δn′,n (5.84)

as indicated by (5.67). One would then have

Rn(ρ) = R(1)
n (ρ) = C1ρ

l exp
(
−ρ

2

)
L(2L)

n (ρ) (5.85)

where L = l + (N − 2)/2 and where the normalization constant reads

C1 = C1(l, N) =

√
Γ(n+ 1)

2λ1Γ(2l +N + n− 1)
. (5.86)



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

Discrete Analogs and Lie-Algebraic Discretization 93

5.6 The discrete analog of the isotropic harmonic oscillator

It is well known that (5.66) can be converted into the one characterizing the
isotropic harmonic oscillator by performing the substitution (Kostelecky et
al (1985), Kostelecky and Russell (1996))

ρ = r2 . (5.87)

This proceeds in conjunction with the matching conditions

l2
l1

=
N2 − 2
N1 − 1

= 2 (5.88)

where l1 = l and N1 = N , such that by now the subscript “2” concerns the
isotropic oscillator implemented in this manner. Counting the solutions,
there is a correspondence from on to half. However, more general maps
between the solutions of initial and converted systems can also be consid-
ered, as indicated e.g. by (2.12) in Kostelecky et al (1985). Now (5.66) is
converted into the radial equation

r2
d2

dr2
R(2)

n (r) + (N2 − 1) r
d

dr
R(2)

n (r) + (5.89)

+
[
2λ2r

2 − r4 − l2 (l2 +N2 − 2)
]
R(2)

n (r) = 0

characterizing an isotropic harmonic oscillator in N2 space-dimensions.
Now one has

R(2)
n (r) = R(1)

n

(
r2
)
∈
{
L2 (0,∞) , rN2+1dr

}
(5.90)

which shows, however, that R(2)
n (r) should be rescaled by a 1/r-factor. The

principal quantum number is given by

λ2 = 2λ1 = γ2 + 2n = l2 + 2n+
N2

2
(5.91)

whereas

γ = γ1 = γ2 = l2 +
N2

2
. (5.92)

This means in turn that (5.89) is produced, to second ε-order, by the
continuous limit of the rescaled Meixner-function
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M(Oscill)
n (x) = x(2−N2)/4M (l2+N2/2,μ)

n (x) (5.93)

where now

x =
r2

ε
. (5.94)

Now the continuous limit of the rescaled Meixner-function

R(Oscill)
n (r) = M̃(γ,1)

n

(
r2
)

(5.95)

is normalized from the very beginning as

R(Oscill)
n (r) ∈

{
L2 (0,∞) , rN2−1dr

}
. (5.96)

Indeed, in the present case (5.84) is replaced by

Nn′,n →
∞∫
0

M̃(γ,1)
n

(
r2
)
M(γ,1)

n

(
r2
)
rN2−1dr = δn′,n (5.97)

which leads in turn to (5.96). In addition, one has the nontrivial invariance
property

M(Oscill)
n (x) = M(Coul)

n (x) = M(γ,μ)
n (x) (5.98)

which proceeds in accord with (5.88) and (5.92). In other words, we found
that duality partners just referred to above exhibit the same discrete analog.
It should also be noted that

R(Oscill)
n (r) =

C2

C1
R(2)

n (r) (5.99)

where

C2 = C2 (l2, N2) =

√
2Γ (nr + 1)

Γ (l2 + nr +N2/2)
. (5.100)

In particular, the discrete analog of (2.68), i.e. of the dimensionless
radial equation characterizing the 2D quantum dot potential kr20/2 is given
by (5.93) under the substitutions N2 = 2 and l2 = |m|. This leads to the
Meixner-function

M (QD)
n (x) = M (|m|+1,μ)

n (x) (5.101)

where x = r2/ε, m = mϕ, n = nr and μ = 1 − ε.



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

Discrete Analogs and Lie-Algebraic Discretization 95

5.7 Realizations of Heisenberg-Weyl commutation relations

Our goal is to obtain informations concerning R and H just by handling
the commutation relation

HR = qRH (5.102)

in an algebraic manner. For this purpose let us assume that the H -and
R-operators in (5.102) are tridiagonal:

Hψn = an+1ψn+1 + bnψn + anψn−1 (5.103)

and

Rψn = dn+1ψn+1 + gnψn + rnψn−1 (5.104)

where all the coefficients are real, such that an �= 0 and dnrn �= 0. The H-
operator, which plays the role of the Hamiltonian, is Hermitian, as indicated
by (5.103). A third operator, say L = R+, can also be introduced, in which
case

Lψn = rn+1ψn+1 + gnψn + dnψn−1 . (5.105)

The operators H , R and L can then be viewed as generators of an SLq(2)-
group (Floreanini and Vinet (1995a), Floreanini and Vinet (1995b)).

Inserting (5.103) and (5.104) into (5.102) yields three kinds of matching
conditions by equating the coefficients of ψn±2, ψn±1 and ψn, respectively
(Zhedanov (1993)). First one has

an+1dn = qandn+1 (5.106)

and

an−1rn = qanrn−1 . (5.107)

This yields the solution

dn = c1
an

qn
(5.108)

and
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rn = c2q
nan (5.109)

where c1 and c2 are arbitrary real constants. In the second case we have to
handle the matching conditions

c1
qn+1

(bn+1 − qbn) = qgn+1 − gn (5.110)

and

c2q
n+1(bn − qbn+1) = qgn − gn+1 . (5.111)

This shows that the difference

(1 + q)gn −
(
c1
qn

+ c2q
n+1

)
bn ≡ c3 (5.112)

is independent of n. We then find the coefficient bn as

bn = −c3
qfn + c4
wnwn−1

(5.113)

in which

fn =
c1
qn

+ c2q
n+1 (5.114)

and

wn =
c1
qn

− c2q
n+2 (5.115)

where c4 is a further constant. In the third case one obtains the inter-
connection

vn+1a
2
n+1 − vn−1a

2
n =

q − 1
q + 1

(
fnb

2
n + c3bn

)
(5.116)

in which this time

vn =
c1
qn

− c2q
n+1 . (5.117)

Having established bn such as given by (5.113), we then obtain
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an =

√
bnbn−1wnwn−2 + c5

(q + 1)2 vnvn−1

(5.118)

by virtue of (5.116), where c5 is an additional constant. Thus (5.102) can
be solved in terms of tridiagonal representations, which results in a general
solution depending on five ci-parameters (i = 1 − 5).

Now a discrete Schrödinger-equation like

Hψn = an+1ψn+1 + bnψn + anψn−1 = Eψn (5.119)

can be discussed in connection with (5.113), (5.114) and (5.118). Related
potentials would then proceed in terms of typical q-dependent functions fn,
vn and wn quoted above. Moreover, the wavefunction

ϕ(m)
n = Rmψn (5.120)

exhibits the eigenvalue qmEn:

Hϕ(m)
n = qmEnϕ

(m)
n . (5.121)

We then have to account for the orthogonality relation

〈ψn| ϕ(m)
n

〉
= 0 (5.122)

which agrees with the present selection of real q �= 1 -values. On the other
hand both RR+ and R+R are quadratic forms in H like (Zhedanov (1993))

RR+ = ξH2 + ηH + ζ (5.123)

and

R+R = ξq2H2 + ηqH + ζ (5.124)

where

ξ =
c1c2
q

(5.125)

η = − c3c4
q2 (q + 1)

(5.126)
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and

ζ =
c23 + c5/q

(q + 1)2
. (5.127)

One would then obtain〈
ϕ(1)

n

∣∣∣ ϕ(1)
n

〉
=
(
ξq2E2

n + ηqEn + ζ
)
〈ψn| ψn〉 (5.128)

by virtue of (5.124), in which case the energy eigenvalues can be written
down in an explicit manner as

E = E(±) =
η

2ξq

[
−1 ±

√
1 +

4ξ
η2

(1 − ζ′)

]
(5.129)

provided that

η2 ≥ 4ξ
η2

(ζ′ − 1) (5.130)

where

ζ′ = Γ̃nζ ≡ 〈ψn| ψn〉〈
ϕ

(1)
n

∣∣∣ ϕ(1)
n

〉ζ . (5.131)

So, we have to realize that q-deformed algebraic structures incorporate
a lot of new information, which is useful for applications in several areas
(see also (9.102), or (10.126)).
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Chapter 6

Hopping Hamiltonians. Electrons in
Electric Field

The tight binding models are almost familiar in solid state physics (Ashcroft
and Mermin (1976)). They are described specifically by so called hopping
Hamiltonians , the simplest version of which looks like

H = −tH
∑(

a+
i+1ai + a+

i ai+1

)
(6.1)

where tH stands for a site independent hopping parameter and where a+
i

(ai) creates (annihilates) a particle, e.g. an electron, at site i. For conve-
nience, we shall assume the familiar commutation relation [ai, a

+
j ] = δi,j ,

though the influence of fermionic anticommutator-counterparts can be dis-
cussed in a similar manner. Hoppings such as addressed in (6.1) are NN
effects, but refinements concerning the insertion of next nearest neighbor
terms can be easily done. In this section we shall then discuss some typical
solutions and particular realizations of such interesting Hamiltonians.

The 1D discrete tight binding model with NN interaction such as done
by the second-order discrete equation

tnψn+1 + t∗n−1ψn−1 + Vnψn = Eψn (6.2)

has received much attention (Sokoloff (1985), Gredeskul et al (1997)). Here
n is the site index, Vn is the n site potential and tn is the hopping in-
tegral. Putting tn = t∗n−1 = −tH , yields time-independent discretized
Schrödinger equations, as considered before in sections 4.1, 4.2 and 4.3.
Systems for which Vn is random (Anderson (1958)), aperiodic (Sil et al
(1993), Lindquist and Riklund (1998)), or quasiperiodic (Ostlund and Pan-
dit (1984), Aubry and Andre (1980)) have been discussed before in some
more detail, but periodic Vn-potentials (Harper (1955), Rauh (1975), Wan-
nier (1975), Obermair and Wannier (1976), Hofstadter (1976)) are of special

99
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interest. If tn = t∗n−1 = t0 and Vn = 0 one deals with a free particle with
the extended wavefunction

ψn = exp (iθn) (6.3)

and the energy

E = E (k) = 2t0 cos θ (6.4)

where θ = ka. A similar θ-dependence has been invoked before in connec-
tion with the energy-band description bearing on (2.24). However, there is
a common practice to use the dimensionless k-quotation instead of θ. One
then says that units for which a = 1 are used. Under the influence of dis-
ordered potentials the wavefunction becomes localized (Anderson (1958)),
but the same happens in periodic or quasiperiodic potentials for sufficiently
large values of underlying gap-like parameters (Ostlund and Pandit (1984),
Aubry and Andre (1980)). Besides the explicit presence of the Vn-potential,
we have also to keep in mind the fact that additional interactions are able
to be incorporated into the tn and t∗n−1 -coefficients.

One realizes that (6.2) is produced by the two-dimensional (2D) Hamil-
tonian (Anderson (1958))

H =
∑

i

Vi |i〉 〈i| +
∑

|i−j|=1

tij |i〉 〈j| (6.5)

where the |i〉’s are localized orthonormalized Wannier-states for which
(Nenciu (1991))

〈i| j〉 = δij . (6.6)

Then the Hamiltonian

H =
∑

i

(Vi |i〉 〈i| + ti,i+1 |i〉 〈i+ 1| + ti+1,i |i+ 1〉 〈i|) (6.7)

is Hermitian if

t∗i+1,i = ti,i+1 (6.8)

and V ∗
i = Vi. Starting from the eigenvalue equation
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H |ψ〉 = E′ |ψ〉 (6.9)

and using the

|ψ〉 =
∑

n

Cn |n〉 (6.10)

reproduces (6.2) via

〈n|H |ψ〉 = Hnψn = E′ψn (6.11)

and ψn = Cn, such that

tn = tn,n+1 = t∗n+1,n (6.12)

and

tn−1 = tn−1,n = t∗n,n−1 . (6.13)

It should be noted, however, that Hamiltonians such as done by (6.7)
can also be solved with the help of a continued fraction representation of
corresponding Green-functions (Hubbard (1979)). Moreover, proofs have
also been given that similar Hamiltonians are also responsible for the de-
scription of neutral atoms on 2D optical lattices (Jaksch and Zoller (2003),
Ruuska and Törmä (2004)).

6.1 Periodic and fixed boundary conditions

Let us specify in some more detail the normalized wavefunction (6.10) as

|ψ〉 = |ψ (k)〉 =
1√
Ns

Ns∑
n=1

exp (iknK) |n〉 (6.14)

where now k is an integer expressing the mode-number and where K rep-
resents an additional k-independent parameter. The number of sites is
denoted by Ns. Then the above wavefunction is periodic with period Ns if

〈n| ψ〉 = 〈n+Ns| ψ〉 (6.15)
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in which case

exp (ik (n+Ns)K) = exp (iknK) . (6.16)

The appropriate solution is K = 2π/Ns, which can be readily used in order
to establish the energy. Indeed, choosing again tn = t∗n−1 = t0 and Vn = V0,
one finds the eigenvalue

E′ = EP (k) = V0 + 2t0 cos
(

2πk
Ns

)
(6.17)

which relies on (4.116) and which is of interest in the description of excitons
(Knox (1963)).

In the case of fixed boundary conditions , it is suitable to represent the
normalized wavefunction as

|ϕ〉 = |ϕ (k)〉 =
√

2
Ns + 1

Ns∑
n=1

sin (knK) |n〉 (6.18)

which differs, of course, from (6.14) in several respects. Now, one has

〈n |ϕ〉 =
√

2
Ns + 1

sin (knK) (6.19)

so that fixed boundary conditions like

〈0 |ϕ〉 = 〈Ns + 1 |ϕ〉 (6.20)

are now fulfilled if

K =
π

Ns + 1
. (6.21)

In consequence, (6.17) gets replaced by

E′ = EF (k) = V0 + 2t0 cos
(

πk

Ns + 1

)
. (6.22)

Comparing (6.17) and (6.22), one sees immediately, that sensitivity de-
grees with respect to boundary conditions are increasingly lost for larger
Ns-values.
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6.2 Density of states and Lyapunov exponents

The density of states (DOS) plays an important role in the derivation of
partition functions with the help of integrals over energies. More exactly,
a sum over states is converted into the integral∑

{α}
f (E) =

∫
dEg (E) f (E) (6.23)

where g (E) stands for the DOS just referred to above. To this aim we shall
begin by applying, up to subsequent rescaling factors, the formula

g1 (E) =
1
π

(∣∣∣∣dEdk
∣∣∣∣)−1

(6.24)

representing the 1D limit of the well-known 3Dl DOS-formula which is
familiar in solid state physics. Using e.g. (6.17), and rescaling the r.h.s. of
(6.24) by 2π/Ns gives

g (E) =
2π
πNs

∣∣∣∣ dkdE
∣∣∣∣ =

1
2πt0

(
1 − (E − V0)

4t20

)−1/2

(6.25)

so that the integrated DOS becomes

n (E) =

E∫
−2t0

g (E) dE = −ñ (E)|E−2t0
(6.26)

for V0 = 0, where

ñ (E) = − 1
π

arccos
(
E

2t0

)
= − 2k

Ns
(6.27)

expresses the indefinite version of the integrated DOS.
On the other hand, the Lyapunov exponent characterizing a second-

order discrete equation , can be defined as

γ (E) = lim
Ns→∞

1
Ns

Ns−1∑
n=0

ln
ψn+1

ψn
(6.28)

such as indicated by similar expressions proposed before by Luck (1989)
and Ott (1994). We shall then obtain
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γ (E) = i
2πk
Ns

(6.29)

by virtue of (6.16), so that

γ0 = Re (E) = 0 (6.30)

and (see also Thouless (1983a))

Im γ (E) = −πñ (E) . (6.31)

Thus, we found that −π times the indefinite version of the integrated
DOS yields the imaginary part of the Lyapunov exponent . A such result
looks intriguing, because the DOS is a well defined quantum-mechanical
concept, whereas the Lyapunov exponent concerns the large time behavior
of nonlinear oscillations in dynamical systems. The understanding is the
iterative mapping background of (6.28). Indeed, introducing the quotient

Rn =
ψn+1

ψn
(6.32)

one finds that (6.2) is converted, in general, into

tnRn = (E − Vn) −
t∗n−1

Rn−1
(6.33)

i.e. into a classical iterative mapping problem (Izrailev et al (1998); Halburd
(2005)). Thus, two seemingly unrelated quantities becomes inter-related if
one resorts to suitable conversions, now to the one produced by (6.32). It
is understood that in more general cases, one has γ0 (E) �= 0, which plays
an important role in the definition of localized states (Aubry and Andre
(1980), Sokoloff (1981), Thouless (1983a), Willkinson and Austin (1994)).
Moreover, there are reasons to say that a zero Lyapunov exponent such
as done by (6.30) serves as a criterion to the identification of integrable
dynamical systems, too (Ramaswamy (2002)).

In general, the evaluation of Lyapunov exponents is not an easy matter
(Eckmann and Ruelle (1985), Rangarajan et al (1998)). In this respect
suitable approximations, the “coherent potential approximation” included
(Avgin (2002)), are useful, but dispersion relations relying on analytic func-
tions can also be considered. One would then have (see e.g. (1.6.10) and
(1.6.11) in Nussenzweig (1972))
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γ0 (E) = −P
+∞∫

−∞

ñ (E′)
E′ − E

dE′ (6.34)

in accord with (6.30), so that

γ (E) = −
+∞∫

−∞

ñ (E′)
E′ − E − iε

dE′ (6.35)

where ε → 0. Performing the integration by parts and neglecting surface
terms, yields

γ (E − iε) =

+∞∫
−∞

ln (E′ − E) g (E′) dE′ (6.36)

which is equivalent to the Thouless-formula (Thouless (1972)). Differenti-
ating two times (5.37) one finds immediately that

d2γ (E)
dE2

=

+∞∫
−∞

g (E)
(E′ − E)2

dE′ < 0 (6.37)

so that γ (E) ≡ γ (E − iε) is a concave function irrespective of E (Aubry
and Andre (1980)).

6.3 The localization length: an illustrative example

Let us consider, as an illustrative exercise, the simplified DOS configuration

D (E) =
{

1/2, E ∈ [−Δ − 1,−Δ]
⋃

[Δ,Δ + 1]
0, otherwise

(6.38)

where Δ has the meaning of a gap parameter. Indeed, (6.38) describes two
identical bands separated by a gap having the width 2Δ. Using (6.36) gives

γ (E) = i
π

2
+

1
2

Δ+1∫
Δ

ln
(
E′2 − E2

)
dE′ (6.39)
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by virtue of (6.38), so that

γ (E) = i
π

2
+ (Δ + 1) ln (Δ + 1) − Δ ln Δ − 1+ (6.40)

+E Arctanh
E

E2 + Δ (Δ + 1)
.

Assuming small E-values, such as |E| � Δ, one finds the leading approxi-
mation

γ (E) ∼= γ0 (E) = i
π

2
+ ln Δ +

1
Δ

(6.41)

if Δ > 1. This indicates that the present localization length exhibits a
maximum at Δ = 1. The existence of this length can be viewed as a
signature of an insulator phase, in which case Lloc.

∼= 1/ lnΔ (Aubry and
Andre (1980), Thouless (1983a)) if Δ � 1. Several details concerning such
problems have also been discussed (Kroon et al (2002), Quieroz (2002)).

On the other hand, the asymptotic behavior of the localized state can
be specified as follows

ψ (x) = f (x) exp
(
−|x|
λ

)
(6.42)

where f (x) is in general a randomly varying function. Then the localiza-
tion length can be identified with the exponential decay length λ displayed
above. Other fingerprints of the localization can be found in the inverse
participation number, i.e. in the second moment of the probability density

1
Pp

=
∑

|ψ (x)|4 (6.43)

where the wavefunction is assumed to be normalized to unity. This repro-
duces the volume of the system

Pp = V (N) ≡ LN (6.44)

in the case of plane waves, but in general

limL→∞ Pp = Ld∗
(6.45)

where d∗ expresses the fractal dimensionality of the system. One has d∗ ≤
N for extended states, but d∗ vanishes if the state is localized (Kramer and
MacKinnon (1993)). Weak localization effects have also their own interest
(Akkermans and Montambaux (2004)).
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6.4 Delocalization effects

Proofs have been given that under the influence of long-range correlated
disorder, the Anderson theory of localization (Anderson, 1958), which pre-
dicts an insulating behavior for 2D electron systems with weak disorder,
fails to be valid. Indeed, in this latter case the spectral density

S(k) =
N0/2∑
i=1

Vi cos
(

2πi
N0

+ Φi

)
(6.46)

of the one site energies in (6.7) is able to exhibit a power-like behavior

S(k) ∼ 1
kα

(6.47)

such that α > 2 (De Moura and Lyra (1998)), where now the number of sites
N0 is even. The random phases Φi ∈ [0, 2π] displayed above are assumed to
be independent. Then there are delocalization effects, as indicated by the
zero-value of the Lyapunov exponent. This proceeds within a finite range
of energies centered around E = 0. We then have to account for a metal-
insulator transition, which invalidates scaling predictions mentioned above
(Abrahams et al (1979)). Accordingly, a metallic temperature dependence
has been observed in several systems like Si metal-oxide semiconductor field
effect transistors (Kravchenko et al (1994)), as well as in many other 2D
carrier systems like n-AlAs (Papadakis et al (1998)), n-GaAs (Hanein et
al (1998)), or n-Si/SiGe (Lai et al (2005)).

Delocalization effects are also able to be produced by correlated impuri-
ties in 2D non-interacting electron systems (Hilke (2003)). For this purpose
a tight-binding Anderson-model in two dimensions like

ψl+1,j + ψl−1,j + ψl,j+1 + ψl,j−1 = (E − Vl,j)ψl,j (6.48)

has been used. One would then obtain the extended wavefunction

ψl,j = cos(
l

2
π) exp(ikj) (6.49)

and the energy E = 2 cos k if V2l,j = 0, while the V2i+1,j ’s are still assumed
to be random.

Interplays between delocalization effects relying on the long-range cor-
related disorder and the dynamic localization implied by the presence of an
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electric field E have also been considered (Dominguez-Adame et al (2003)).
For this purpose one resorts to a discrete Hamiltonian like

H =
N0∑

m=1

(Vm−meaEel) |m〉 〈m|+t0
N0−1∑
m=1

(|m〉 〈m+ 1|+|m+ 1〉 〈m|) (6.50)

where N0 is again even and where Vi proceeds in accord with (6.46) and
(6.47).

6.5 The influence of a time dependent electric field

The influence of a time dependent electric field, say Eel = E(t) =
�EF f(t)/ea, on a charged particle moving on an infinite 1D lattice is of
a special interest (Zhu et al (1999), Suqing et al (2003)). Such systems
serve as a reasonable quantum-mechanical model of an 1D nanoconduc-
tor. The Hamiltonian (6.50) can be readily generalized towards an infinite
lattice (−∞ < i <∞), whereas the time-dependent version of (6.10) reads

| Ψ(t) >=
∞∑

m=−∞
Cm(t) | m > . (6.51)

This yields the time dependent discrete Schrödinger-equation

i
dCm(t)
dt

= V (Cm+1(t) + Cm−1(t)) −mEF f(t)Cm(t) (6.52)

by virtue of the time dependent counterpart H|ψ〉 = i�∂ |ψ〉 /∂t of (6.9),
where now Vm = 0 and t0 = �V . So far one deals with an electron with
the electric charge −e < 0, but other charged particles can be treated in a
similar manner. Accounting for the continuous limit of (6.52), shows that
t has the meaning of a time variable, but with the reversed sign. We can
assume, for convenience, that EF /ω > 0. We would like to stress that (6.52)
can be exactly solved for an arbitrary time modulation f(t) (Dunlap and
Kenkre (1986)). In particular, a monochromatic field like f(t) = cos(ωt)
has been considered. The interesting finding in this latter reference is that
there is a dynamic localization if the quotient EF /ω is a zero of the Bessel
function of order zero J0(z), i.e. if

J0 (EF /ω) = 0 . (6.53)
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The fingerprint of this remarkable localization is the periodic return of the
particle to the initially occupied site. Note that the field amplitude EF looks
like the frequency of Bloch oscillations predicted long ago (Bloch (1928);
Citrin (2004)). Under such conditions the mean square displacement (MSD)

< m2 >=
∞∑

m=−∞
m2|Cm(t)|2 (6.54)

remains bounded in time, which serves as a useful criterion for dynamic
localization. However, we have to say that such localization effects get ruled
out within the continuous limit of (6.52), as shown before (Guedes (2001)).
Moreover, such effects are related to the band collapse of a quasienergy
miniband (Holthaus (1992); Suqing et al (2003)). In addition, it has been
found that (6.52) is of interest in the study of harmonic generation by 1D
conductors (Pronin et al (1994), Zhao et al (1997)). The quotient EF /ω

displayed above is then responsible for the maximum number of higher
harmonics. Moreover, the dynamic localization such as discussed by Dunlap
and Kenkre has been unambiguously confirmed in linear optical absorbtion
spectra (Madureira et al (2004)). Accordingly there are firm supports to
consider (6.53) as a valuable starting point towards further generalizations,
as we shall see later. The influence of both electric and magnetic fields
on the dynamic localization of charged particles has also been discussed
(Nazareno and Brito (2001); Torres and Kunold (2004)), but such results
are rather numerical.

Now we would like to show that an alternative wavefunction like

C(g)
m (t) = exp

(
i

2
m(2EF η − π)

)
Jm(Γ) (6.55)

can be accounted for in so far as one resorts to admissible time realizations,
i.e. to a suitable time discretization (Papp (2006)). Here Jm(z) denotes the
Bessel function of the first kind and of order m. In addition, the complex
conjugation of (6.52) gives C∗

m(t) = exp(iπm)C−m(t), which is in accord
with (6.55). Note that Bessel functions of the first kind have also been used
before in the description of bound states produced by constant electric fields
on the lattice, as shown by (4.36) and (4.40). Now one has

Γ = Γ(t) =
2V

EF f(t)
sin(EF η) (6.56)

and
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η = η(t) =

t∫
0

f(t′)dt′ =

0∫
−t

f(t′)dt′ . (6.57)

For this purpose one resorts to the discrete Fourier transform

C̃k (t) =
1
2π

∞∑
m=−∞

Cm (t) exp (−imk) (6.58)

in which case (6.52) leads to(
∂

∂t
+ 2V i cos(k) + EF f (t)

∂

∂k

)
C̃k (t) = 0 . (6.59)

It is understood that for macroscopically large systems the momentum can
be treated as a continuous variable.

At this point let us introduce an alternative separated integration in
terms of

τ = τ(t) = k + EF η (t) (6.60)

instead of t. This amounts to replace C̃k (t) by C (s, τ), where s = t.
Accordingly, there is

d

dτ
C (s, τ) = −2iV

EF

cos (τ − EF η)
f (s)

C (s, τ) (6.61)

which yields, for the moment, the solution

C (s, τ) = c0 exp
(
− 4iV
EF f (s)

sin
EF η

2
cos

(
k − EF η

2

))
. (6.62)

where c0 is an integration constant. Combining (6.58) and (6.62) then leads
to the alternative wavefunction, i.e. to (6.55), by invoking the rescaling
EF → 2EF . Indeed, applying this rescaling (see also section 6.8) yields the
wavefunction

C(g)
m (t) =

1
2π

∞∑
k=−∞

exp (imk − Γ cos(k − EF η)) (6.63)
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in accord with (6.58), in which c0 = 1/2π. This produces in turn (6.55) by
virtue of the generating function of the Bessel-functions (see (8.511.4) in
Gradshteyn and Ryzhik (1965))

exp(iz cosϕ) =
∞∑

m=−∞
imJm(z) exp(imϕ) . (6.64)

One sees that (6.55) obeys the initial condition

Cm(0) = δm,0 (6.65)

which means, of course, that the initially occupied site is m = 0. It is
understood again that the k-summation in (6.63) can be replaced by a
related summation over the first Brillouin zone.

6.6 Discretized time and dynamic localization

Using the recurrence relation for the Bessel functions

2
d

dz
Jm(z) = Jm−1(z) − Jm+1(z) (6.66)

as well as (6.56), it can be easily verified that (6.55) satisfies (6.52) if

sin(EF η(t)) = ε′ → 0 (6.67)

where EF �= 0, which results in a nontrivial time discretization. It is clear
that (6.55) leads to the actual field-free solution:

Cm(t) → C(0)
m (t) = exp(−imπ/2)Jm(2tV ) (6.68)

if EF → 0. The time grid, say t = tg, implemented in this manner can be
established as

EF η(tg) = (n+ ε)π (6.69)

where ε = (−1)nε′/π and where n is an integer. Correspondingly, the MSD
exhibits the limit

< m2 >=
∞∑

m=−∞
m2J2

m(Γ(t)) =
Γ2(t)

2
→ Γ2(tg)

2
(6.70)
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for t → tg, which proceeds in accord with the n = 1 form of (8.536.2) in
Gradshteyn and Ryzhik (1965). The symmetry condition

J−m(z) = (−1)mJm(z) (6.71)

has also been invoked. Furthermore, there is

Γ(tg) =
2V
EF

(−1)nεπ

f(tg)
(6.72)

whereas f(tg) exhibits the form

f(tg) =
[
1 − ω2

E2
F

(n+ ε)2π2

]1/2

(6.73)

in the special case of a cosinusoidal modulation f(t) = cos(ωt). Accordingly,
the MSD becomes

1
2
Γ2(tg) =

2V 2

E2
F

fn(ε, u) (6.74)

where u = EF /ω and

fn(ε, u) =
π2ε2

1 − (n+ ε)2π2/u2
. (6.75)

Now we have to realize that the characteristic function just displayed
above is able to exhibit non-zero finite values like

fn(ε, u) =
π2

Cd
(6.76)

if

1 − (n+ ε)2π2/u2 = Cdε
2 (6.77)

and

u2 =
E2

F

ω2
= n2π2 (6.78)

where Cd is a positive parameter. One remarks that inserting (6.78) into
(6.73) yields f(tg) = 0, which can be viewed as an effective field free condi-
tion. Needless to say that a such idea is appealing from a theoretical point
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of view. At this point we have to say that bounded MSD-values just writ-
ten down above are responsible for the onset of the dynamic localization,
which proceeds in terms of (6.78). One would then have

ε2(1 + Cdn
2) = −2εn (6.79)

so that the small ε-parameter relying on (6.69) reads

ε = − 2n
1 + Cdn2

. (6.80)

Accordingly, there is ε > 0 (ε < 0) if n < 0 (n > 0), in which case
ε → 0 if |n| → ∞. Moreover, inserting Cd = 1 shows that |ε| decreases
monotonically with |n|, such that |ε| ∈ [0, 1] for |n| ∈ [1,∞). Equations
(6.78) and (6.80) show that dynamic localization effects are able to be pro-
duced if the ratio EF /ω is centered, within small strips, around an integer
multiple of π. We have to recognize, of course, that the accuracy degrees
of this description get enhanced for larger |n|-values. This corresponds to
the strong field limit, and more exactly to large values of the ratio EF /ω.
Accordingly, the strip-widths, i.e. the |ε|-magnitudes, become vanishingly
small. Moreover, the leading approximation characterizing the large order
zeros of J0 (t) is given by zm

∼= π (m− 1/4) ∼= πm. In this context, the
present approach can also be viewed as a strong field manifestation of the
one done by Dunlap and Kenkre (1986). Conversely, inserting m − 1/4
instead of m results in an improved approximation.

One realizes that the MSD exhibits the limit

< m2 >→ 2π2V
2

E2
F

(6.81)

if t→ tg, where n2 � 1 and

Cd = 1 . (6.82)

Equation (6.81) shows that the tg’s are able to be interpreted, at least
qualitatively, as the periodic return times of the particle to the initially
occupied site. Combining (6.69) and (6.78) yields

sin(ωtg) = sgn(n) (6.83)

so that the ε = 0 representation of such discretized time-intervals reads
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tg =
2π
ω

(
n+

1
4
sgn(n)

)
(6.84)

Equation (6.84) shows that the oscillation period has the meaning of an
elementary time interval.

In other words we found a reasonable strong field limit alternative to
the usual wavefunction working definitely on the continuous time. The
present wavefunction has been established, of course, by considering a pre-
established phase, namely m(EF η(t) − π/2). Indeed, this phase behaves
safely under complex conjugation, whereas the field free limit proceeds in
accord with (6.68). In addition, the time derivative of this phase compen-
sates precisely the potential energy term in (6.52). This alternative is able
to provide leading forms of generalized dynamical localization conditions ,
now by proceeding in conjunction with the implementation of a nontrivial
time discretization (Papp (2006)). We can emphasize that such solutions
exhibit certain similarities with the so called conditionally exactly solvable
problems (see de Souza Dutra (1993)). Of course, in the present case, the
former parameter fixing gets replaced by the dynamic localization condition
(DLC) working in conjunction with the time discretization.

6.7 Extrapolations towards more general modulations

Eliminating tg between

sin (EF η (tg)) = 0 (6.85)

which is responsible for the ε = 0 -limit of (6.64) and the effective field free
condition

f (tg) = 0 (6.86)

working on the time grid, provides a rather efficient proposal to the ex-
trapolation of the strong field dynamic localization condition (DLC) (6.78)
towards more general modulations of the time dependent electric field (Papp
(2006)). On could emphasize, at least tentatively, that the reasoning be-
hind this proposal is the effective field-free behavior, which can be viewed
as being reminiscent to the “asymptotic” freedom behaviour characterizing
high-energy descriptions in field theory. A such behavior has been checked
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above by the interplay between (6.84) and (6.85) when f(t) = cos(ωt), but
the incorporation of more general cases is in order. Keeping in mind that
further refinements and/or explanations remain desirable, we shall then
apply (6.85) and (6.86) to other signals, which results in the derivation of
useful but leading approximations to DLC’s one looks for.

For this purpose let us consider, as an exercise, a more general signal
like

f(t) = f1(t) = cos(ωt) + Δ0 cos(2ωt) (6.87)

where Δ0 is a positive parameter. Combining (6.87) with (6.85) and (6.86)
then gives the DLC

EF

ω
= nπF1(Δ0) (6.88)

working within the strong field limit needed, where

F1(Δ0) = Δ0

√
8

[
1 +

(
(1 + 8Δ2

0

)1/2 − 1)/4
]−1

[
4Δ2

0 − 1 + (1 + 8Δ2
0)1/2

]1/2
(6.89)

and

cos(ωtg) =
1

4Δ0

[
(1 + 8Δ2

0)
1/2 − 1

]
. (6.90)

Now F1(Δ0) decreases monotonically with Δ0, such that F2(Δ0) ∈ (0, 1] for
Δ0 ∈ [0,∞). In particular, (6.88) reproduces the DLC characterizing the
cosinusoidal modulation as soon as Δ0 → 0. One realizes that such results
are able to serve as quickly tractable strong field limit approximations to
more exact but heavily accessible DLC’s. It is also clear that (6.88) works
irrespective of the sign of EF provided that ω > 0 and sgn(EF ) = sgn(n).
Other cases deserving further attention are presented in section 6.11. It
should be stressed again that (6.85) and (6.86) stand for quickly tractable
but useful approximations to DLC’s for time-periodic modulations can be
readily done by resorting to zero time-averages of persistent currents in
L-ring circuits, as we shall see later (see (10.141)).

It should be stressed again that (6.85) and (6.86) stand for quickly
tractable, but useful approximation to DLC’s. However refinements con-
cerning DLC’s for time periodic modulations can be readily done by re-
sorting to zero time-averages of persistent currents in L-ring circuits, as we
shall see later (see (10.141)).
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6.8 The derivation of the exact wavefunction revisited

Next we find it useful to present some details concerning the derivation of
the exact wavefunction (Dunlap and Kenkre (1986))

C(r)
m (t) = (−λ)m

Jm (2V |Z|) (6.91)

characterizing (6.52). One has

Z ≡ U(t) + iV (t) = exp(iEFη(t))Z1(t) , (6.92)

where

Z1 (t) =

t∫
0

dt′ exp (−iEF η (t′)) (6.93)

and λ2 = −Z/Z∗. This shows that the present description depends specif-
ically on the η (t) -function. Inserting dτ = EF f (s) ds into (6.61) yields

C̃k (t) = C̃k′ (0) exp (−2iV (cos kU (t) − sin kV (t))) (6.94)

by performing the s -integration under a fixed τ -value, i.e. under τ (s) =
τ (0). This amounts to consider the back transformation (see also (A.3) in
Dunlap and Kenkre (1986))

k → k′ = k + EF η (t) (6.95)

where by now s = t. Next we have to account for the Graf’s addition
theorem (see e.g. (8.530) in Gradshteyn and Ryzhik (1965))

∞∑
n=−∞

Jn (2UV )Jn+ν (2VV ) = λνJν (2V |Z|) (6.96)

as well as for the “sine” counterpart

exp (iz sinϕ) =
∞∑

m=−∞
Jm (z) exp (imϕ) (6.97)

of (6.64). One would then obtain the relationship
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Cm (t) =
∞∑

ν=−∞
Cm+ν (0) exp (−iEF (m+ ν) η (t))λνJν (2V |Z|) , (6.98)

which leads to the wavefunction

Cm (t) =
(
− 1
λ

)m

Jm (2V |Z|) (6.99)

by virtue of the initial condition Cm+ν (0) = δm+ν,0. So far (6.99) fails,
however, to satisfy (6.52). We then have to supplement the back transfor-
mation (6.95) by the rescaling

EF → −EF (6.100)

which yields in turn the exact wavefunction (6.91). We can then say that
(6.100) has the meaning of a symmetry restoring condition. This means
that a similar reasoning should concern the rescaling EF → 2EF used before
in the derivation of (6.63).

What remains is to show in an explicit manner that the wavefunction
(6.91) is actually an exact solution of (6.52). Indeed, one has

d

dt
|Z| =

Z + Z∗

2 |Z| (6.101)

so that

d

dt
Jm (t) =

V

2 |Z| (Z + Z∗) (Jm−1 (t) − Jm+1 (t)) (6.102)

by virtue of (6.66), where z = 2V |Z|. Further there is

mJm (t) = V |Z| (Jm−1 (t) + Jm+1 (t)) (6.103)

in accord with (4.35), whereas

λ = i
Z

|Z| (6.104)

1
λ

dλ

dt
= iEF f (t) − Z − Z∗

2 |Z|2
(6.105)
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and

d

dt
(−λ)m = m (−λ)m 1

λ
. (6.106)

Accounting for (6.101)-(6.106), it can be readily verified that

Cm (t) = C(r)
m (t) (6.107)

fulfils precisely (6.52), as one might expect.

6.9 Time discretization approach to the minimum of the
MSD

Further theoretical supports to the time discretization presented before are
provided by the time minimization of the MSD

〈
m2

〉
r

=
∞∑

m=−∞
m2

∣∣∣C(r)
m (t)

∣∣∣2 = 2V 2 |Z|2 (6.108)

characterizing the exact wavefunction (6.91).
First one has

|Z|2 =

t∫
0

dt′
t∫

0

dt′′ exp (−iEF (η (t′) − η (t′′))) (6.109)

by virtue of (6.92), so that

d

dt

〈
m2

〉
r

= 4V 2Dr (t) (6.110)

where

Dr (t) = cos (EF η (t))

t∫
0

dt′ cos (EF η (t′))+sin (EF η (t))

t∫
0

dt′ sin (EF η (t′)) .

(6.111)
Resorting to the time grid t = tg implemented by (6.85), shows that

Dr (tg) = 0 (6.112)
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as soon as

tg∫
0

dt′ cos (EF η (t′)) = 0 . (6.113)

We then have to realize that (6.85) and (6.113) are responsible for the
strong field limit of the DLC and for the exact one, respectively. Indeed,
coming back to f (t) = cos (ωt) one finds that (6.113) leads to

(2n+ 1)
π

2
J0

(
EF

ω

)
= 0 (6.114)

which produces in turn the exact DLC (6.53). This proceeds by virtue of
the relationship

(2n+ 1)
π

2
J0

(
EF

ω

)
=

ϕg∫
0

dϕ cos
(
EF

ω
sinϕ

)
(6.115)

where

ϕg = ωtg = (2n+ 1)
π

2
(6.116)

comes from (6.84). For convenience, it has been assumed that sgn (n) = 1.
Differentiating once more again the MSD yields

d2

dt2
〈
m2

〉
r

= 4V 2 [1 − EF f (t)Gr (t)] (6.117)

where

Gr (t) = cos (EF η (t))

t∫
0

dt′ sin (EF η (t′))−sin (EF η (t))

t∫
0

dt′ cos (EF η (t′)) .

(6.118)
Inserting t = tg gives

d2

dt2
〈
m2

〉
r

∣∣∣∣
t=tg

= 4V 2 > 0 (6.119)

which shows that the present extremal condition leads to a minimum. It is
clear that the MSD-minimum established in this manner reads
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〈
m2

〉(min)

r
= 2V 2

⎡⎣ tg∫
0

dt′ sin (EF η (t′))

⎤⎦2

(6.120)

in which case the pertinent DLC is produced by the interplay between
(6.85) and (6.113). It is clear that the square root of the MSD-minimum
displayed in (6.120) plays the role of a non-zero minimum uncertainty in
the discrete position.

6.10 Other methods to the derivation of the DLC

Other methods to the derivation of the DLC have also been proposed. To
this aim we have to remark that Z in (6.92) can be replaced automatically
by

Z1 (t) =

t∫
0

dt′ exp (−iEFη (t′)) (6.121)

because |Z| = |Z1|. Then the MSD exhibits the form〈
m2

〉
= 2V 2Z1 (t)Z∗

1 (t) (6.122)

in accord with (6.108). The starting point towards establishing further
descriptions is the ansatz

Z1 (t) = Q1t+Q2 (t) (6.123)

in which Q1 is independent of time, whereas Q2 (t) oscillates with time.
This means that the MSD remains bounded in time if (Suqing et al (2003))

Q1 = 0 (6.124)

which is synonymous with the DLC.
Considering as an example a time dependent electric field like

E (t) = E0 + E1 cos (ω1t) + E2 cos (ω2t) (6.125)

yields the field modulation



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

Hopping Hamiltonians. Electrons in Electric Field 121

f (t) =
ωB

EF
+ cos (ω1t) + Δ cos (ω2t) (6.126)

where E2 = ΔE1, ωB = eaE0/� is the usual Bloch-frequency, whereas
EF = E1ea/�. Accordingly, there is

E (t) =
�

ea
EF f (t) (6.127)

in which case

EF η (t) = ωBt+ α1 sin (ω1t) + α2 sin (ω2t) (6.128)

is obtained by virtue of (6.57). It is clear that α0 = ωB/EF , α1 = EF /ω1

and α2 = ΔEF /ω2 . Using (6.97), it is an easy exercise to verify that

Z1 (t) =
∞∑

m=−∞

∞∑
n=−∞

Jm (α1)Jn (α2) exp (−iΩm,n)
sin (Ωm,nt)

Ωm,n
(6.129)

where

Ωm,n =
1
2

(ωB +mω1 + nω2) . (6.130)

Next we have to realize that the discrimination of the linear term in
(6.123) can be done by restricting the sum in (6.129) to the contributions
for which Ωm,n → 0. This gives

Q1 = Q1 (α0, α1, α2) =
∞∑

m=−∞

∞∑
n=−∞

(
Jm (α1) Jn (α2)|Ωm,n=0

)
(6.131)

which looks, however, quite involved.
Further, let us assume that ωB = 0 and ω2/ω1 = p/q, where p and q

are mutually prime integers. Then Ωm,n = 0 has the roots m = pl and
n = −ql, where l is again an integer. This gives the result (Suqing et al
(2003))

Q1 = Q
(0)
1 = J0 (α1)J0 (α2) +

∞∑
l=1

Jpl (α1)Jql (α2)
[
(−1)ql + (−1)pl

]
(6.132)

which stands for a particular realization of (6.131). Moreover, there is
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Q
(0)
1 = Q

(0)
1 (α1,Δ) = J0 (α1)J0

(
Δ
2
α1

)
+ 2

∞∑
l=1

J4l (α1)J2l

(
Δ
2
α1

)
(6.133)

if p = 2 and q = 1. This means that the “exact” but involved counterpart
of the DLC (6.88) is given by

Q
(0)
1 (α1,Δ) = 0 (6.134)

but a such equation remains again too hardly tractable to be useful for
explicit calculations in practice. We then have to resort to numerical meth-
ods, but explicit summations in (6.132) and (6.133) remain, if at all, to be
done. In addition, there are reasons to say that the ansatz (6.123) is not
generally valid, as there are systems characterized e.g. by a cubic growth
of the MSD (Hufnagel et al (2001)).

6.11 Rectangular wave fields and other generalizations

Our next task is to discuss the localization attributes characterizing a pe-
riodic rectangular wave field like

E (t) =
{

EF , t ∈ (0, T/2)
−EF , t ∈ (T/2, T )

(6.135)

where E (t) = E (t)W/ea, such that E (t) = E (t+ T ). A modified version
of (6.135) has also been discussed before (Zhu et al (1999)). The above
field exhibits sign-change discontinuities of the first kind at

t = tdis = ndis
T

2
(6.136)

where ndis is an arbitrary integer, while T denotes the period measured
in units of �/W . Equation (6.136) relies on the “exact” area quantization
condition proposed before (Dignam and de Sterke (2002)). This means
that the total area under the E (t)-curve between two discontinuities en-
compassing an integer number of periods should be an integral multiple of
2π. Now, the total area for one period is zero, which indicates that we have
to consider reasonably a half period. One would then obtain the area

EF
T

2
= EF

π

ω
= 2naπ (6.137)
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when the discontinuities are located at ndis = 0 and ndis = 1, where na is
a non-zero integer.

One realizes that the periodic function characterizing (6.135) is given
by the Fourier-series

f (t) =
4
π

∞∑
n=0

sin (2n+ 1)ωt
(2n+ 1)

(6.138)

so that E (t) = EF f (t), as usual. This gives

η (t) =
4
πω

[
π2

8
−

∞∑
n=0

cos (2n+ 1)ωt
(2n+ 1)2

]
(6.139)

in accord with (6.57). Applying (6.85) and (6.86) one finds

ωtg =
2π
T
tg = n′π . (6.140)

which leads to a DLC like

EF

ω
= n . (6.141)

if n′ is an odd integer. The series

∞∑
n=0

1
(2n+ 1)2

=
π2

8
(6.142)

has also been used. Now it is clear that (6.141) reproduces precisely (6.137)
as soon as n = 2na, which means that we have to account for even real-
izations of n in (6.69). Accordingly, the periodicity of the modulation gets
accounted for, too. This provides further theoretical supports favoring the
accuracy attributes of the present approach to the derivation of DLC’s.

The above results can be readily generalized towards the modulation

f (t) = f1 (t) =
∞∑

n=0

b2n+1 sin ((2n+ 1)ωt) (6.143)

where E (t) = EF f (t), ω = 2π/T and f1 (t) = f1 (t+ T ). Now (6.140) is
preserved, in which case the DLC reads
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2EF

ω

∞∑
n=0

b2n+1

2n+ 1
= nπ (6.144)

instead of (6.141), where the n′ -values needed are again odd integers.
Proceeding in a similar manner one finds that the DLC’s characterizing

the modulations

f(t) = f2(t) =
∞∑

n=1

b2n sin (2nωt) (6.145)

and

f(t) = f3(t) =
∞∑

n=0

b2n+1 cos ((2n+ 1)ωt) (6.146)

are given by

EF

ω

∞∑
m=0

b4m+2

2m+ 1
= nπ (6.147)

and

EF

ω

∞∑
m=0

(−1)m b2m+1

2m+ 1
= (−1)n

′
nπ = ±nπ (6.148)

respectively, which may be useful in several respects. The time grid reads
ωtg = (2n′+1)π/2 in both cases. We can assume, without loss of generality,
that n′ in (6.148) is an even integer.

Besides the area quantization condition mentioned above, the “exact”
dynamic localization proceeds in terms of a further condition like (Dignam
and Sterke (2002), Domachuk et al (2002), Wan et al (2004))

βp (T ) =

T∫
0

exp (−ipEFη (t)) dt = 0 (6.149)

where p is a non-zero integer and where T denotes the period characterizing
the f (t) modulation. The “exact” dynamic localization would then occur
only when βp (T ) = 0 for all p’s, which is unlikely to be fulfilled in practice.
Inserting e.g. f (t) = cos (ωt) into (6.149) gives βp (T ) = TJ0 (pEF /ω) = 0,
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which shows that the “exact” description in the sense just referred to above
is not possible. Related approximate versions to the dynamic localization
have also been proposed. However, such approximations are too involved
and concern again a rather restricted class of modulations only (Domachuk
et al (2002)).

6.12 Wannier-Stark ladders

In a constant electric field the stationary version of (6.52) is given by

V (Cm+1 + Cm−1) −mEFCm = ECm (6.150)

in which case the dimensionfull energy is given, up to the sign, by E0 = �E.
This equation has also been discussed from a standard quantum-mechanical
point of view in section 4.2, as indicated by (4.28)-(4.40). The present
quotations rely on the ones used in section 4.2 via EF = F , V = tH and
Cm = ψm. Now one looks for a suitable solution like

Cm =

π∫
−π

dk exp (imk) C̃ (k) (6.151)

where this time the integral runs over the first Brillouin zone instead of
k ∈ (−∞,∞). The dimensionless wave number is denoted by k, so that
k ∈ [−π, π]. Inserting (6.153) into (6.152) yields the first-order differential
equation

i
d

dk
ln C̃ (k) =

2V
EF

cos k − E

EF
(6.152)

which is the stationary counterpart of (6.59). Equation (6.154) can be
immediately integrated as

C̃ (k) = C̃ (0) exp
[
i

(
E

EF
k − 2V

EF
sink

)]
. (6.153)

Next we have to apply (6.97), in which case the solution one looks for
is given by

Cm = 2πC̃ (0)Jm+E/EF

(
2V
EF

)
(6.154)
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which works in conjunction with the orthogonality condition

π∑
k=−π

exp ik (m+m′ + E/EF ) = δm′,−m−E/EF
. (6.155)

For this purpose the quotient E/EF must be an integer, which is responsible
in turn for the implementation of equally spaced energy levels like

E = En = nEF = nωB (6.156)

where n = 0,±1,±2, . . . . One sees that (6.158) produces an actual gener-
alization of (4.46). On the other hand, one has the orthogonality property
(see e.g. Wacker (1998))

∞∑
m=−∞

Jm+h (z)Jm (z) = δk,0 (6.157)

where z is real. Inserting z = 2V/EF and using (6.158) produces the nor-
malization condition

∞∑
m=−∞

|Cm|2 = 1 (6.158)

as soon as 2π | C̃ (0) |= 1. So, the discrete energies established in ac-
cord with (6.158) concern actually localized bound states. Such energies
have been referred to as Wannier-Stark ladders (Wannier (1960), Fukuyama
(1973), Bleuse (1988)). Wannier-Stark resonances have also been discussed
(Nenciu (1991)), which also means, of course, that the level width should
be smaller than the level spacing. We would like to mention, quite satisfac-
torily, that such ladders have been found in photoluminescence experiments
with GaAs/GaAlAs superlattices (Voisin et al (1988)).

6.13 Quasi-energy approach to DLC’s

There is still a useful method which can be used in the derivation of DLC’s,
namely the quasi-energy description. To this aim we have to assume again
that the external electric field is periodic in time with period T . Then the
time dependent Schrödinger-equation
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H(x, t)ψ(x, t) = i
∂

∂t
ψ(x, t) (6.159)

where x = ma and � = 1 can be handled in terms of the Floquet-
factorization (see e.g. Holthaus and Hone (1993))

ψ(x, t) = exp(−iEt)uE(x, t) (6.160)

where H(x, t) = H(x, t+T ), E denotes the corresponding quasi-energy and

uE(x, t) ≡< x|t, E >= uE(x, t+ T ) . (6.161)

This gives the eigenvalue equation(
H(x, t) − i

∂

∂t

)
uE(x, t) = EuE(x, t) (6.162)

which has to be solved by accounting for the periodicity condition (6.161).
Applying once more again the orthonormalized Wannier basis (6.6):

|t, E >=
∞∑

m=−∞
cm(t)|m > (6.163)

yields the equation

i
d

dt
cm(t) =

∞∑
m′=−∞

< 0|H|m′ > cm+m′(t)−(mEF f(t)+E)cm(t) (6.164)

which relies on (6.52). It is understood that H0 stands for the time inde-
pendent part of the Hamiltonian, in which case there is

< m|H0|m′ >=< 0|H0|m−m′ > (6.165)

by virtue of the translation symmetry. Accordingly, the periodic energy
dispersion law of the parent band is given by

E0(k) = E0(k + 2π) =
∞∑

m=−∞
< 0|H0|m > exp(imk) , (6.166)

which leads to the well known expression (see also (6.4))
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E0(k) = 2V cos k (6.167)

by virtue of (6.52).
Next let us perform the gauge transformation

cm(t) = exp[i(Et+mEF η(t))]Cm(t) , (6.168)

in accord with (6.57). Then (6.164) becomes

i
d

dt
Cm(t) =

∞∑
m′=−∞

< 0|H0|m′ > exp(im′EF η(t))Cm+m′(t) . (6.169)

At this point we have to apply the discrete Fourier-transform (6.151). Equa-
tion (6.169) can then be converted as

i
d

dt
C̃k(t) = E0(k + EF η(t))C̃k(t) , (6.170)

where

C̃k+2π(t) = C̃k(t) . (6.171)

Equation (6.170) can be readily integrated as

C̃k(t) = C̃k(0) exp

⎛⎝−i
t∫

0

dt′E0(k + EF η(t′))

⎞⎠ , (6.172)

whereas the periodicity condition (6.161) leads to

Cm(T ) = Cm(0) exp[−i(ET +mEF η(T ))] . (6.173)

So one obtains

C̃k(T ) = C̃k+EF η(T )(0) exp(−iET ) , (6.174)

which produces in turn the quasi-energy quantization condition

C̃k+EF η(T )(0) exp(−iET ) = C̃k(0) exp

⎛⎝−i
T∫

0

dt′E0(k + EF η(t′))

⎞⎠ .

(6.175)
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In the pure ac-case one has η(T ) = 0, so that the corresponding quasi-
energy reads

E = E(k, n′) =
1
T

T∫
0

dt′E0(k + EF η(t′)) +
2πn′

T
(6.176)

where n′ is a further integer. Coming back to the cosinusoidal modulation
f(t) = cos(ωt) then gives the quasi-energy

E(k, 0) = 2V J0

(
EF

ω

)
cos k (6.177)

which proceeds in accord with (96.97) and (6.167). This shows that there is
E(k, 0) = 0 irrespective of k in so far as (6.53) is fulfilled, which is respon-
sible for the so called band-collapse condition discussed before (Holthaus
(1992)).

6.14 The quasi-energy description of dc-ac fields

The influence of the dc-ac electric field superposition

E(t) = E0 + E1 cos(ωt) (6.178)

is a special case which has received much interest (Zhao et al (1995), Glück
et al (1998), Zhang et al (2002), Suqing et al (2003)). Now one has

f(t) =
ωB

EF
+ cos(ωt) (6.179)

and

EF η(t) = ωBt+ α1 sin(ωt) (6.180)

where α1 = EF /ω, which is in accord with the E2 = 0 and ω1 = ω form
of (6.125)-(6.128). Accounting for (6.171), one sees immediately that the
quasi-energy formula (6.176) is preserved as soon as the angle ωBT is an
integer multiple of 2π: ωBT = EF η(T ) = 2πωB/ω = 2nπ. Then the
dynamic localization occurs by virtue of the condition (Zhao et al (1995)).

Jn

(
EF

ω

)
= 0 , (6.181)
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which has the meaning of an n �= 0 counterpart of (6.53).
The next point is to discuss the dynamic localization when the n integer

in (6.181) is replaced by a rational number such as given by

ωB =
P

Q
ω (6.182)

where P and Q are mutually prime integers. This time there is

C̃k+2πP/Q(0) exp(−iET ) = C̃k(0) exp

⎛⎝−i
T∫

0

dt′E0(k + EF η̃(t′))

⎞⎠
(6.183)

by virtue of (6.175), where

EF η̃(t) =
P

Q
ωt+ α1 sin(ωt) . (6.184)

In order to proceed further we have to apply an extra wavenumber dis-
cretization such is given by

k = s+
2π
Q
l . (6.185)

One has k ∈ [−π, π], s ∈ [−π/Q, π/Q] and l = 0, 1, ..., Q − 1. This also
means that

Δk = Δs+
2π
Q

Δl = 2π (6.186)

so that parameter intervals just displayed above work safely. Inserting suc-
cessively the selected l-values into (6.183) and multiplying the Q equations
obtained in this manner yields the quasi-energy as

EQ(s, n′) =
1
QT

Q−1∑
l=0

T∫
0

dt′E0(s+
2π
Q
l+ EF η̃(t′))+ (6.187)

+
2πn′

QT

instead of (6.176), which proceeds in accord with (6.171). Using (6.166)
it can be easily verified that only terms for which m = Qj survive the
l-summation, where j is an integer. Then (6.187) can be converted as
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EQ(s, n′) =
∑

j

< 0|H0|Qj > JPj(QjEF /ω) exp(ij(Qs+ πP ))+ (6.188)

+
ωBn

′

P

which exhibits real values as soon asH0 is Hermitian. Checking numerically
(6.188), it has been found that the dynamic localization can occur irrespec-
tive of EF /ω (Zhao et al (1995), Zhang et al (2002)), but the derivation of
further analytical details is still an open problem. Quasi-enery corrections
going beyond the NN-description have also been discussed (Jivulescu and
Papp (2006)).

6.15 Establishing currents in terms of the Boltzmann equa-
tion

The motion of electrons in superlattices under a time dependent electric
field E(t) can also be treated by resorting to the Boltzmann equation in
the relaxation time approximation (Ashcroft and Mermin (1976))

∂

∂t
f(k, t) − e

�
E(t)

∂

∂k
f(k, t) = − 1

τ(k)
[f(k, t) − fD(k)] (6.189)

The relaxation time, which is responsible for the incorporation of scattering
effects is denoted by τ(k), k is the wavenumber, while fD(k) stands for the
Fermi-Dirac distribution. For convenience we shall assume that the relax-
ation time is a constant, which amounts to say that τ(k) = τ0. Applying
again a dc-ac electric field like (6.178), yields the distribution function

f(k, t) =

t∫
−∞

dt′

τ0
exp

(
− t− t′

τ0

)
fD(k + k1) (6.190)

where

k1 = k1(t, t′) =
EF

a
(η(t) − η(t′)) (6.191)

proceeds in accord with (6.57) and (6.127). We shall also consider a general
energy dispersion law
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Ed(k) =
∞∑

n=0

Rn cos(kna) (6.192)

which accounts for effects going beyond the NN-description.
Equation (6.192) provides the velocity

v(k) =
1
�

∂

∂k
Ed(k) = −a

�

∞∑
n=1

nRn sin(kna) (6.193)

which generates in turn the time dependent current as follows

J(t) = −e < v(k) >f (6.194)

where the average has to be performed in terms of the non-equilibrium
distribution function f(k, t). At this point we can invoke the limits of
low temperature (T → 0) and low densities (EF → 0), which results in
appreciable simplifications. Indeed, under such conditions one has

fD(k + k1) =
[
exp

(
�2(k + k1)2

2me
− EF

)
kBT + 1

]−1

∼= 1 (6.195)

if k + k1
∼= 0, so that electrons get concentrated around k ∼= −k1. Accord-

ingly, J(t) becomes

J(t) ∼= J0

∞∑
n=1

nRn

R1

∞∫
0

ds

τ0
exp

(
− s

τ0

)
× (6.196)

sin
[
nωBs+ n

EF

ω
(sin(ωt) − sin(ω(t− s)))

]
where J0 = eaR1/�. Using (6.64) and (6.97), one finds the expression

J(t) = J0

∞∑
n=1

∞∑
ν=−∞

∞∑
m=−∞

nRn

R1
Jν

(
n
EF

ω

)
gνn(t) (6.197)

where

gνn(t) = Re

[
exp i(νωt+ (nEF /ω) sin(ωt))

nωB + νω + i/τ0

]
(6.198)

Such results open the way for further investigations, with a special empha-
sis on photon assisted transport properties, band collapse effects and the
generation of higher harmonics (Zhao et al (1997)).
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Chapter 7

Tight Binding Descriptions in the
Presence of the Magnetic Field

Under the influence of the magnetic field, the general hopping Hamiltonian
of a 2D lattice gets specified as (Fradkin (1991), Kohmoto (1989), Peter et
al (1989), Kohmoto and Hatsugai (1990), Hatsugai and Kohmoto (1990),
Hatsugai (1993), Honda and Tokihiro (1997))

H =
∑
i,j

tija
+
j ai exp (iθij) +H.c. (7.1)

where tij denotes, as before, the hopping integral between sites i and j.
The electron annihilation (creation) operator at site i is denoted by ai

(a+
i ), whereas the term “H.c ” stands for the Hermitian conjugation. The

magnetic phase factor is defined by

θij =
2π
Φ0

j∫
i

−→
A · d−→l (7.2)

where
−→
A is the vector potential. The magnetic flux quantum has been

denoted by Φ0 = hc/e, as usual. Choosing, for convenience, a homogenous
and transversal magnetic field, one works in many cases in the Landau-
gauge

−→
A = (0, Bx, 0), but other gauges are also of interest. The sites i and

j being located in a plane produce specifically square, hexagonal, triangular,
or other kinds of lattices. Links between i and j sites are also specified in
terms of corresponding d

−→
l -displacements, where dl =

√
dx2 + dy2. The

magnetic flux through a plaquette is then given by

Φ =
∫ −→
B · d−→S =

∑
plq.

j∫
i

−→
A · d−→l =

Φ0

2π

∑
plq.

θji . (7.3)

133
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The quotient β = Φ/Φ0, which expresses the number of flux quanta per
unit cell, has the meaning of a commensurability parameter. We shall focus
our attention on rational values like

β =
Φ
Φ0

=
P

Q
∈ [0, 1] (7.4)

of this quotient, where P andQ are mutually prime integers, which proceeds
in a close analogy with (2.51). One has e.g.

β ≡ �∗

2π
=
eBa2

hc
∈ [0, 1] (7.5)

for the square lattice, in which �∗ plays the role of a cyclic commensurability
parameter (see also Wilkinson (1986)).

7.1 The influence of the nearest and next nearest neighbors

Along the x-direction one has the NN links between the initial points

i = (n,m) and (n,m+ 1) (7.6)

and the final points

j = (n+ 1,m) and (n+ 1,m+ 1) (7.7)

respectively, for which tij = ta. The same happens along the y-direction
for

i = (n,m) and (n+ 1,m) , (7.8)

and

j = (n,m+ 1) and (n+ 1,m+ 1) , (7.9)

respectively, but now tij = tb. The next nearest neighbors (NNN) act along
bisectrices, such that t = tc (t = td) for i = (n,m) and j = (n+ 1,m+ 1)
i = (n+ 1,m) and j = (n,m+ 1)). Inserting td = 0 one deals with a
triangular lattice. For convenience a square lattice has been assumed (a =
b), but one proceeds similarly if a �= b. The corresponding θij -phases can
then be easily evaluated, as indicated in Table 7.1.
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Table 7.1. The θij -phases in the Landau gauge for NN -and NNN -links on
the square lattice. The corresponding d

−→
l -displacements are also inserted.

i j θij d
−→
l

(n,m) (n+ 1,m) 0 −→e 1dx

(n,m+ 1) (n+ 1,m+ 1) 0 −→e 1dx

(n,m) (n+ 1,m+ 1) 2πβ (n+ 1/2) (−→e 1 + −→e 2) dl/
√

2
(n,m) (n,m+ 1) 2πβn −→e 2dy

(n+ 1,m) (n+ 1,m+ 1) 2πβ (n+ 1) −→e 2dy

(n+ 1,m) (n,m+ 1) 2πβ (n+ 1/2) (−→e 2 −−→e 1) dl/
√

2

The eigenvalue equation

H|ϕ〉 = E |ϕ〉 (7.10)

can be rewritten in the double discrete (n,m)-representation as

〈n,m|H |ϕ〉 = Hn,mϕn,m = Eϕn,m (7.11)

where

|n,m〉 = a+
n a

+
m |0〉 . (7.12)

Accounting for hopping integrals and using the pure-phase parameter

q = exp (iπβ) = exp
(
iπ
P

Q

)
(7.13)

one finds the explicit realization of (7.11) as

Hn,mϕn,m = ta (ϕn−1,m + ϕn+1,m) + tb
(
ϕn,m−1q

2n + ϕn,m+1q
−2n

)
+

(7.14)

+
tc
q

(
ϕn−1,m−1q

2n + ϕn+1,m+1q
−2n

)
+ tdq

(
ϕn+1,m−1q

2n + ϕn−1,m+1q
−2n

)
= Eϕn,m .

Of course, the hopping integrals work irrespective of the unit cell,
whereas q such as given by (7.13) is a root of unity:

q2Q = 1 . (7.15)

This means that ϕn,m is a double periodic function with period Q:

ϕn+Q,m+Q = ϕn,m (7.16)

which is useful for further calculations.
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7.2 Transition to the wavevector representation

Let us consider the Fourier-transform

ϕn,m =
1

(2π)2

2π∫
0

dθ1

2π∫
0

dθ2 exp (i (nθ1 +mθ2)) ϕ̃
(−→
θ
)

(7.17)

in which the wave-vector is restricted to a single Brillouin zone , i.e. θi =
kia ∈ [0, 2π]. Then (7.14) becomes

H̃ϕ̃
(−→
θ
)

= 2ta cos θ1ϕ̃(
−→
θ )+tb

(
ω2 cos (θ1 + 2πβ, θ2) +

1
ω2
ϕ̃ (θ1 − 2πβ, θ2)

)
(7.18)

+tcq
(
ω1ω2ϕ̃ (θ1 + 2πβ, θ2) +

1
ω1ω2

ϕ̃ (θ1 − 2πβ, θ2)
)

+

+
td
q

(
ω2

ω1
ϕ̃ (θ1 + 2πβ, θ2) +

ω1

ω2
ϕ̃ (θ1 − 2πβ, θ2)

)
where ωl = exp (iθl) and l = 1, 2. One sees that the above terms are not
sensitive with respect to θ2, so that it can be hereafter ignored. Now, we are
ready to consider an extra discretization of the θ1-coordinate as (Hatsugai
and Kohmoto (1990))

θ1 = θ10 + 2πβj (7.19)

such that (see also (6.185))

2π∫
0

dθ1 = 2π =
Q∑

j=1

2λ∫
0

dθ10 , (7.20)

where j = 1, 2, . . . , Q and where λ remains to be determined in a selfcon-
sistent manner. This yields

λ =
π

Q
(7.21)

so that the “residual” Brillouin zone becomes Q-times narrower. On the
other hand one has



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

Tight Binding Descriptions in the Presence of the Magnetic Field 137

θ1 ± 2πβ = θ10 + 2πβ (j ± 1) (7.22)

by virtue of (7.19), which leads to

ϕ̃ (θ1 ± 2πβ) = uj±1 (θ10) (7.23)

as soon as one makes the identification

ϕ̃ (θ1) ≡ uj (θ10) . (7.24)

Under such circumstances the eigenvalue equation becomes

B̃∗
j−1uj−1 +Ajuj + B̃juj+1 = Euj (7.25)

where

Aj = 2ta cos (θ10 + 2πβj) (7.26)

and

B̃j = ω2

(
tb + ω10tcq

2j+1 +
1
ω10

td
q2j+1

)
(7.27)

where ω10 = exp (iθ10). One sees that Aj = Aj+Q and B̃j = B̃j+Q, so that
now (7.16) gets implemented as

uj = uj+Q (7.28)

This periodicity shows that in order to normalize the wavefunction we have
to resort to the discrete integral

Q∑
j=1

|uj|2 = 1 , (7.29)

which is similar to (5.42). Indeed, using the state

|ψ〉 =
Q∑

j=1

uj (θ10, θ2) a+
j (θ10, θ2) |0〉 (7.30)
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where [
aj (θ10, θ2) , a+

j′ (θ10, θ2)
]

= δj,j′ (7.31)

one finds that the |ψ〉-normalization proceeds as

〈ψ |ψ〉 =
Q∑

j=1

|uj |2 = 1 (7.32)

which reproduces precisely (7.29).
It is also of interest to make the substitutions

B̃j = exp (ik)Bj (7.33)

and

uj = exp (−ijθ2) vj (7.34)

in which case (7.25) becomes

B∗
j−1vj−1 +Ajvj +Bjvj+1 = Evj . (7.35)

7.3 The secular equation

Equation (7.35) can be rewritten in a matrix form as

MQU = EU (7.36)

where U = (u1, u2, . . . , uQ) and where M is a Hermitian tridiagonal matrix
supplemented by non-zero elements at the right top and left bottom:

MQ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A1 B1 . . . . . . . . . . . . B∗
Q exp (−iQθ2)

B∗
1 A2 B2 . . . . . . . . .

...
... B∗

2 A3 B3 . . . . . .
...

... B∗
3 A4 B4 . . .

...
...

. . . . . . . . .
...

... AQ−1 BQ−1

BQ exp (iQθ2) . . . . . . . . . B∗
Q−1 AQ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(7.37)



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

Tight Binding Descriptions in the Presence of the Magnetic Field 139

where Q > 2. The energy eigenvalues are given by the roots of the algebraic
equation

det (MQ − E) = 0 (7.38)

This amounts to find the roots of a Q-degree polynomial, i.e. to apply the
method of the secular equation (Hatsugai and Kohmoto (1990), Wannier
et al (1979)). More exactly, (7.38) can be expressed as

PQ (E) = f (θ10, θ2) (7.39)

for Q > 2, in which the polynomial PQ (E) is independent of θ10 and θ2,
but

f (θ10, θ2) = 2tQa cos (Qθ10)+2tQb cos (Qθ2)−2 (−1)P+Q
tQc cos (Q (θ10 + θ2))

(7.40)
in so far as td = 0. Of course, the td �= 0 -case can also be accounted
for, as shown by (2.14) in Hatsugai and Kohmoto (1990). One realizes
immediately that (2.24) and (7.39) are quite similar, in the sense that the
influence of Brillouin phases is confined exclusively to the r.h.s.’s of cor-
responding eigenvalue equations. The energy bands are then produced by
the inequalities

−2tQa − 2tQb ≤ PQ (E) ≤ 2tQa + 2tQb (7.41)

in which, once more again, the equality signs are responsible for the band-
edges. Inserting Q = 2, one realizes that (7.35) exhibits the special form(

A1, B1 +B∗
2 exp (−2iθ2)

B∗
1 +B2 exp (2iθ2) , A2

)(
v1
v2

)
= E

(
v1
v2

)
(7.42)

where P = 1,

A1 = A = −A2 = 2ta cos θ10 (7.43)

and

C = B1 +B∗
2 exp (−2iθ2) = (7.44)

= −2 exp (−2iθ2) [tb cos θ2 − itc cos (θ10 + θ2) + itd cos (θ10 − θ2)] .
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This gives the energy

E = E± = (7.45)

±2
[
t2a cos2 θ10 + t2b cos2 θ2 + (tc cos (θ10 + θ2) − td cos (θ10 + θ2))

2
]1/2

whereas the wavefunction remains to be established by combining the equa-
tion

v2 =
C∗

A+ E
v1 =

E −A

C
v1 (7.46)

with the normalization condition.

7.4 The Q = 2 integral quantum Hall effect

Starting from Kubo’s electric transport-formula (Kubo (1966), Datta
(1995)), proofs have been given that the single-band contribution to the
Hall conductance σxy is given by (Thouless et al (1982))

σxy =
e2

2πih

2∑
l=1

∮
dθlŨ∗ ∂

∂θl
U (7.47)

which exhibits the form of a topological invariant. This formula has been
reobtained by accounting for the influence of an additional uniform electric
field directed along the y-axis

−→
EF = (0, EF , 0), now by invoking the gauge−→

E F = −∂−→A/∂t (Kohmoto (1989)). In this latter case the tight-binding
description works in accord with a modified form of (7.11). Indeed, the
θji-phases discussed before undergo well-defined modifications under the
influence of the electric field like

θji = 2πφn → 2πφn − EF t (7.48)

where i = (n,m) and j = (n,m+ 1) and similarly for other cases. The
contour in (7.47) is a rectangle encircling Brillouin zones for which −π/Q ≤
θ10 ≤ π/Q and 0 ≤ θ2 ≤ 2π. Keeping in mind (7.19), we shall use by now
the more convenient θ1 ≡ θ10-quotation. Introducing the phases in terms
of the factorization
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uj

(−→
θ
)

= uj (θ1, θ2) =
∣∣∣uj

(−→
θ
)∣∣∣ exp

(
iβj

(−→
θ
))

(7.49)

one sees that (7.47) becomes

σxy =
e2

2πh

Q∑
j=1

∮
d
−→
θ · ∂

∂
−→
θ
βj

(−→
θ
) ∣∣∣uj

(−→
θ
)∣∣∣2 . (7.50)

What then remains is to establish the wavefunction in the wave-vector
representation.

Coming back to the previous section let us assume that u1 is real, such
that

u1

(−→
θ
)

= u∗1
(−→
θ
)
≡ − sinα (7.51)

where, for the moment, the α-angle is arbitrary. Choosing e.g. E = E−,
we then find that

u2

(−→
θ
)

= exp (iζ) cosα (7.52)

in accord with (7.46), so that

ζ = ζ1

(−→
θ
)

= − arctan
(
tc + td
tb

tan (θ2)
)

(7.53)

for θ1 = π/2, but ζ = −ζ1
(−→
θ
)
, if θ1 = −π/2. In addition, we have to

consider that tan2 α = 1, as soon as θ1 = ±π/2. Under such circumstances
(7.50) becomes

σxy =
e2

2πh

∮
|u2|2 dζ (7.54)

which can be easily evaluated with the help of integral (see (2.562.1) in
Gradsteyn and Ryzhik (1965)):

∫
dx

b2 + c2 sin2 (ax)
=

1
ab
√
b2 + c2

arctan
√
b2 + c2 tan (ax)

b
. (7.55)

Proceeding in this manner leads to
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σxy =
e2

h
nH (7.56)

which stands for the quantized Hall conductivity, now for nH = 1. In gen-
eral, there is nH = 1, 2, 3, . . . , which can be readily explained by virtue
of topological properties (Hatsugai and Kohmoto (1990)). However, exper-
imental evidence has been found not only for the integral quantum Hall-
effect (Czerwinski and Brown (1991), von Klitzing et al (1980)), but also
for the fractional one for which n = 1/3, 2/3, 2/7, 2/5, . . . (Tsui et al (1982),
Ishikawa and Maeda (1997)). Needless to say that such problems are still
highly interesting nowadays (Fradkin (1991), Halperin (1984), Bellisard et
al (1994), Huckenstein (1995)).

7.5 Duality properties

Let us make the discrete Fourier transformation

uj → fl =
Q∑

l=1

exp (2iπβjl)uj (7.57)

which can be easily inverted as

uj =
1
Q

Q∑
l=1

exp (−2iπβjl)fl (7.58)

by virtue of the orthogonality condition

Q∑
l=1

exp 2iπβ (j − j′) l = Qδj′,j . (7.59)

Then (7.25) gets reproduced under (7.58) in terms of the mappings

uj → fj (7.60)

(θ1, θ2) → (θ2, θ1) (7.61)

β → −β (7.62)
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and

(ta, tb, tc, td) → (tb, ta, tc, td) (7.63)

where θ10 ≡ θ1, as already noted before. Equation (7.62) can be rewritten
equivalently as q → 1/q, which amounts to reverse the direction of the
magnetic field. Comparing (7.60)-(7.63) with (7.39), we have to realize
that the energy polynomial PQ (E) is itself invariant under above duality
transformations.

7.6 Tight binding descriptions with inter-band couplings

The general form of the 2D periodic potential reads

V (x1, x2) = V0

∑
r,s

vr,s exp 2πi
(
r
x1

a
+ s

x2

b

)
(7.64)

so that

V (x1 + a, x2 + b) = V (x1, x2) . (7.65)

Under the influence of a transversal and homogeneous magnetic field
−→
B =

(0, 0, B) , the electron is described by the Schrödinger-equation[
1

2m

(
−i�∇2 +

e

c

−→
A
)2

+ V (x1, x2)
]
ψ (x1, x2) = Eψ (x1, x2) (7.66)

wherem = m∗ stands for the effective mass, as usual. Choosing the Landau
gauge

−→
A = B (0, x1, 0), one works in conjunction with the factorization

ψ (x1, x2) = exp (ik2x2)ψoscill (x1) . (7.67)

A similar equation will be invoked later in the derivation of the Harper-
equation. Ignoring, for the moment, the influence of the periodic potential
leads to the Landau levels

Eν = �ωc

(
ν +

1
2

)
(7.68)

where ωc = eB/mc is the cyclotron frequency, while ν = 0, 1, 2, . . .. This
proceeds in terms of the oscillator wave function
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ψν,θ (x1, x2) = 〈x1, x2| ν, θ〉 = N0 exp
(
i
x2

b
θ
)
ψν (z) (7.69)

where θ ≡ θ2 = bk2. One has

ψoscill (x1) = ψν (z) = exp
(
−z2/2

)
Hν (z) (7.70)

where Hν (z) denotes the Hermite-polynomial. The related dimensionless
coordinate is given by

z =
x1

lB
+ θ

lB
b

(7.71)

in which lB is the magnetic length introduced before via (2.77). This wave-
function is normalized as

〈ν′, θ′| ν, θ〉 = δν,ν′δ (θ − θ′) (7.72)

so that

N0 =
1[

π3/2blB2ν+1Γ (ν + 1)
]1/2

. (7.73)

The next task is the derivation of the matrix elements of the periodic
potential. After some lengthy calculations, the following result has been
written down (Petschel and Geisel (1993), Springsguth et al (1997)):

νr,s 〈ν′, θ′| exp 2πi
(
r
x1

a
+ s

x2

b

)
|ν, θ〉 = (7.74)

= Pν′ν (r, s) exp
(
−iφ0

φ
rθ′

)
δ (θ′ − θ − 2πs) .

One has

Pν′ν (r, s) = P (ν′, ν; r, s) = νr,s exp
(
irsπ

φ0

φ

)
exp

(
−u

2

)
· (7.75)

·
√
ν!
ν′!

(
π
φ0

φ

)(ν′−ν)/2
L

(ν′−ν)
ν (u)(

±s
√

a
b + ir

√
b
a

)ν−ν′
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when ν′ � ν, where L(α)
ν (u) is the Laguerre polynomial and

u = π
φ0

φ

(
r2
b2

a2
+ s2

a2

b2

)
. (7.76)

Performing the substitutions ν′ � ν yields

Pν′ν (r, s) = P (ν, ν′; r, s) (7.77)

instead of (7.75), which is valid this time when ν � ν′. In addition, +s(−s)
stands for ν′ � ν(ν � ν′). Such matrix elements have also been discussed
before (see e.g. (7) in Pfannkuche and Gerhardts (1992) or (7) and (8) in
Springsguth et al (1997)). Accordingly, the matrix elements of the Hamil-
tonian are given by

〈ν′, θ′|H |ν, θ〉 = �ωc

(
ν +

1
2

)
δν,ν′δ(θ − θ′)+ (7.78)

+V0

∑
r,s

Pν′ν (r, s) exp
(
−iφ0

φ
r (θ + 2πs)

)
δ (θ′ − θ − 2πs)

which serves as a starting point towards further developments. To this aim
let us perform again the extra θ-discretization

θ = 2πñ+ θ̃ (7.79)

which is reminiscent to (7.19), where ñ is an integer and θ̃ ∈ [0, 2π). Cor-
respondingly, the orthogonality equation (7.72) becomes〈

ν′, ñ′, θ̃′
∣∣∣ ν, ñ, θ̃〉 = δν,ν′δñ,ñ′δ

(
θ̃′ − θ̃

)
. (7.80)

On the other hand, the energy eigenfunction can be decomposed as∣∣∣E; θ̃
〉

=
∑
ν,ñ

aν
ñ

(
θ̃
) ∣∣∣ν, ñ, θ̃〉 (7.81)

such that

H
∣∣∣E; θ̃

〉
= E

∣∣∣E; θ̃
〉

(7.82)
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where E plays the role of the band energy. We have also to remark that
the matrix elements of the Hamiltonian are diagonal in θ̃ since

δ (θ′ − θ − 2πs) = δñ′,ñ+sδ
(
θ̃′ − θ̃

)
(7.83)

by virtue of (7.79).
Under such conditions (7.82) produces the tight binding equation

∑
ν

aν
ñ′

(
θ̃′
)
Bν′

ν

(
ñ′, θ̃′

)
+

∑
ν,s�=0

aν
ñ′−s

(
θ̃′
)
Cν′

ν

(
s, ñ′, θ̃′

)
= (7.84)

=
[
E − �ωc

(
ν′ +

1
2

)]
aν′

ñ′

(
θ̃′
)

where

Bν′
ν

(
ñ′, θ̃′

)
= V0

∑
r

Pν′,ν (r, 0) exp
(
−iφ0

φ
r
(
θ̃′ + 2πñ′

))
(7.85)

and

Cν′
ν

(
s, ñ′, θ̃′

)
= V0

∑
r

Pν′,ν (r, s) exp
(
−iφ0

φ
r
(
θ̃′ + 2πñ′

))
. (7.86)

One recognizes that (7.84) is able to account for inter-band couplings if
there are non-zero realizations of Bν′

ν and/or Cν′
ν for ν′ �= ν. The strength

of such couplings is proportional to the quotient V0/�ωc. Making the iden-
tification

V0

�ωc
= K

φ0

φ
(7.87)

yields K = 2πmabV0/h
2, which is independent of the number of flux quanta

per unit cell and which provides a useful measure of the Landau inter-band
coupling. Hopping effects can also be identified in terms of s-values for
which νr,s �= 0. Equation (7.84) has been handled numerically, which results
in interesting nested structures concerning both energy-bands and the Hall
conductance (Springsguth et al (1997)). Disorder broadening effects have
also been discussed before (Ando et al (1982)).
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7.7 Concrete single-band equations and classical realiza-
tions

Next let us preserve only the lowest Fourier components in (7.64). This
yields the periodic potential

V (x1, x2) = V0

(
cos

(
2π
x1

a

)
+ cos

(
2π
x2

a

))
(7.88)

in which this time a = b and

v1,0 = v−1,0 = v0,1 = v0,−1 =
1
2

. (7.89)

Ruling out the inter-band couplings leads to the alternative NN equation

aν
ñ−1 + aν

ñ+1 + 2 cos
φ0

φ

(
2πñ+ θ̃

)
aν

ñ = Esa
ν
ñ . (7.90)

The scaled energy is given by

Es =
E − �ωc

(
ν + 1

2

)
V0Pνν (1, 0)

(7.91)

where

Pνν (±1, 0) = Pνν (0,±1) =
1
2

exp
(
−π

2
φ0

φ

)
L(0)

ν

(
π
φ0

φ

)
. (7.92)

The zeros of the Laguerre-polynomial L(0)
ν (πφ0/φ) displayed above, say

πφ0/φ = z0, have to be considered, too. Indeed (7.91) indicates that one
has E = Eν when

φ = φν = πφ0/z0 (7.93)

and ν �= 0, which means that the Landau energy-band becomes a zero-width
energy level.

One remarks that (7.90), which can be traced back to the paper by Rauh
(1975), looks like the Harper-equation (8.7). However, the commensurabil-
ity parameter φ/φ0 is implemented this time in a reversed manner. In
addition, the phase characterizing (7.90) for ñ = 0 is sensitive to the mag-
netic flux, which differs from the n = 0 form of (8.7). So far we then have to
realize that (7.90) and (8.7) rely on complementary degrees of validity, i.e.
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on the complementary limits of large and small B-values, respectively. The
influence of higher-order neighbors can be established in a similar manner
by accounting for higher-harmonics in (7.64).

Shifting the coordinate, one realizes that the classical counterpart of the
quantum-mechanical Hamiltonian characterizing (7.90) is given by

H(LG)
cl = 2 cos(p) + 2 cos(2πβn) (7.94)

where p originates from the dimensionless momentum operator −i∂/∂n.
This Hamiltonian is integrable, as it produces just regular trajectories in
the Poincaré-section. On the other hand, chaotic trajectories are useful
in the description of lateral surface supperlattices. To this aim a classical
Hamiltonian producing the chaotic behavior needed can be easily derived.
Indeed, let us insert the symmetric gauge

−→
A = (

−→
B ×−→x )/2 into the classical

Hamiltonian

Hcl =
1

2m

(−→p +
e

c

−→
A
)2

+ V (x1, x2) (7.95)

concerning (7.66). Introducing new dimensionless phase-space coordinates
Xj and Pj (j = 1, 2) via (Petschel and Geisel (1993))

X1 =

√
ab

γ

(
p1 +

e

2c
Bx2

)
, P1 =

√
ab

γ

(
p2 −

e

2c
Bx1

)
(7.96)

and

X2 =

√
ab

γ

(
−p1 +

e

2c
Bx2

)
, P2 =

√
ab

γ

(
p2 +

e

2c
Bx1

)
(7.97)

yields the converted Hamiltonian

H(SG)
cl (

−→
X,

−→
P ) =

Ω
2
(
X2

1 + P 2
1

)
+ V0 [cos(P2 − P1) + cos(X1 +X2)]

(7.98)
in accord with the a �= b version of (7.88), where

Ω =
eB

mc

γ

2π
(7.99)

and
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γ =
eBab

2πc
= �

Φ
Φ0

. (7.100)

This Hamiltonian leads in turn to chaotic trajectories for small but non-zero
values of the quotient Ω/V0, as indicated by the Poincaré-sections displayed
in Fig. 1 in Petschel and Geisel (1993).

It has also been found, that the electrons exhibit ballistic transport
(localization) in the direction of strong potential (weaker) modulation (Ket-
zmerick et al (2000)). More exactly, choosing the 2D periodic potential

V (x1, x2) = V1 cos
(
2π
x1

a

)
+ V2 cos

(
2π
x2

a

)
(7.101)

instead of (7.88), one would then have to consider the x1− and x2-
directions, respectively, where now V1 > V2 > 0 instead of V1 = V2. Equa-
tions (7.66) and (7.101) are also responsible for the appearance of avoided
band crossings, which leads again to chaotic dynamics in the classical limit,
as one might expect.
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Chapter 8

The Harper-Equation and Electrons
on the 1D Ring

The celebrated equation written down by Harper (1955) is still a quite fasci-
nating problem producing rich structures and unexpected implementations
since half a century (Rauh (1975), Wannier (1975), Obermair and Wannier
(1976), Hofstadter (1976), Sokoloff (1985), Hiramoto and Kohmoto (1989)
Gredeskul et al (1997)). We have to specify that this equation serves to
the description of a special nanosized system , i.e. of the two dimensional
electron gas (2DEG) on a 2D square lattice with NN-hoppings under the
influence of a transversal and homogeneous magnetic field

−→
B = (0, 0, B).

Note that the 2DEG has been produced by virtue of modulation-doping
techniques, such as realized in GaAs/(Ga,Al)As -heterostructures (Bastard
(1992)). The same equation concerns the description of a 2D lattice of
quantum dots under the influence of the magnetic field.

The interesting point is that the Harper-equation lies at the conflu-
ence of several research fields, such as superconductivity proceeding in
terms of linearized Ginzburg-Landau equations (Wang et al (1987)), the d-
wave superconductivity with a magnetic field (Morita and Hatsugai (2001)),
level statistics in quantum systems with unbounded diffusion (Geisel et al
(1991)), critical quantum chaos (Evangelou and Pichard (2000)), or anoma-
lous diffusion of wave packets in quasi-periodic chains (Piéchon (1996)). In
addition, there are several related problems already referred to before such
as localization length and metal-insulator transition (Aubry and Andre
(1980), Sokoloff (1981), Thouless (1983a)), the quantum Hall-effect (Thou-
less et al (1982), Czerwinsky and Brown (1991), von Klitzing et al (1980),
Tsui et al (1982), Ishikava and Maeda (1997), Halperin (1984), Bellisard et
al (1994), Huckenstein (1995), Springsguth et al (1997)), and last but not
least interactions in Aharonov-Bohm cages (Vidal et al (1998)).

The influence of the magnetic field on electrons moving on the 1D ring

151
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has also received much interest. This serves as a useful model to the the-
oretical description of nanorings. We shall then present the derivation of
total persistent currents at T = 0 by proceeding in a close connection with
the methods presented before by Cheung et al (1988).

8.1 The usual derivation of the Harper-equation

The Harper-equation originates from the influence of the minimal substi-
tution on a 2D energy-dispersion law

Ed

(−→
θ
)

= cos θ1 + Δ cos θ2 (8.1)

where Δ is an anisotropy parameter and where, as before, the Brillouin
phases are denoted by θl = kla (l = 1, 2). Of course, (8.1) can be viewed as
a 2D generalization of (6.4). Choosing the Landau-gauge

−→
A = (0, Bx1, 0) (8.2)

and applying the minimal substitution in terms of the wavevector operator

−→
k op =

1
�

−→p op = −i∇ (8.3)

yields the substitution rule

kl → k
(op)
l = −i ∂

∂xl
+

e

�c
Al . (8.4)

Combining (8.1) and (8.4) generates the 2D Hamiltonian (Harper
(1955), Wilkinson (1986))

H = cos
(
−ia ∂

∂x1

)
+ Δ cos

(
a

(
−i ∂
∂x2

+
e

�c
Bx1

))
(8.5)

which can also be interpreted in terms of magnetic translations , as we shall
see later. The application of the minimal substitution (8.4) to (8.1) can be
traced back to Peierls (1933). Next we shall factorize the wavefuntion as

ψ (x1, x2) = exp (ik2x2)ψ (x1) , (8.6)
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which opens the way to the 1D reduction. Indeed, performing the trans-
lations and accounting for (7.5) results in the celebrated Harper-equation ,
i.e. in the 1D second-order discrete equation

ϕn+1 + ϕn−1 + 2Δ cos (2πβn+ θ2)ϕn = Eϕn (8.7)

where ϕn = ψ (na), x1 = na and E = 2Ed. One sees that (8.7) is a partic-
ular realization of (7.35) discussed before. However, (8.7) exhibits rather
interesting implementations, so that it has its own theoretical interest. We
can also resort to the factorization

ϕn = exp (inθ1) un (8.8)

in which case (8.7) is replaced by

exp (iθ1)un+1 + exp (−iθ1)un−1 + 2Δ cos (2πβn+ θ2)un = Eun (8.9)

which incorporates, this time, both Brillouin phases.

8.2 The transfer matrix

Considering three successive sites, one realizes that (8.7) can be rewritten
as(

ϕn+1

ϕn

)
= Tn

(
ϕn

ϕn−1

)
≡

(
E − 2Δ cos (2πβn+ θ2) , −1
1 , 0

)(
ϕn

ϕn−1

)
(8.10)

where by construction

det Tn = 1 . (8.11)

Starting from n = 0 and performing successive steps, yields the relationship

(
ϕQ

ϕQ−1

)
= TQ

(
ϕ0

ϕ−1

)
=

Q−1∏
n=0

Tn

(
ϕ0

ϕ−1

)
(8.12)

in which TQ stands for the so called transfer matrix (Hofstadter (1976),
Kohmoto et al (1983)) It is clear that this matrix obeys the equation
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det TQ = 1 (8.13)

by virtue of (8.11). On the other hand, one has the periodicity condition

ϕn+Q = ϕn (8.14)

in accord with (7.4), so that

|ϕQ|2 + |ϕQ−1|2 = |ϕ0|2 + |ϕ−1|2 . (8.15)

In other words the T -matrix is also unitary, so that the corresponding
eigenvalues exhibit the general form

λ± = exp (±iμ1) (8.16)

where μ1 is a real parameter. We then get immediately the trace formula
(Hofstadter (1976))

TrTQ = 2 cosμ1 (8.17)

which relies on (7.39). Indeed, one has

TrTQ = PQ (E; Δ) − 2ΔQ cos (Qθ2) (8.18)

which meets (7.39) via ta = 1, tb = Δ, Qθ1 = μ1 and tc = 0.
Proofs have also been given that there is a limiting matrix like (Huck-

enstein (1995), Deych et al (2003))

ΓL = lim
Q→∞

(T ∗
QTQ)1/2Q . (8.19)

The Lyapunov exponents characterizing TQ , i.e. γ1 and γ2, are exhibited
by the eigenvalues exp(γ1) and exp(γ2) of this matrix. The inverse local-
ization length is then given by the Lyapunov exponent of smallest absolute
magnitude.
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8.3 The derivation of Δ-dependent energy polynomials

Explicit evaluations of energy polynomials are of interest for further applica-
tions. Starting from β = P/Q and fixing the Q-denominator yields an even
number, say 2Ns (Q), of coprime P ≡ Ps-realizations of the P -nominator.
This in turn produces Ns (Q) distinct realizations of the energy-polynomial
like P (k)

Q (E; Δ), where k = 1, 2, . . . ,Ns (Q). One has e.g.

Ns (1) = Ns (2) = Ns (3) = Ns (4) = Ns (6) = 1 (8.20)

and Ns (5) = Ns (8) = 2, but Ns (7) = 3 and so one. Of course, if Ns (Q) =
1 one has P = 1 and P = Q − 1, only. It is further clear, that the energy
polynomial PQ (E; Δ) exhibits Q real roots labelled as

E = E
(Q)
j,k (μ1, μ2; b) (8.21)

where b = ΔQ, j = 1, 2, . . . , Q and μl = Qθl. So it is enough to assume
that

μl ∈ [0, π] (8.22)

which produces a number of Q bands via

−2 − 2b ≤ P
(k)
Q (E; Δ) ≤ 2 + 2b (8.23)

in accord with (7.41).
The polynomials for Q = 1 − 8 are as follows (Hatsugai and Kohmoto

(1990), Papp et al (2002a), Hong and Salk (1999))

P1 = E and P2 = E2 − 2
(
Δ2 + 1

)
(8.24)

whereas for Q ≥ 3 there is

P3 = E
(
E2 − 3

(
Δ2 + 1

))
, (8.25)

P4 = E4 − 4E2
(
Δ2 + 1

)
+ 2

(
Δ4 + 1

)
(8.26)

P
(±)
5 = E5 − 5E3

(
Δ2 + 1

)
+ 5E

((
Δ4 + 1

)
+

1
2
Δ2

(
3 ±

√
5
))

(8.27)
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P6 = E6 − 6E4
(
1 + Δ2

)
+ 3E2

(
3 + 2Δ2 + 3Δ4

)
− 2

(
Δ6 + 1

)
(8.28)

P
(k)
7 = (8.29)

= E
(
E6 − 7E4

(
1 + Δ2

)
+ 14E2

(
1 + Δ4

)
+s̃kE

2Δ2 − t̃kΔ2
(
1 + Δ2

)
− 7

(
1 + Δ6

))
where now k = 1, 2, 3 and

P
(k)
8 (E,Δ) = (8.30)

= E8 − 8E6
(
1 + Δ2

)
+ 20E4

(
1 + Δ4

)
+ +8

(
4 ±

√
2
)
E4Δ2−

−16E2
(
1 + Δ6

)
− 16

(
2 ±

√
2
)
E2Δ2

(
1 + Δ2

)
+ 2

(
1 + Δ8

)
.

The s̃k and t̃k-parameters in (8.29) and (8.30) are given by

s̃1 = 7
(

3 − 2 cos
2π
7

)
∼= 12.271143 (8.31)

s̃2 = 7
(

3 + 2 cos
3π
7

)
∼= 24.115293 (8.32)

and

t̃1 = 14 − 14 cos
2π
7

− 14 cos
3π
7

∼= 2.155849 (8.33)

t̃2 = 7 − 14 cos
2π
7

+ 28 cos
3π
7

∼= 4.501739 (8.34)

and

t̃3 = 21 + 28 cos
2π
7

− 14 cos
3π
7

∼= 35.342421 (8.35)

respectively. We have to note that the Q = 3-case has received much
attention (Wang et al (1987), Lipan (2000)). For larger Q-values we have
to resort, of course, to numerical estimates (Hofstadter (1976), Wannier
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(1978)). Performing unions overQ’s produces interesting self-similar nested
band-structures, referred to as the Hofstadter butterfly (Hofstadter (1976)),
such as displayed by the β − E-diagram in figure 8.1 for Q < 50, θ2 = 0
and Δ = 1. So far the butterfly type spectrum has received experimental
supports within the high field regime (Gerhardts et al (1991)). Moreover,
the Hofstadter butterfly referred to above can also be understood as a
phase diagram of the integer quantum Hall effect (Klitzing et al (1980),
Klitzing (1986), Albrecht et al (2001)). This time one has infinitely many
phases which are discriminated by virtue of Chern-numbers characterizing
quantized Hall-conductances (Osadchy and Avron (2001)).

Fig. 8.1 The nested band structure characterizing the Harper-equation (7.7)
for Q < 50, θ2 = 0, Δ = 1 and β ∈ [[0, 1]].

8.4 Deriving Δ-dependent DOS-evaluations

The above energy-polynomials can be readily applied in order to obtain
updated DOS -evaluations. One starts by expressing the average value of
a function A = A (E; b, μ1, μ2) as
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〈A〉 =
1

π2Q Ns (Q)

Q∑
j=1

Ns∑
k=1

I(b) (8.36)

where (Wannier et al (1979))

I(b) =

π∫
0

dμ1

π∫
0

dμ2A(E) . (8.37)

Using for instance the shorthand quotation P = P
(k)
Q (E; Δ) one obtains

dμ2 = −f (μ1, P )
dP
2b

= −
[
1 − 1

b2

(
P
2
− cosμ1

)2
]−1/2

dP
2b

(8.38)

in accord with (8.17) and (8.18), which also means that dP = |(dP/dE)| dE.
Keeping in mind that we are interested in the derivation of positive density
contributions, we can organize the integral in (8.37) as

I(b) = +
1
2b

⎡⎣ 2+2b∫
−2+2b

dP A(E)F1 +

2−2b∫
−2−2b

dP A(E)F2 +

−2+2b∫
2−2b

dP A(E)F3

⎤⎦
(8.39)

where

F1 = F1(P2, b) =

π∫
arccos(P/2+b)

dμ1f (μ1,P) =
4b√
−U−

K(S) (8.40)

F2 = F2(P2, b) =

arccos(P/2−b)∫
0

dμ1f (μ1,P) =
√
bK

(
1
4

√
U+

b

)
(8.41)

and

F3 = F3(P2, b) =

arccos(P/2−b)∫
arccos(P/2+b)

dμ1f (μ1,P) =
4b√
U+

K

(
4

√
b

U+

)
(8.42)
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where K and F are the complete and incomplete elliptic integrals of the
first kind, respectively. One has U± = (2b± 2)2 − P2 and S =

√
U+/U−.

It can also be easily verified that

4b√
−U−

K (S) =
√
bK

(
1
4

√
U+

b

)
(8.43)

as shown by (15.34) and (15.35) in Abramowitz and Stegun (1972), which
also means that F1(P2, b) = F2(P2, b). Symmetry properties like

1√
U−

K

(
4

√
b

−U−

)
=

1√
U+

K

(
4

√
b

U+

)
(8.44)

or

F2(P2,−b) =
4b√
−U−

F

(
1
S
, S

)
(8.45)

where F (1/S, S) = K(1/S)/S, can also be mentioned. Next one realizes
that

F̃0(P2, b) ≡ ReF1(P2, b) = ReF3(P2, b) =
√
bReK ′

(
1
4

√
−U−
b

)
> 0

(8.46)
where K ′ is the associated complete elliptic integral of the first kind. This
produces an apparent generalization of the b = 1 -result written down long
ago (Wannier et al (1979)). Putting together above results then gives the
DOS as

D
(Q)
K (E; Δ) =

Ns(Q)∑
k=1

g
(Q)
k (E, b) (8.47)

where

g
(Q)
k (E, b) =

1
2π2bQNs(Q)

∣∣∣∣∣dP
(k)
Q (E; Δ)
dE

∣∣∣∣∣ F̃
((

P
(k)
Q (E; Δ)

)2

, b

)
(8.48)

and

F̃
(
P2, b

)
= F̃0(P2, b) θ(U+) (8.49)
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in which θ denotes the Heaviside function. This DOS gets normalized as

2+2Δ∫
−2−2Δ

D
(Q)
K (E; Δ) dE = 1 (8.50)

so that the integrated density is given by

n
(Q)
K (E; Δ) =

E∫
−2−2Δ

D
(Q)
K (E′; Δ) dE′ . (8.51)

It is also clear that the present DOS works irrespective of P2 ≤ (2b + 2)2

and Δ > 0, so that the extra P -sensitivity displayed in (35) in Hasegawa et
al (1990) is superfluous. Working on Riemannian manifolds, there are in-
teresting studies concerning the influence of the surface curvature on DOS-
evaluations (Comtet (1987)).

Making the identification g (E) = D
(Q)
K (E; Δ) we are in a position to

perform evaluations of Lyapunov exponents with the help of (6.36). Total
bandwidth calculations can also be addressed (Thouless (1983a), Wannier
(1978)). So far, we have to say that the total bandwidth , i.e. the Lesbeque
measure S of the DOS-support is (Aubry and André (1980), Avron et al
(1990))

S = 4 (1 − Δ) (8.52)

if Δ < 1. In addition, proofs have also been given that the total bandwidth
S behaves as (Thouless (1983b), Tan (1995), Last and Wilkinson (1992))

QS → 32C
π

(8.53)

if Q → ∞ and Δ = 1, where C ∼= 0.915965 is Catalan’s constant . Further
applications like thermodynamic properties (Alexandrov and Bratkovsky
(2001), Kishigi and Hasegawa (2002)) and the thermodynamic Hall con-
ductance formula (Streda (1982)) are referred shortly in section 8.6.

8.5 Numerical DOS-studies

Doing numerical applications one looks for localized pagoda-like structures
both in the energy-and Δ-dependence of the DOS-formulae (Wannier et al
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(1979), Hasegawa et al (1990), Papp et al (2002a)). Such structures have
to be understood as signatures of the 2DEG on a square lattice threaded
by a transversal and homogeneous magnetic field. Choosing at the begin-
ning Q = 3 and E = 0, one finds that the Δ-dependence of D(3)

K (0; Δ) is
characterized by a sole singularity located at Δ = 1, as shown in figure
8.2. This behavior is preserved for arbitrary but odd Q-values, whereas
D

(3)
K (0; Δ) = 0 if Q is even. If E �= 0 one gets faced with localized peaks,

the number of which increases with Q. This is illustrated for E = 3 and
Q = 3 in figure 8.3.

Fig. 8.2 The Δ-dependence of D
(3)
K (E;Δ) for E = 0.

The influence of the multiplicity parameter Ns(5) = 2 is illustrated
in figure 8.4, in which one displays the energy dependence of D(5)

K (E; 1).
Now one has Q = 5 and k = 1 and 2, which results in a superposition of
competing van Hove singularities. It is understood that the complexity of
effects just mentioned above increases with Q, as shown e.g. in figure 3 in
Hasegawa et al (1990), this time for Q = 4 and Δ = 0.7 and 0.1.

8.6 Thermodynamic and transport properties

The energy polynomials as well as the DOS’s established above are useful
in the study of thermodynamic properties. Using (8.47) and resorting to
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Fig. 8.3 The Δ-dependence of D
(3)
K (E; Δ) for E = 3. The two peaks are located

at Δ ∼= 1.31 and Δ ∼= 1.68.

a fixed Q leads to the thermodynamic potential (see e.g. Alexandrov and
Bradkovsky (2001) and Kishigi and Hasegawa (2002)) per unit volume as

Ω (μ,B) = Ω(±)
Q (μ,B) = ∓kT

∞∫
−∞

dED (E) ln
(

1 ± exp
(
μ− E

kT

))
(8.54)

where μ plays the role of the chemical potential. The “+” (“−”) super-
script in the front of the r.h.s. of (8.54) corresponds to fermions (bosons).
Working in the grand canonical ensemble μ is fixed, in which case the mag-
netization and the number of particles are given by

Mμ (μ,B) = − ∂

∂B
ΩQ (μ,B) (8.55)

and

Np (μ,B) = − ∂

∂μ
ΩQ (μ,B) (8.56)

respectively. Then Np is able to oscillate as a function of B. Fixing,
however, the number of particles, one deals with the Helmholtz free-energy.
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Fig. 8.4 The energy dependence of D
(5)
K (E;Δ) for Δ = 1.

FQ (Np, B) = ΩQ (μ,B) + μNp (8.57)

in which this time μ = μ (Np, B), such as given by the canonical ensemble
version of (8.56), i.e. by

Np (μ,B) = − ∂

∂μ (Np, B)
ΩQ (μ (Np, B) , B) . (8.58)

The magnetization is then given by

MN (Np, B) = − ∂

∂B
FQ (Np, B) (8.59)

so that

MN (Np, B) = − ∂

∂B
ΩQ (μ,B)

∣∣∣∣
μ=μ(Np,B)

= Mμ (μ (Np, B) , B) (8.60)

by virtue of (8.57).
One sees that the DOS in (8.54) incorporates the single particle states.

In general, one starts, however, from the summation formula
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Ω(μ;B) = ∓ 1
β

∑
j

ln(1 ± exp(β(μ− Ej))) (8.61)

where β = 1/kT . This in turn can be handled with the help of the Mellin-
transform

F (t) =

∞∫
0

f(x)xt−1dx . (8.62)

Inverting (8.62) yields the original function as

f(x) =
1

2πi

σ+i∞∫
σ−i∞

F (t)
dt

xt
(8.63)

provided that

f(x) ∈ {L2(0,∞), dx/x2σ+1} (8.64)

for σ > σ0. Then (8.61) can be rewritten as (Grandy and Goulart Rosa
(1981))

Ω(μ;B) = ∓ 1
2iβ

∑
j

c+i∞∫
c−i∞

exp(βt(μ− Ej))
cosu(πt)
sin(πt)

dt

t
(8.65)

such that 0 < c < 1, where u = 1 (u = 0) for bosons (fermions). This
amounts to establish the single particle partition function

Z1(β) =
∑

j

exp(−βEj) (8.66)

which, in general, is sensitive to the degeneration of energy levels. Ther-
modynamic signatures of discrete systems can then be easily established
combining by resorting to (5.39) and (5.40). This yields e.g. the partition
function

Z1(β) =
√
q0[[N0 + 1]]q0 (8.67)

in accord with (1.15), where
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q0 = exp(−�βω0) > 0 , (8.68)

has the meaning of a thermodynamic counterpart of the deformation param-
eter characterizing the harmonic oscillator on the relativistic configuration
space (see (11.3)).

It should be noted that DOS-calculations can also be performed with
the help of Green-functions (see also Datta (1995)). Indeed, we can define
the Green-function relying on a Hamiltonian H as

G(±) (E) =
1

E −H± iε
(8.69)

in which case

δ (E −H) = − 1
2πi

(
G(+) (E) −G(−) (E)

)
. (8.70)

The integrated DOS is then given by

n (E) =

E∫
−∞

Trδ (E′ −H) dE′ (8.71)

which has been also applied in the derivation of the Hall conductance .
Transport properties are also of an actual interest. Accounting for the

velocity operator

vj = − i

�
[xi,H] =

i

�

[
xj , G

−1
(±)

]
(8.72)

one obtains the Hall-conductivity in terms of the thermodynamic formula
(Streda (1982))

σxy (E = EF , T = 0) =
ec

S⊥
∂

∂B
n (EF ) (8.73)

when the Fermi-energy EF is in a gap, which competes with (7.54). Here

n (EF ) =

EF∫
−∞

D (E) dE (8.74)
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denotes the number of states below EF , which provides the total number
ntot = nsS⊥ of electrons within the area S⊥ of the 2D sample. At this
point let us assume that each magnetic flux quantum is occupied by an
integer number, say nH , of electrons. Accordingly a typical Hall resistivity
contribution like ρxy = B/ecns exhibits the quantized form ρxy = h/e2nH ,
which proceeds in accord with (7.56). These quantized values are seen as
plateaus in the B-dependence of ρxy. It is understood that such relation-
ships are valid at low temperatures and strong magnetic fields. When there
are several carriers characterized by the charges ej (now ej > 0 or ej < 0)
with the number densities n(j)

s , the absolute value of the Hall-resistivity
contribution becomes

ρxy =
Φ
cS⊥

∣∣∣∣∣∣
∑

j

n(j)
s ej

∣∣∣∣∣∣
−1

(8.75)

where Φ = BS⊥, while the total number of carriers is

ntot =
S⊥
e

∣∣∣∣∣∣
∑

j

n(j)
s ej

∣∣∣∣∣∣ = nH
Φ
Φ0

. (8.76)

The temperature dependence of the Hall conductivity is given by

σxy (μ, T ) =

+∞∫
−∞

(
− ∂

∂E
fD (E)

)
σxy (E, 0) dE (8.77)

where

fD (E) =
1

exp ((E − μ) /kT ) + 1
(8.78)

is the Fermi-Dirac distribution . The equivalence between (7.54) and (8.73)
proceeds in terms of the Diophantine equation (Kohmoto (1989), Hatsugai
(1993))

j = Qsj + Ptj (8.79)

via n(E) → j/Q, where sj and tj are integers, whereas j = 1, 2, ..., Q, as
before. The influence of the spin-orbit interaction on the magnetoconduc-
tivity of a 2D electron gas has also been analyzed (Wang and Vasilopoulos
(2003)).
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8.7 The 1D ring threaded by a time dependent magnetic
flux

Besides the Harper-equation discussed above, the description of other dis-
cretized systems under the influence of the magnetic field is of further in-
terest, too. A such object of study is the electron on an 1D ring-shaped
nanowire superlattice which is threaded by a time dependent magnetic flux
Φ (t). So one deals with the quantum-mechanical description of a further
nanoscale system, namely of the nanoring. Note that to date such nanorings
may be synthetized in molecular electronics. Applying Faraday’s law

dΦ
dt

= −c
∮ −→
E · d−→l (8.80)

yields the electromotive force

Em = −Eϕ =
R0

2c
dB

dt
(8.81)

where R0 denotes the radius of the ring. Equation (8.81) can be rewritten
equivalently as

Em =
1

2πR0

h

e

dβ

dt
(8.82)

where β(t) = Φ (t) /Φ0 expresses the time dependent number of flux quanta
threading the ring. Cylindrical coordinates are used, which also means that
the magnetic field is directed along the Oz -axis. However, the only degree
of freedom is the angular coordinate ϕ. The corresponding vector potential
is now given by

Aϕ =
1
2
BR0 (8.83)

where the subscript ϕ stands for the angular coordinate. Accordingly, the
minimal substitution reads

p(op)
ϕ → p(op)

ϕ +
�

R0
β (8.84)

where

p(op)
ϕ = −i �

R0

∂

∂ϕ
(8.85)
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is the ϕ -component of the momentum operator.
Assuming for the moment that the periodic superlattice potential is not

applied, results in the time dependent Schrödinger equation (Citrin (2004))

i�
∂

∂t
Ψ (ϕ, t) =

�2

2m0R2
0

(
−i ∂
∂ϕ

+ β

)2

Ψ (ϕ, t) (8.86)

in which the wavefunction has to satisfy the periodic boundary condition
Ψ (ϕ+ 2π, t) = Ψ (ϕ, t). The above wavefunction can also be rescaled as

Ψ (ϕ, t) = exp (−iβϕ)χ (ϕ, t) (8.87)

which produces in turn the modified Schrödinger equation

i�
∂

∂t
χ = − �2

2m0R2
0

∂2χ

∂ϕ2
− �

dβ

dt
ϕχ . (8.88)

This equation will be used later as the continuous limit of the lattice for-
mulation. This time the AB-type boundary condition gets reproduces as

χ (ϕ, t) = exp (−i2πeR0Emt/�)χ (ϕ+ 2π, t) . (8.89)

which isreminiscent to (2.100). Introducing the magnetic quantum number
m = mϕ yields the normalized solution of (8.86) as

Ψ (ϕ, t) =
1√
2π

exp i

⎡⎣mϕ− 1
�

t∫
0

dt′E (t′)

⎤⎦ (8.90)

where

E (t) = Em (t) =
�2

2m0R2
0

(m+ β (t))2 (8.91)

stands effectively for the pertinent time dependent energy.
Concerning the explicit time dependence of the numbers of flux quanta

one obtains a linear expression like

β (t) = β1 (t) =
eR0Em

�
t (8.92)

if the electromotive force Em would be independent of time. However, one
deals with the sinusouidal modulation
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β (t) = βs (t) =
β0

ω
sin (ωt) (8.93)

when

Em (t) =
�

R0e
β0 cos (ωt) . (8.94)

One sees that (8.94) reproduces (8.92) when ω → 0 if β0 = eR0Em/�, in
which case Em = Em (0) and β1 (t) = β0t.

Next we have to remark that (2.101), i.e. the energy characterizing free-
electrons on the 1D ring threaded by a magnetic flux, reproduces (8.91) in
terms of the substitution β → β (t). This means that the total persistent
current produced by (8.91) exhibits the time dependent form

I (Φ) = Is (t) =
∞∑

k=0

sk sin (2k + 1)ωt (8.95)

in accord with (2.109), (6.97) and (8.93), where

sk =
4IF
π

∞∑
l=1

(−1)Nll

l
J2k+1 (2πlβ0/ω) . (8.96)

So we found that under the influence of a time dependent magnetic flux
like (8.93), the total persistent current in the ring is characterized by the
generation of odd higher harmonics, as indicated by (8.95) and (8.96).

It can be easily verified that the generation of such harmonics is also
preserved when one considers further modulations like

β (t) = βc (t) = βc (0) cosωt . (8.97)

Indeed, in this latter case one obtains

I (Φ) = Is (t) =
∞∑

k=0

(−1)kck sin (2k + 1)ωt (8.98)

where now

ck =
4IF
π

∞∑
l=1

(−1)Nll

l
J2k+1 (2πlβc(0)) . (8.99)
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8.8 The tight binding description of electrons on the 1D
ring

Using the lattice constant a means that the circumference of the ring en-
compasses a number of Ns sites like

Ns =
2πR0

a
. (8.100)

Correspondingly, the angular coordinate gets discretized as

ϕ = nϕ0 (8.101)

where n = 1, 2, . . . , Ns and ϕ0 = 2π/Ns. Choosing β (t) = β1 (t), one has

β1 (t) =
Ns

2π
ωBt (8.102)

where

ωB =
eaEm

�
(8.103)

denotes the Bloch frequency. We have to remark that this frequency has
also been used before in connection with (6.126).

Our next point is to consider the energy dispersion law (see e.g. Minot
(2004))

ε (kϕ) = E0 −
Δ
2

cos (kϕa) (8.104)

instead of (8.1), where Δ has the meaning of a band width and where
E0 is a constant parameter. Combining (8.104) with (8.84) produces the
Hamiltonian

Hϕ = E0 −
Δ
2

cos
2π
Ns

(
−i ∂
∂ϕ

+ β

)
(8.105)

which yields the time dependent Schrödinger equation

HϕΦ (ϕ, t) = i�
∂

∂t
Φ (ϕ, t) . (8.106)

One would then obtain the second order discrete equation (see also Niu
(1989))
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E0Φn (t) − Δ
4
[
eiϕ0fΦn+1 (t) + e−iϕ0fΦn−1 (t)

]
= (8.107)

= i�
∂

∂t
Φn (t)

where Φn (t) = Φ (nϕ0, t). Next let us rescale this wavefunction as

Φn (t) = χn (t) exp (−inϕ0f) . (8.108)

Then (8.107) becomes

(E0 − n�ωB)χn (t) − Δ
4

[χn+1 (t) + χn−1 (t)] = (8.109)

= i�
∂

∂t
χn (t)

which is similar to (6.52), i.e. to the discrete equation characterizing the
1D conductor under the influence of a dc electric field. Next we are ready to
perform the continuous limit of (8.104), which proceeds in terms of large Ns

values. Proceeding to second 1/Ns order, one finds that (8.109) reproduces
(8.88) if

E0 =
Δ
2

=
�

2

ma2
(8.110)

which is a reasonable result. Moreover, (8.109) is exactly solvable, which is
also reminiscent to (6.52). Now one finds (Citrin (2004))

χn (t) =
1√
Ns

exp
(
− i

�
E0t

)
· (8.111)

+∞∑
ν=−∞

Jν−n (z) exp iνΩB (t)

where z = Δ/2�ωB and ΩB (t) = ωBt + 2πmϕ/Ns. It can also be easily
verified that χn (t) can be rewritten as

χn (t) =
1√
Ns

exp i
[
−E0t

�
+ nΩB (t) + z sin ΩB (t)

]
(8.112)
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which proceeds in accord with (6.97). The AB-type boundary condition
needed, namely

χn+Ns (t) = exp (2πiβ1)χn (t) (8.113)

is also fulfilled, which corresponds to (8.89). It is also clear that

χ̃n (t+NBTB) = χ̃n (t) ≡ χn (t) exp
(
it
E0

�

)
(8.114)

where TB = 2π/ωB denotes the Bloch-period and where NB is an inte-
ger. The time periodicity implied in this manner serves as a signature of
magnetic Bloch oscillations.

Next let us consider the β = βs(t)-choice. This amounts to replace ωB

by

ωB(t) = ωB cos(ωt) (8.115)

in (8.109). So far we would like just to remark that (8.112) is able to satisfy
the updated form of (8.109), but only if Δ would be replaced by

Δ(t) = Δ cos(ωt) (8.116)

in both equations. Under such conditions the z-parameter remains invari-
ant:

z =
1
2�

Δ(t)
ωB(t)

=
1
2�

Δ
ωB

. (8.117)

This results in the implementation of a periodic time dependent Hamilto-
nian, which deserves further attention in terms of the Floquet-approach.
In addition, (8.114) is also preserved in so far as ω is an integral multiple
of ωB.

8.9 The persistent current for the electrons on the 1D dis-
cretized ring at T = 0

Let us consider a discretized 1D ring with the circumference L = Nsa, which
is pierced by an axial magnetic flux Φ. As in the case of the continuous
ring discussed in section 2.3, we shall assume that the electrons move in a
field-free space. This leads to the discrete equation
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−V0(ψm+1 + ψm−1) = Eψm (8.118)

working in conjunction with (2.94), i.e. with the AB-type periodic bound-
ary condition

ψm+Ns = e2πiβψm . (8.119)

Using again the wavefunction ansatz

ψm =
1√
Ns

exp (ikm) (8.120)

gives the dimensionless wave number as

k =
2π
Ns

(β + n) (8.121)

where n = 0,±1,±2, . . . , so that the energy one looks for reads

E = En = −2V0 cos
2π
Ns

(β + n) . (8.122)

Applying (2.76) yields the corresponding persistent current as

In = −2eV0

Ns�
sin

2π
Ns

(β + n) (8.123)

which reproduces (2.103) via Ns → ∞, provided that

V0 =
�

2m0a2
. (8.124)

It is then clear that

2eV0

Ns�
=

Ns

πNe
IF (8.125)

where IF is done in (2.104).
Now the Fermi energy reads

EF = −2V0 cos
(
π
Ne

Ns

)
(8.126)
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in accord with (2.95). Then the energies less than the Fermi-one have to
be handled in terms of the inequality

cos
2π
Ns

(n+ β) � cos
(
π
Ne

Ns

)
(8.127)

which expresses the discrete counterpart of (2.106). Making the summa-
tions needed gives the total persistent currents at T = 0 as

I (Φ) = −IF f± (β) (8.128)

where the “+” and “−” subscripts correspond to even and odd Ne-values,
respectively. Accordingly (see also Cheung et al (1988))

f+ (β) =
Ns

πNe

[
sin

(
2π
Ns

β

)
sin

(
Neπ

Ns

)
cot

(
π

Ns

)
+ (8.129)

+
1
2

sin
2π
Ns

(
β − Ne

2

)
+

1
2

sin
2π
Ns

(
β − Ne

2
− 1

)]
while

f− (β) =
Ns

πNe
sin

(
2π
Ns

β

)[
1 + cos

π

Ns
(Ne + 1) + (8.130)

+
2

sin
(

π
Ns

) cos
(
Ne + 1
2Ns

π

)
sin

(
Ne − 1
2Ns

π

)⎤⎦ .

For this purpose the summation formula

n∑
k=1

cos(kx) = cos
(
n+ 1

2
x

)
sin

(nx
2

)
csc

(x
2

)
(8.131)

has been applied (see 1.342.2 in Gradshteyn and Ryzhik (1965)). Perform-
ing the Ns → ∞-limit, it can be readily verified that (8.127) and (8.128)
reproduce (2.107) and (2.108), respectively. So we found reasonably a dis-
crete generalization of the total persistent current established in section 2.9
for electrons on the usual 1D ring. However, in the present case the current
exhibits an enhanced sensitivity with respect to the parameters β, Ne and
Ns. The generation of higher harmonics can also be easily established by
inserting periodic β(t)-functions into (8.127) and (8.128).
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Chapter 9

The q-Symmetrized Harper Equation

The q-symmetrized Harper-equation (qSHE) deals with the middle band
description of Bloch-electrons on the square lattice threaded by a transver-
sal and homogeneous magnetic field. This equation has received a special
interest in connection with novel mathematical developments concerning q-
deformed symmetries and second order q-difference equations (Wiegmann
and Zabrodin (1994a), Wiegmann and Zabrodin (1994b), Hatsugai et al
(1994), Faddeev and Kashaev (1995), Abanov et al (1998), Krasovsky
(1999)). Explicit solutions have also been discussed in some more detail
for fixed Q-values (Papp and Micu (2002b)), but non-polynomial general-
izations towards arbitrary values of the anisotropy parameter Δ have also
been proposed (Papp (2003)). Several aspects of this interesting matter
are presented below.

9.1 The derivation of the generalized qSHE

Let us consider the Coulomb-gauge expressed by the vector-potential

Al = (−1)l B

2
(x1 + x2 + αla) ≡ (−1)l

B

2
Xl (9.1)

instead of the Landau-gauge used before in terms of (8.2), where αl (l =
1, 2) are, for the moment, arbitrary gauge parameters. In addition, we shall
work by using the wavefunction ansatz

ψ (−→x ) = exp
(
i
−→
k · −→x

)
ϕ (−→x ) (9.2)

where
−→
k · −→x = k1x1 + k2x2 and

175
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ϕB (−→x ) = ϕ (x1 + x2) (9.3)

which differs, of course, from (8.6). One recognizes that (9.3) serves to the
very implementation of the 1D description. The minimal substitution, such
as done by (8.3) will also be applied, but now in terms of (9.1). For this
purpose, we can start from the energy-dispersion law expressed by (8.1),
but reversing the roles of θ1 and θ2, the alternative formula

E(1)
d (

−→
θ ) = Δ cos θ1 + cos θ2 (9.4)

can be invoked as well. Furthermore, we have to apply the Baker-Campbell-
Hausdorff formula (see e.g. (3.1.20) in Louisell (1973))

exp (A) exp (B) = exp (A+B) exp
(

1
2

[A,B]
)

(9.5)

which gives

exp
(
a
∂

∂xl
+
i

2
(−1)l �

∗Xl

)
= (9.6)

exp
(
i

4
(−1)l

�
∗
)

exp
(
i

2
(−1)l Xl

)
exp

(
a
∂

∂xl

)
for l = 1, 2, where �∗ = 2πβ, as indicated by (7.5). Finally, we have
to perform translations such as done by (9.6), as well as discretization
xl = nla. Then x1 + x2 = na and n = n1 + n2, where n1 and n2 are
arbitrary integers. Putting together these results yields the second order
discrete equation(

Δ
exp (iθ1)
qn+α1+1/2

+
qn+α2+1/2

exp (−iθ2)

)
ϕn+1 +

(
Δ
qn+α1−1/2

exp (iθ1)
+

exp (−iθ2)
qn+α2−1/2

)
ϕn−1

(9.7)
= Eϕn

by virtue of (9.4), where ϕn = ϕB (na) and where one has

q = exp
(
i

2
�
∗
)

(9.8)

in accord with (7.13). Using the wavefunction
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ψ (z) =
+∞∑

n=−∞
ϕnz

n (9.9)

it can be easily verified that (9.7) leads to the q-difference equation(
qα2−1/2

z exp (−iθ2)
+ z

Δqα1+1/2

exp (iθ1)

)
ψ (qz)+ (9.10)

+
(
z
exp (−iθ2)
qα2+1/2

+
Δ exp (iθ1)
zqα1−1/2

)
ψ

(
z

q

)
= Eψ (z) .

After having been arrived at this stage, let us insert α1 = α2 = 1/2 and
θ2 = −θ1 = π/2 into (9.7). This yields

i

(
1
z

+ Δqz
)
ψ (qz) − i

(
z

q
+

Δ
z

)
ψ

(
z

q

)
= E (Δ)ψ (z) (9.11)

which reproduces the well known qSHE (Wiegmann and Zabrodin (1994a))

Hqψ (z) ≡ i

(
1
z

+ qz

)
ψ (qz) − i

(
z

q
+

1
z

)
ψ

(
z

q

)
= E (1)ψ (z) (9.12)

as soon as Δ = 1. Starting however from (8.1) and repeating the same
steps gives the complementary equation

i

(
Δ
z

+ qz

)
ψ (qz) − i

(
1
z

+ Δ
z

q

)
ψ

(
z

q

)
= E1 (Δ)ψ (z) (9.13)

instead of (9.11), such that

E1 (Δ) = ΔE
(

1
Δ

)
. (9.14)

Under such circumstances we have to realize that both (9.11) and (9.13)
can be viewed as Δ �= 1 -generalizations of the qSHE. For convenience,
we can restrict, however, to (9.11) only, such as considered before (Papp
(2003)). So far, mutual conversions of (9.12) and (8.7) have been done for
Δ = 1 only (see Appendix A in Krasovsky (1999)). Note, however, that
(8.9) exhibits the q-difference form(

exp (iθ1)
z

+ z exp (−iθ1)
)
u (z)+ (9.15)
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+Δ exp (iθ2)u
(
q2z

)
+ Δ exp (−iθ2)u

(
z

q2

)
= Eu (z)

as well as the dual partner

exp (iθ1) f
(
z

q2

)
+ exp (−iθ2) f

(
q2z

)
+

Δ
z

exp (iθ2) f (z)+ (9.16)

Δz
exp (iθ2)

f (z) = Ef (z)

for which (7.57) has been used. The wavefunction quotations are selfcon-
sistently understood in terms of (9.9).

However, there is still a point which has to be clarified. Indeed, inserting
θ1 = θ10 = −π/2 and θ2 = π/2 into the r.h.s. of (7.39) yields

f
(
−π

2
,
π

2

)
= 0 (9.17)

if tc = 0, but for odd Q-values only. This would then ensure the middle
band description referred to above. Proofs have also been given that both
virial and Hellmann-Feynman theorems can be applied reasonably to (9.11)
(Micu and Papp (2003)).

9.2 The three term recurrence relation

Rescaling the energy

E = i

(
q − 1

q

)
W (9.18)

it can be easily verified that (9.12) can be rewritten equivalently as(
D(q)

z + zD(q)
z z

)
ψ(z) = Wψ(z) (9.19)

where D(q)
z = Dq/Dqz, by virtue of (1.16). This in turn can be solved in

terms of three term recurrence relations. Indeed, inserting the polynomial
wavefunction

ψ(z) = ψ(Q)
q (z) =

Q−1∑
n=0

Cnz
n (9.20)
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into (9.19) yields the recurrence relation

[n+ 1]q Cn+1 + [n]q Cn−1 = WCn (9.21)

where C0 = 1. On the other hand one has [Q]q = 0 by virtue of (7.4) and
(9.8), in which case

CQ+1 = CQ+2 = . . . = 0 . (9.22)

This shows that the energy levels corresponding to a fixed value of the
Q-parameter should be established via

CQ = CQ (q,W ) = 0 . (9.23)

On the other hand there is

CQ (q,W ) = qNQ
fQ

(
q2,W

)
[[Q]]q2 !

(9.24)

where fQ

(
q2,W

)
denotes a polynomial of degree Q in W and where

NQ =
Q

2
(Q− 1) . (9.25)

Equation (9.24) comes from reasonable generalizations of some few ex-
plicit results. We have to realize, within the same context, that fQ(q2,W ) =
fQ(1/q2,W ), which means in turn that CQ(q,W ) = CQ(1/q,W )and
W (q2) = W (1/q2). Conversely, this latter equality implies the former one
by virtue of (9.21). In other words the wavefunction itself is invariant un-
der q → 1/q, i.e. ψ(Q)

q (z) = ψ
(Q)
1/q (z). One would then have the mappings

E ≡ Eq → E1/q = −Eq, which proceeds in accord with (9.21) and (9.18).
Now what remains is to insert (9.24) into (9.21). This yields the sym-

metrized recurrence relations

fQ

(
q2,W

)
= WfQ−1

(
q2,W

)
− Ω2

Q−2fQ−2

(
q2,W

)
(9.26)

for Q = 1, 2, 3, . . . , where

ΩQ−2 = q2−Q [[Q− 1]]q2 . (9.27)

Using the combination
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Γn = Γn(q) = Γn(1/q) = qn +
1
qn

= 2 cos
(
n

�∗

2

)
(9.28)

which is invariant under q → 1/q, it can be easily proved that

ΩQ−2(q) = ΩQ−2(1/q) =
{

Γ1 + Γ3 + . . .+ ΓQ−2 , Q = odd
1 + Γ2 + . . .+ ΓQ−2 , Q = even .

(9.29)
Under such circumstances one obtains the eigenvalue equation

fQ

(
q2,W

)
= fQ

(
1/q2,W

)
= 0 (9.30)

by virtue of (9.22) and (9.24), which produces precisely a number of Q real
W -roots, say

W = W
(Q)
j

(
q2
)

= W
(Q)
j

(
1/q2

)
(9.31)

where j = 1, 2, . . . , Q. The q-normalization of present wavefunction can also
be done in terms of (1.32). For this purpose we can choose z ∈ [−1, 1] , but
other normalization-intervals like z ∈ [0, b] can also be invoked.

The first six fQ polynomials are given by (Papp and Micu (2002b))

f1
(
q2,W

)
= W (9.32)

f2
(
q2,W

)
= W 2 − 1 (9.33)

f3
(
q2,W

)
= W

(
W 2 − 3 − Γ2

)
(9.34)

f4
(
q2,W

)
= W 4 − 6W 2 + 3+ (9.35)

+
(
2 − 3W 2

)
Γ2 +

(
1 −W 2

)
Γ4

f5
(
q2,W

)
= W

[
W 4 − 10W 2 + 21+ (9.36)

+
(
17 − 6W 2

)
Γ2 +

(
11 − 3W 2

)
Γ4+
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+
(
5 −W 2

)
Γ6 + Γ8

]
and

f6
(
q2,W

)
= W 6 − 15W 4 + 81W 2 − 37+ (9.37)

+
(
71W 2 − 10W 4 − 34

)
Γ2 + +

(
53W 2 − 6W 4 − 27

)
Γ4+

+
(
33W 2 − 3W 4 − 18

)
Γ6 + +

(
16W 2 −W 4 − 10

)
Γ8+

+
(
5W 2 − 4

)
Γ10 +

(
W 2 − 1

)
Γ12 .

The above energies reproduce the ones obtained before for Q = 1−6 (see
(8.24)-(8.287)) in terms of (9.18) as soon as P = Ps-discrete realizations are
accounted for. Further cases like Q > 7 remain to be solved numerically.
It should be stressed, however, that explicit energy results established in
this way are useful in order to probe several conjectures concerning the
spectrum of the qSHE.

9.3 Symmetry properties

We have to realize that fQ can be represented as

fQ

(
q2,W

)
= WαQ

βQ∑
n=0

d(Q)
n

(
W 2

)
Γ2n (9.38)

in which d(Q)
n

(
W 2

)
are constituent polynomials in W 2. Furthermore

αQ = 0 , βQ =
1
4
Q (Q− 2) (9.39)

for even Q values, whereas

αQ = 1 , βQ =
1
4

(Q− 1)2 (9.40)

for odd Q values. So one finds

d
(Q)
βQ

(
W 2

)
= (−1)Q/2 (1 −W 2

)
(9.41)

and
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d
(Q)
βQ

(
W 2

)
= (−1)(Q−1)/2 (9.42)

respectively. It is also clear that d(Q)
0

(
W 2

)
is a polynomial of degree (Q−

αQ/2) in W 2, but the general description of remaining constituents is still
an open problem.

Accounting for (9.18) and (9.31) yields the energy spectrum

SQ[�∗] = {E(Q)
j (�∗) | j = 1, 2, ..., Q} (9.43)

for Q = 1, 2, 3, ... , where

E = E
(Q)
j (�∗) = −2 sin

�∗

2
W

(Q)
j (q2) (9.44)

and where we shall assume hereafter that �∗ ∈ [0, 2π]. This continuous
extrapolation is able to serve for a better description of underlying sym-
metries. For the sake of discrimination we shall then put x̃ = �∗, thereby
considering x̃ as a continuous variable. The actual discrete spectrum of the
qSHE is then given by virtue of the intersection

EQ = SQ [x̃]
⋂
MQ . (9.45)

which shows that we have to resort to the set of crossing points between
the x̃ -dependent energy curves belonging to SQ [x̃] and and the set MQ

consisting of vertical lines like x̃ = x̃s, where x̃s = 2πPs/Q .
Further inter-connections with the usual Harper-equation (8.7) are also

worthy of being mentioned. Indeed, inserting P = Ps ≡ P
(Q)
k into (9.30)

yields a number of Ns(Q) discrete polynomial realizations like P (k)
Q (E) = 0,

where P (k)
Q (E) ≡ P

(k)
Q (E; 1) is a polynomial of degree Q in E, as shown

before. Such realizations have to be established in terms of a subsequent
normalization, which proceeds by choosing the coefficient of EQ to be unity.
Accordingly

P
(k)
Q (E) =

(
i

(
q − 1

q

))Q

fQ

(
q2,W

)∣∣
q=exp

(
iπP

(Q)
k

/Q
) (9.46)

which works in combination with (9.18). These polynomials are precisely
the ones produced by applying either the secular equation method or, equiv-
alently, the transfer matrix technique to (8.7).
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The present energies are well ordered in the sense that following in-
equalities

E
(Q)
1 (x̃) ≤ E

(Q)
2 (x̃) ≤ . . . ≤ E

(Q)
j (x̃) (9.47)

are valid irrespective of x̃ ∈ [0, 2π]. This is synonymous with a non crossing
behavior, which means that one has just contact points x̃ = x̃

(Q)
C (E) corre-

sponding to the equality signs in (9.47). One realizes that the x̃-derivatives
of energy eigenvalues are not continuous in such contact points. Next there
is

E
(Q)
j (x̃) = −E(Q)

Q−j+1(x̃) (9.48)

which exhibits the so called energy reflection symmetry (Shifmann and
Turbiner (1999)). This proceeds in accord with the underlying SLq(2) -
symmetry. In addition

E
(Q)
j (0) = E

(Q)
j (2π) = 0 (9.49)

but, excepting the zero energy solution, there is

E
(Q)
j (π) = ±2 . (9.50)

Correspondingly, x̃ = π stands for a symmetry axis of the spectrum

E
(Q)
j (x̃) = E

(Q)
j (2π − x̃) (9.51)

which holds for 0 < x̃ < 2π. This also means that 2π − x̃
(Q)
C (E) is a

contact point as soon as x̃(Q)
C (E) does it. If Q = 4, the contact points are

x̃
(4)
c,1 (0) = 2π/3, x̃(4)

c,2 (0) = 4π/3, and

x̃
(4)
c,1 (±2) = π (9.52)

as shown in figure 9.1.
The x̃-dependence of the five energy levels E = E

(5)
j (x̃) corresponding

to Q = 5 is displayed in figure 9.2. The Q = 7 patterns are actually even
more sophisticated, as shown in figure 9.3.

Having obtained fQ

(
q2,W

)
opens the way to establish B-derivatives of

energy eigenvalues via

2π�

ea2

∂

∂B
= i

π

Q
q
∂

∂q
(9.53)

where q stands, of course, for exp (ix̃/2) and where Q is fixed. This latter
equation is useful in the study of the magnetization (see (8.55) and (8.59))
as well as of the Hall conductance (see (8.73)).
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Fig. 9.1 The x = x̃-dependence of the four energy levels E = E
(4)
j (x̃), where

j = 1, 2, 3 and 4. One sees that N
(4)
C (0) = 2, while N

(4)
C (2) = N

(4)
C (−2) = 1.

9.4 The SLq (2)-symmetry of the q SHE

Let us consider two operators B and C for which

Bψ (z) =
z

q − q−1

(
q2jψ

(
z

q

)
− q−2jψ (qz)

)
(9.54)

and

Cψ (z) = D(q)
z ψ (z) =

ψ (qz) − ψ
(
q−1z

)
z (q − q−1)

(9.55)

which proceeds in accord with (1.16). It is understood j plays the role of
a quantum number of the angular momentum, or equivalently, of the spin.
This relies on a representation having the dimension 2j + 1.

The Hamiltonian characterizing the qSHE such as done by (9.12) can
then be expressed as

Hq = i
(
q − q−1

) (
C − qQB

)
(9.56)

as soon as
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Fig. 9.2 The x = x̃-dependence of the five energy levelsE = E
(5)
j (x̃), where

j = 1, 2, ...,5. The only E = 0 contact points are located at x̃ = 0 and x̃ = 2π.

q2j+1 = qQ . (9.57)

This shows that the j-spin can be established as

j =
Q− 1

2
(9.58)

with the understanding that the general solution is j = (Q− 1) /2 (mod
Q). The related representation concerns the space of ψ (z)-polynomials of
degree 2j, which agrees with (9.20). We then have to realize that a such
symmetry (Wiegmann and Zabrodin (1994a)) is produced by the quantum
group SLq (2) . More exactly, one resorts to two additional generators, say
A and D, such that

Aψ (z) = q−jψ (qz) (9.59)

and

Dψ (z) ≡ A−1ψ (z) = qjψ

(
z

q

)
. (9.60)
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Fig. 9.3 The x = x̃ -dependence of the seven energy levels E = E
(7)
j (x̃), where

j = 1, 2, ..., 7. One has N
(7)
C (0) = 2 and N

(7)
C (2) = N

(7)
C (−2) = 1, but N

(7)
C (Ei) =

N
(7)
C (−Ei) = 2 for E1

∼= 1.360, E2
∼= 1.902 and E3

∼= 2.119.

Putting together the above generators yields the relationships charac-
terizing the SLq (2)-group just referred to above, namely (Faddeev et al
(1990), Wiegmann and Zabrodin (1994a))

AB = qBA , BD = qDB (9.61)

DC = qCD , CA = qAC (9.62)

and

[B,C] =
A2 −D2

q − q−1
(9.63)

in which AD = 1. The Casimir-operator of this group is given by

Ωq =
q−1A2 + qD2

(q − q−1)2
+BC − 2

(q − q−1)2
(9.64)

so that
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Ωqz
n ≡ ωqz

n = [j +
1
2
]2qz

n . (9.65)

Accounting for (9.58), one realizes that the Casimir-eigenvalue ωq van-
ishes if P is even, but

ωq = − 4

(q − q−1)2
(9.66)

if P is odd. The Q-denominator can then be either even or odd.
Furthermore one has

A2 = exp
(
i�∗

(
−j + z

d

dz

))
(9.67)

so that

A2 −D2

q − q−1
→ 2S3 ≡ 2

(
−j + z

d

dz

)
(9.68)

if q → 1. Similarly,

C → S− =
d

dz
(9.69)

and

B → S+ = z

(
2j − z

d

dz

)
. (9.70)

One would then obtain the relationships

[S3, S±] = ±S± (9.71)

and

[S+, S−] = 2S3 (9.72)

which express the generator-algebra of the classical group SL (2) . Note
that (9.72) reproduces (5.24) up to the sign, whereas (5.23) and (9.71) are
equivalent. Accordingly

Ωq → S+S− + S3 (S3 − 1) (9.73)
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whereas ωq → j (j + 1) + 1/4. It has been shown before (see section 5.2)
that the group SL (2) is useful in order to discuss partial algebraizations
of spectral problems (Shifman and Turbiner (1999), Shifman and Turbiner
(1989b)), but solutions to novel periodic Hamiltonians can also be estab-
lished (Bagchi and Ganguly (2003)). We have also to remark that the above
generators reproduce the SL(2) commutation relations done by (5.23) and
(5.24) via

J−
n = S− (9.74)

J0
n = S3 (9.75)

and

J+
n = −S+ (9.76)

where j = n/2. Of course, this results in differential realizations acting in
the space of Pn (z)-polynomials of degree at most n in the variable z.

9.5 Magnetic translations

Speaking about magnetic translations means that the Hamiltonian of the
Harper-equation, or of the q-symmetrized one, is expressed by a sum of
four generators, say Ti (i = 1, 2, 3, 4) exhibiting relationships like (Fradkin
(1991), Wiegmann and Zabrodin (1994a), Zak (1964), Boon (1972)),

T1T2 = q2T2T1 (9.77)

and

T1T4 =
1
q2
T4T1 . (9.78)

Such relationships are typical for so-called ray representations of mag-
netic translations. Choosing e.g. (9.11), one would then have the realiza-
tions

T1 =
i

z
qJ3 (9.79)
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T2 = iΔzqJ3+1 (9.80)

T3 = −izq−J3−1 (9.81)

and

T4 = − iΔ
z
q−J3 (9.82)

where

J3 = z
∂

∂z
≡ S3 + j (9.83)

is the dilation operator, so that

qJ3ψ (z) = ψ (qz) . (9.84)

Similar relationships remain valid with respect to (9.15). Choosing for
convenience θ1 = θ2 = 0 and Δ = 1, one has the Hamiltonian decomposition

H = T+ + T− + z +
1
z

(9.85)

where

T± = q±2J3 (9.86)

in which case

T±z = q±2zT± (9.87)

and

T±
1
z

=
q∓2

z
T± . (9.88)

In general, a finite magnetic translation by a vector −→a is produced by
an operator like

T−→
k

(−→a ) = exp i
(−→
k op · −→a

)
(9.89)

where
−→
k op =

(
k

(op)
1 , k

(op)
2

)
is the wavevector operator established in accord

with (8.4).
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Choosing now the isotropic gauge

−→
A =

B

2
(−y, x, 0) , (9.90)

for which

Ai = −1
2
Bεijxj (9.91)

one obtains the kj operators as

kj → k
(op)
j = −i ∂

∂xj
− eB

2�c
εjkxk (9.92)

where the non-zero elements of εij are ε12 = 1 and ε21 = −1. Locating
−→a and

−→
b vectors in the xy-plane, one obtains the composition law of the

group of magnetic translations as

T−→
k

(−→a )T−→
k

(−→
b
)

= qT−→
k

(−→a +
−→
b
)

(9.93)

where

q = exp
(
ie

2�c

(−→a ×−→
b
)
· −→B

)
. (9.94)

This leads to the ray representation (see also Fradkin (1991))

T−→
k

(−→
b
)
T−→

k
(−→a ) =

1
q2
T−→

k
(−→a )T−→

k

(−→
b
)

(9.95)

which proceeds in accord with (9.77) and (9.78).

9.6 The SUq(2)-symmetry of the usual Harper Hamiltonian

The Hamiltonian characterizing the usual Harper-equation can be expressed
as

H =
1
2

[
T−→

k
(−→a ) + T−→

k
(−−→a ) + T−→

k

(−→
b
)

+ T−→
k

(
−−→
b
)]

(9.96)

in accord with (8.5), where −→a = (a, 0, 0) and
−→
b = (0, a, 0). There

is T+−→
k

(−→a ) = T−→
k

(−−→a ) under Hermitian conjugation and similarly for
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T−→
k

(−→
b
)
. Next let us introduce J±- and J3-generators by virtue of the

realizations (Alavi and Rouhani (2004))

J+ =
1

q − q−1

(
T−→

k
(−→a ) + T−→

k

(−→
b
))

(9.97)

J− = J+
+ = − 1

q − q−1

(
T−→

k
(−−→a ) + T−→

k

(
−−→
b
))

(9.98)

and

q2J3 = T−→
k

(−→a −−→
b
)

(9.99)

respectively. It can be easily verified that

[J+, J−] = [2J3]q (9.100)

by virtue of (9.93). In addition there is

q2J3J±q−2J3 = q±2J± (9.101)

which is synonymous with the usual relationship

[J3, J±] = ±J± . (9.102)

So it is clear that (9.100) and (9.102) are responsible for a typical
SUq(2)-symmetry. Accordingly, the Harper-Hamiltonian gets expressed as

H =
q − q−1

2
(J+ − J−) = i(q − q−1)Jy (9.103)

where we have assumed that J± = Jx±iJy, as usual. Note that this SUq(2)-
symmetry can be viewed as a particular case of the SLq(2)-realization char-
acterizing the q-symmetrized Harper-equation.
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9.7 Commutation relations concerning magnetic transla-
tion operators and the Hamiltonian

Equation (9.95) shows that the magnetic translation operators do not com-
mute with each other in so far as q2 �= 1, as one might expect. However,
we can introduce commuting operators by resorting to a rescaled primitive
cell like (ã, b) instead of (a, b). Accordingly, the flux φ gets replaced by

φ̃ =
ã

a
φ =

ã

a

P

Q
(9.104)

so that

q2 → q̃2 = exp
(

2πi
ã

a

P

Q

)
(9.105)

which proceeds by virtue of (7.4). Choosing

ã = aQ , (9.106)

then gives q̃2 = 1, so that the corresponding magnetic translation operators
commute with each other as[

T−→
k

(−→
b
)
, T−→

k
(Q−→a )

]
= 0 . (9.107)

One should also have

k1ã ∈ [0, 2π] (9.108)

which produces in turn the “magnetic” Brillouin zone

k1a ∈ [0, 2π/Q] . (9.109)

Starting from (9.107), we then have to realize that the magnetic translation
operators commute with the Hamiltonian[

H, T−→
k

(−→
b
)]

=
[
H, T−→

k
(Q−→a )

]
= 0 . (9.110)

Indeed, choosing e.g. the Landau-gauge leads to the concrete realizations

T1 (a) = exp
(
a
∂

∂x1

)
(9.111)
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and

T2 (b) = exp
(
b

(
∂

∂x2
+
ie

�c
Bx1

))
. (9.112)

Now it is an easy matter to verify that T1 (Qa), T2 (b) and the Hamiltonian
(8.5) are mutually commuting operators, which supports in turn (9.107)
and (9.110).
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Chapter 10

Quantum Oscillations and
Interference Effects in Nanodevices

The present miniaturization of quantum nanoscale systems like rings, quan-
tum wires and chains of quantum dots has reached a stage where the sample
dimensions are smaller than the coherence length characterizing the single
electron wavefunction (Akkermans and Montambaux, 2004). The phase
coherence implemented in this manner leads to interesting interference ef-
fects which are able to be verified from the experimental point of view. A
typical example is provided by the oscillations characterizing the flux de-
pendence of persistent currents. Such oscillations can be traced back to
the Aharonov-Bohm effect and the same concerns the magnetoresistance
oscillations in mesoscopic rings. On the other hand the application of ex-
ternal fields results in controllable modification of the phase coherence of
electronic wavefunctions, which produce in turn quantum interference phe-
nomena affecting specifically the electron transport.

One shows that applying Fourier series to the derivation of the total
current in the discretized AB ring leads to the appearance of nontrivial odd-
even parity effects. We shall then pay a special attention to rings attached
to leads (Xiong and Liang (2004)), quantum wire connected to quantum
dots (Orellana et al (2003a)), multichain nanorings (Chen et al (1997)),
quantum LC circuits (Apenko (1989), Chen et al (2002), Flores (1995))
and last but not at least to double quantum dot systems attached to leads
(Orellana et al (2002)). Such junctions serve as promising prototypes to
the design of further nanodevices. Accordingly, the derivation of transport
properties, and especially of he conductance (Büttiker (1985), Landauer
and Büttiker (1985)), is of interest for potential technological applications
in microelectronics. To this aim rather transparent descriptions will be
presented. Proceeding in this manner we learn how to deal with coupled
second order discrete equations, too.

195
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10.1 The derivation of generalized formulae to the total
persistent current in terms of Fourier-series

Equations (8.129) and (8.130) presented before serve to the derivation of
a generalized formula for the total current in the discretized AB ring by
resorting to sinusoidal Fourier-series like (Papp et al (2006))

f
(l)
FS (β) =

∞∑
n=1

bn sin
nπ

l
β . (10.1)

This relies on basic functions, say f− (β) = f− (−β) and f+ (β), defined on
appropriate input intervals like β ∈ [−l, l] and β ∈ [0, l], respectively. It
is understood that the l-parameters characterizing such basic β intervals
must not be at all the same. Accordingly

bn = b(−)
n =

1
l

l∫
−l

f− (β) sin
nπ

l
βdβ , (10.2)

and

bn = b(+)
n =

2
l

l∫
0

f+ (β) sin
nπ

l
βdβ . (10.3)

The periodicity condition reads

f
(l)
FS (β + 2l) = f

(l)
FS (β) , (10.4)

in accord with (10.1), which works in terms of selected l realizations. So one
has l = l− = 1, which corresponds to (8.129). One remarks immediately
that one has the unit period T− = 2l− = 1 in the first case, whereas a
period doubling like T+ = 2l+ = 1 occurs when l+ = 1.

Applying such Fourier series yields the generalized total persistent cur-
rent

I(−)
g (β,Ne, Ns) = −IF f (1/2)

FS (β)G(−) (10.5)

when the number of electrons is odd, where

f
(1/2)
FS (β) = − 2

π
sin

(
π

Ns

) ∞∑
n=1

(−1)nn

n2 − 1/N2
s

sin(2nπβ) (10.6)
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stems from

f−(β) = sin(2πβ/Ns) (10.7)

in (8.130), while

G(−) =
Ns

πNe

[
1 + cos

π

Ns
(Ne + 1)+ (10.8)

+ 2
cos(π(Ne + 1)/2Ns) cos(π(Ne − 1)/2Ns)

sin(π/Ns)

]
comes from the complementary factor in (8.130).

Starting from (8.129) and proceeding in a similar manner produces the
generalized total persistent current

I(+)
g (β,Ne, Ns) = −IF [F1g

(1)
FS(β) + F2g̃

(1)
FS(β)] (10.9)

for even values of Ne, where

F1 =
Ns

πNe

[
sin

(
π
Ne

Ns

)
cot

(
π

Ns

)
+ cos

(
π

Ns

)
cos

(
π(NE + 1)

2Ns

)]
(10.10)

and

F2 =
Ns

πNe
cos

(
π

Ns

)
sin

(
π(NE + 1)

2Ns

)
. (10.11)

This time g(1)
FS(β) and g̃(1)

FS(β) are generated by

f+(β) = sin(2πβ/Ns) , (10.12)

and

f+(β) = sin(π (2β − 2Nl−1)/Ns) , (10.13)

respectively. Accordingly, one has

g
(1)
FS(β) = − 2

π
sin

(
2π
Ns

) ∞∑
n=1

(−1)nn

n2 − 4/N2
s

sin(nπβ) (10.14)
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and

g̃
(1)
FS(β) = − 2

π

∞∑
n=1

(
1 − (−1)n cos

2π
Ns

)
n

n2 − 4/N2
s

sin(nπβ) . (10.15)

Equations (10.6), (10.14) and (10.15) have been established in terms of
integrals like∫

sin(ax) cos(bx)dx = −cos(a+ b)x
2(a+ b)

− cos(a− b)x
2(a− b)

(10.16)

and ∫
sin(ax) sin(bx)dx =

sin(a− b)x
2(a− b)

− sin(a+ b)x
2(a+ b)

(10.17)

The flux dependence of dimensionless total persistent currents like

C = C(±)
g (β,Ne, Ns) =

I
(±)
g (β,Ne, Ns)

IF
(10.18)

is displayed in figures 10.1 and 10.2 for Ne = 3 and Ne = 4, respectively,
where Ns = 12.
Such results stand for the discrete counterpart of (2.122). In other words
we succeeded to establish a period doubling as well as two kinds of dis-
tinct amplitudes when passing, in a way or another, from odd values of
the electron number to even ones and conversely. Besides the dynamic
localization effects discussed in chapter 6, such effects rely intimately on
the space discreteness, which also means that they would disappear within
the continuous limit. We found nontrivial odd-even parity effects in the
flux-dependence of the total current, which concerns both the period of
oscillations as well as the corresponding magnitudes. The period referred
to above can be readily expressed as

T
(Ne)
Φ =

[
1
2

+
1 + (−1)Ne

4

]
2Φ0 , (10.19)

where Ne may be even or odd. There is still a point which remains open
for further investigations, namely the identification of nanoring-structures
reproducing period doubling effects presented above form the experimental
point of view. The influence of disorder and interaction on the persistent
currents has also been discussed (Fye et al (1991), Németh and Pichard
(2005), Carvalo Dias et al (2006)).
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Fig. 10.1 The flux dependence of C
(−)
g (β, Ne, Ns) for Ne = 3 and Ns = 12.

The current oscillations displayed above exhibit the unit period, while the
amplitudes have the magnitude order of unity.

10.2 The discretized Aharonov-Bohm ring with attached
leads

A further configuration is done by discretized Aharonov-Bohm ring with N
sites, now with two attached semi-infinite leads. These leads are attached
to the sites 1 and n, as shown in figure 10.3

The point-like couplings between the ring and the leads are character-
ized by the hopping amplitudes tR and tL, where the subscripts “R” and
“L” stand for “right” and “left”, respectively. A pointable coupling be-
tween the leads expressed by the tc will also be accounted for. This latter
coupling provides the continuous path for inter-lead electron transmission.
In addition, there are tunneling effects of the electrons through the ring. In
order to proceed further let us denote the creation (annihilation) operator
of the spinless electron on the ring, or the left and right leads by c+l (cl),
a+

m (am) and b+m (bm), respectively. The corresponding site-numbers are
given by l = 1, 2, . . ., m = −1,−2, . . . for the left-lead, whereas m = 1, 2, . . .
for the right lead. In order to describe the non-interacting leads, i.e. the
pertinent 1D conductors, we shall resort to 1D tight-binding models with
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Fig. 10.2 The flux dependence of C
(+)
g (β, Ne, Ns) for Ne = 4 and Ns = 12. This

time the current oscillations exhibit the double period. In addition, there
are two kinds of amplitudes for which the magnitude orders are given nearly
by 1.74 and 0.84.

NN in interaction. This gives the Hamiltonian

Hleads = t0
∑

m�−1

(
a+

mam+1 + a+
m+1am

)
+ t0

∑
m�1

(
b+mbm+1 + b+m+1bm

)
,

(10.20)
where t0 stands for the inherent hopping parameter.

The electron on the ring is described by the Hamiltonian

HRing =
n∑

l=1

(
εlc

+
l cl + tr exp (iϕR) c+l cl+1 + tr exp (−iϕR) c+l+1cl

)
(10.21)

where the site energy is given by εl and where tR denotes the related hop-
ping parameter. One realizes that (8.139) proceeds in a close analogy with
(7.1). Accordingly, the corresponding phase reads

ϕR =
2π
N

φ

φ0
=

2π
N
β , (10.22)
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Fig. 10.3 Schematic view of the quantum ring threaded by magnetic flux and
attached to two leads.

which is reminiscent to (7.3). The periodic boundary condition character-
izing (10.21) reads cl+n = cl. Putting together both point-like transmission
channels leads to the tunneling Hamiltonian (Xiong and Liang (2004))

HT = tca
+
−1b1 + tLa

+
−1c1 + tRb

+
1 cn+ (10.23)

+ tcb
+
1 a−1 + tLc

+
1 a−1 + tRb1c

+
n

which is responsible for the transport properties one looks for.
At this point we have to realize that a uniform gate voltage, say Vg, can

be introduced via

εl = ε0l + Vg (10.24)

which provides the tuning-parameter for further investigations. It can be
assumed, for convenience, that the zero-voltage energy is zero, i.e. that
ε0l = 0. It is understood that the spinless electron operators mentioned
above satisfy usual canonical commutations relations like [am, a

+
n ] = δm,n

and similarly for bm and cl. In addition one has

[am, bn] = [am, cl] = [bn, cl] = 0 . (10.25)

At the beginning we shall discuss the solution of the time dependent
Schrödinger equation
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H|ψ (t)〉 = i�
∂

∂t
|ψ (t)〉 , (10.26)

where the total Hamiltonian reads

H = HLeads+HRing+HT (10.27)

Correspondingly, we shall choose the wavefunction as

|ψ(t)〉 =
∑

m≤−1

Am(t)a+
m |0〉 +

∑
m≥1

Bm(t)b+m |0〉 +
n∑

l=1

Cl(t)c+l |0〉 , (10.28)

where we have assumed that A0 = B0 = 0. The corresponding time depen-
dent amplitudes are denoted by Am(t), Cl(t) and Bm(t), respectively. This
yields the coupled equations

i�
∂

∂t
Am(t) = t0 (Am+1(t) +Am−1(t)) + (tcB1(t) + tLC1(t)) δm,−1 ,

(10.29)
for m ≤ −1,

i�
∂

∂t
Bm(t) = t0 (Bm+1(t) +Bm−1(t))+(tRCn(t) + tcA−1(t)) δm,1 (10.30)

for m ≥ 1, and(
i�
∂

∂t
− ε

)
Cl(t) = trCl+1(t) exp (iϕR) + trCl−1(t) exp (−iϕR)+ (10.31)

+ tLA−1(t)δl,1 + tRB1(t)δl,n ,

which are responsible for typical manifestations. The above equations cor-
respond to the stationary solutions which have been written down before
by Xiong and Liang (2004). These latter solutions can be readily obtained
by inserting

|ψ(t)〉 = exp
(
−iE t

�

)
|ψ〉 (10.32)

into (10.26), where |ψ〉 = |ψ(0)〉 and H|ψ〉 = E |ψ〉. Accordingly there is
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Cl(t) = exp
(
−iE t

�

)
Cl (10.33)

where Cl(0) = Cl. The same concerns Am and Bm.
Next let us multiply (10.31) by C∗

l (t). Repeating the usual procedure
to the quantum-mechanical derivation of currents leads to

∂

∂t
| Cl(t) |2= ΔIl +

2
�
Im (tLA−1(t)C∗

1 (t)δl,1 + tRB1(t)C∗
n(t)δl,n) ,

(10.34)
where

Il =
2
�
tRIm

(
C∗

l−1(t)Cl(t) exp(iϕR)
)

. (10.35)

Note that Δ stands for the discrete right-hand derivative introduced before
in accord with (1.3). So far we are able to introduce the electric charge
density as

ρl(t) = −e | Cl(t) |2 (10.36)

in which case the current density reads

Jl = eIl (10.37)

in so far as l �= 1 and l �= n.
We have to realize that the additional terms characterizing (10.34) can

be interpreted in terms of rate equations like(
d

dt
ρ1(t)

)
Ring−Leads

= −2e
�
tLIm (A−1(t)C∗

1 (t)) (10.38)

and (
d

dt
ρn(t)

)
Ring−Leads

= −2e
�
tRIm (B1(t)C∗

n(t)) , (10.39)

which are responsible for the flow of electrons into and out of the ring.
Charge conservation requirements needed are then fulfilled if

d

dt
(ρ1(t) + ρn(t))Ring−Leads = 0 (10.40)
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so that

Im (tLA−1(t)C∗
1 (t) + tRB1(t)C∗

n(t)) = 0 . (10.41)

So we are in a position to establish the average ring current as

J =< Jl >=
1
n

n∑
l=1

Jl , (10.42)

which proceeds in accord with charge conservation requirements just dis-
cussed above.

Incoming and outgoing interaction-field regions can be identified via
m ≤ −2 and m ≥ 2, respectively. Within such interaction-free regions
equations Am and Bm are characterized by plane waves like

Am = exp (ik (m+ 1)) + r exp (−ik (m+ 1)) , (10.43)

and

Bm = t exp (ikm) (10.44)

where k is the dimensionless wave number, while r and t denote reflection
and transmission amplitudes. The energy of the incident electron is given
by

Ein = 2t0 cos k , (10.45)

which reproduces identically (6.4) in terms of units for which the lattice
spacing is unity. Concerning the ring, the interaction-free regions are spec-
ified by l �= 1 and l �= n. This gives the equation

(E − ε)Cl = trCl+1 exp (iϕR) + trCl−1 exp (−iϕR) , (10.46)

in accord with (10.31) and (10.32). Invoking again plane-wave solutions

Cl = exp
(
ik̃l

)
(10.47)

enables us to derive the ring energy as

E = Er = εl + 2tr cos
(
k̃ + ϕR

)
. (10.48)
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One sees that (10.48) reproduces identically (8.122) via εl = 0, tr = −V0

and k̃ = 2πn/Ns. One would then have k̃ ∈ [0, 2π) if n ∈ [0, Ns), which
means that we deals with Ns-levels (n = 0, 1, 2, . . . , Ns − 1).

Of a special interest is the transmission probability

Tp = |B1|2 , (10.49)

which provides the conductance by the virtue of the well-known relationship
(see e.g. Datta (1995))

G0 =
2e2

h
G =

2e2

h
Tp . (10.50)

To this aim it can be easily verified, that

A−2 = A−1 exp(ik) − 2i sink (10.51)

and

B2 = exp(ik)B1 . (10.52)

This yields the equations

A−1 (E − t0 exp(ik)) − tcB1 = −2it0 sink + tLC1 (10.53)

and

tcA−1 −B1(E − t0 exp(ik)) = −tRCn . (10.54)

Fixing the energy, we then have the opportunity to establish A−1 and B1

in terms of C1 and Cn. One would then have

B1 =
itRCn + 2itc − tLtcC1

1 + t2c
, (10.55)

where the couplings are measured in units of t0. What then remains is to
solve numerically coupled equations characterizing Cl, Am and Bm. Such
studies have been done in terms of the fixing E = Ein = 0 (Xiong and
Liang (2004)). Quantum rings coupled to leads have also been discussed
under the influence of an external electric field (Orellana et al (2003b)).

In general, there are reasons to say that both conductance and persistent
current are periodic functions of the magnetic flux with period φ0. However,
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a period doubling is able to occur for selected parameter values. Indeed,
choosing parameters like Vg = 0.03, Ns = 5, tL = tR = 0.1 and k = π/2,
we found that the period characterizing the conductance oscillations with
respect to the magnetic flux is given by 2φ0 instead of φ0, as indicated in fig-
ure 10.4. In addition, there are peaks reproducing specifically asymmetric
Fano line-shapes (Fano (1961)) in the dependence of G on the dimensionless
magnetic flux β, as well as on the gate voltage Vg. Such resonance peaks,
which are associated with the levels of the ring are a manifestation of quan-
tum interference effects characterizing the electron transmission along the
two paths mentioned before. Narrow resonance peaks have been observed
in the dependence of the persistent current (10.41) on the gate voltage and
the magnetic flux too. It is then clear that the asymmetric Fano-profiles get
replaced by symmetric Breit-Wigner line shapes when tc → 0. Peculiarities
concerning the related Fano-parameter have also been discussed (Kobayshi
et al (2004), Xiong and Liang (2004,2005)). In particular, the present ring
configuration can also be viewed as a quantum dot.

Fig. 10.4 The oscillations of the dimensionless conductance versus β for Vg =
0.03, Ns = 5, tL = tR = 0.1 and k = π/2. The double period can be readily
identified.

Without considering other details, we have to mention that electrons
confined on a quantum Aharonov-Bohm ring are able to form a spin singlet
state with electrons in the leads. This results in the implementation of a
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pronounced many-body Kondo effect at lower fields, which received much
attention during last decades (Ferrari et al (1999), Kang and Shin (2000),
Keyser et al (2003), Gomez et al (2004)).

10.3 Quantum wire attached to a chain of quantum dots

A further interesting nanodevice is a side coupled to a chain of quantum
dots as shown in figure 10.5. The Hamiltonian reads (Orellana et al (2003a))

H = HQW + HQD + HQD−QW , (10.56)

in which HQW (HQD) is responsible for the quantum wire (the chain of
quantum dots), while HQD−QW stands for the tunneling interaction be-
tween the quantum wire and the quantum dots. One has

HQW = V

+∞∑
j=−∞

(
c+j cj+1 +H.c.

)
, (10.57)

within the nearest neighbor description, where V denotes the hopping pa-
rameter. The electron at site j is created by c+j , as usual. The Hamiltonian
describing the chain of N quantum dots is

HQD =
N∑

l=1

εld
+
l dl +

N−1∑
l=1

(
Vld

+
l dl+1 +H.c.

)
, (10.58)

where Vl is a real parameter denoting the tunneling coupling between the
l-th and (l + 1)-th quantum dots. The tunneling interaction

HQD−QW = Ũ0

(
d+
1 c0 + c+0 d1

)
(10.59)

concerns only the electrons located at j = 0 and l = 1, respectively, as
indicated in figure 10.5.

One looks for stationary states like

|Ψ〉 =
+∞∑

j=−∞
Ajc

+
j |0〉 +

N∑
l=1

Dld
+
l |0〉 , (10.60)

where Aj and Dl are expansion coefficients providing probability ampli-
tudes needed. One deals again with Wannier states like |j〉 = c+j |0〉 and
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Fig. 10.5 Schematic view of the quantum wire attached to a chain of quantum
dots.

|l〉〉 = d+
l |0〉, such that 〈j| j′〉 = δj,j′ and 〈〈l| l′〉〉 = δl,l′ . Conversions to

Bloch states can also be easily performed.
Now we are ready to solve again the eigenvalue equation H |Ψ〉 = E |Ψ〉

in terms of linear second-order discrete equations for Aj and Dl. These
equations are given by

EA0 = V (A−1 +A1) + Ũ0D1 , (10.61)

EAj = V (Aj−1 +Aj+1) , j �= 0 , (10.62)

EDN = εNDN + VN−1DN−1 , (10.63)

ED1 = ε1D1 + V1D2 + Ũ0A0 , (10.64)

and

EDl = εlDl + Vl−1Dl−1 + VlDl+1, l �= 1, N . (10.65)

The interesting point is that D1 can be expressed in terms of A0 as
(Orellana et al (2003a))

D1 =
V0

QN
A0 , (10.66)
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where QN is a continued function:

QN = QN (E) = E − ε1 −
V 2

1

E − ε2 − V 2
2

E−ε3−...E−εN−1−V 2
N−1/(E−εN )

.

(10.67)
Proceeding further we then have to solve the equations

EA−1 = V (A−2 +A0) , (10.68)

ẼA0 = V (A−1 +A1) , (10.69)

and

EA1 = V (A0 +A2) , (10.70)

where now

Ẽ = E − U2
0

QN
. (10.71)

At this point, we have to realize that the energy is given by

E = E (k) = 2V cos k , (10.72)

where the dimensionless wave number k is restricted to the first Brillouin
zone k ∈ [−π, π]. For this purpose the wavefunction ansatz

Aj = exp (ikj) + r exp (−ikj) , j ≤ −1 , (10.73)

Aj = t exp (ikj) (10.74)

is used once more again, where r and t are reflection and transmission
amplitudes, respectively. Extrapolating the above wavefunctions towards
j = 0, one finds the matching condition

t− r = 1 , (10.75)

which provides an appreciable simplification. Inserting E = E (k) then
gives the transmission amplitude
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t = A0 (E) =
QN (E)

QN (E) − iU2
0 /

√
4v2 − E2

. (10.76)

This shows that the level broadening Γ can be identified as

Γ = Γ (E) =
U2

0√
4v2 − E2

. (10.77)

In other words, the conductance of the quantum wire at zero temperature
reads

G (E) =
2e2

h

Q2
N

Q2
N + T 2

, (10.78)

by virtue of the one-chanell Landauer-formula (Datta (1995)), where the
transmission coefficient is given, this time, by

TN (E) = |t|2 = |A0|2 =
Q2

N

Q2
N + T 2

. (10.79)

Resonance structures characterizing the energy dependence of TN (E) can
then be easily identified by looking for complex E = Ec−roots for which
TN(Ec) = 1, as shown before (Orellana et al (2003a)).

10.4 Quantum oscillations in multichain nanorings

Let us remember that the magnetic field induces characteristic phase
changes like

argψ (−→x ) → argψ (−→x ) − e

�c

2∫
1

−→
A · −→dl , (10.80)

along a path ranging from “1” to “2”, where −e < 0 stands for the electron
charge. For a closed path, the electron wavefunction experiences the phase-
difference −2πΦ/Φ0, as discussed before in connection with the Aharonov-
Bohm boundary condition. Such phase-shifts produce interesting inter-
ference phenomena in the case of nanosystems for which the coherence
length is actually larger than the sample dimension. Interference effects
implemented in this manner are also of a special interest in the case of a
multichain nanorings such as displayed in figure 10.6.



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

Quantum Oscillations and Interference Effects in Nanodevices 211

Fig. 10.6 Schematic view of multichain nanorings. One has 5 chains, each
of which containing, just for convenience, 4 sites.

The chains are specified by the index α = 1, 2, . . . , N , while the number
of sites characterizing a chain is 0 < Nα < s. These chains are attached to
two leads at nodes located at x = 0 and x = s > 0. So one deals with the
influence of the magnetic flux Φα = BSα, where Sα is the surface enclosed
by chains α and α − 1 (α = 2, 3, . . . , N). In addition, we shall account
for the influence of a voltage Vα applied in the transverse direction. The
present Hamiltonian is then given by the sum (Chen et al (1997))

H = Hleads + Hchains + Hint , (10.81)

and concerns, as before, non-interacting electrons. The individual terms
in (10.81) are responsible successively for the leads, the chains and for the
tunneling interaction. Furthermore, let us consider that c+α,i

(
c+j

)
creates an

electron at the site i of the chain α (at the site j of the leads). Accordingly,
one has

Hleads =
0∑

j=−∞

(
c+j cj−1 + c+j−1cj

)
+

∞∑
j=s

(
c+j cj+1 + c+j+1cj

)
, (10.82)

Hchains = Vα

N∑
α=1

(
Nα∑
i=1

c+α,icα,i +
Nα−1∑
i=1

(
c+α,icα,i+1 + c+α,i+1cα,i

))
,

(10.83)
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and

Hint =
N∑

i=1

(
c+0 cα,1 + c+α,1c0 + exp (iϕα) c+α,Nα

cs + exp (−iϕα) c+s cα,Nα

)
.

(10.84)
For convenience a unit hopping amplitude has been assumed. The present
gauge concerns only the site i = Nα, such that

2π
Φα

Φ0
= ϕα − ϕα−1 , (10.85)

for α ≥ 2, where ϕ1 = 0.
Now we are ready to handle the energy eigenvalue problem H |Ψ〉 =

E |Ψ〉, where this time

|Ψ〉 =
∑

j≤0,j≥s

Ajc
+
j |0〉 +

N∑
α=1

Nα∑
i=1

Aα,ic
+
α,i |0〉 . (10.86)

These results again in coupled discrete equations like

EAj = Aj+1 +Aj−1 (10.87)

for j ≤ −1 and j ≥ s+ 1,

EA0 =
∑
α

Aα,1 +A−1 , (10.88)

EAs =
∑
α

exp (−iϕα)Aα,Nα +As+1 , (10.89)

(E − Vα)Aα,1 = A0 +Aα,2 , (10.90)

(E − Vα)Aα,Nα = Aα,Nα−1 + exp (iϕα)As , (10.91)

and

(E − Vα)Aα,i = Aα,i+1 +Aα,i−1 , (10.92)

where 2 ≤ i ≤ Nα − 1. Extrapolating (10.92) towards i = 1 and i = Nα

yields the matching conditions
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A0 = Aα,0 , (10.93)

and

As = exp (−iϕα)Aα,Nα+1 , (10.94)

in accord with (10.90) and (10.91).
At this point we have to resort again to plane waves:

Aj = A exp (−ik (j − s)) +R exp (ik (j − s)) , (10.95)

and

Aj = exp (−ikj) , (10.96)

for j ≥ s and j ≤ 0, respectively. This means that one deals with a reflected
(transmitted)) wave if j ≥ s (j ≤ 0). In addition, we shall account for the
superposition

Aα,l = Aα exp (ikαl) +Rα exp (−ikαl) , (10.97)

acting for 0 ≤ l ≤ Nα. The corresponding wave numbers are identified by
virtue of the energy solutions

E = 2 cos k , (10.98)

and

E = Vα + 2 coskα , (10.99)

relying on (10.87) and (10.92).
Accordingly, there is

Aα +Rα = 1 , (10.100)

and

Aα exp (ikα (Nα + 1)) +Rα exp (−ikα (Nα + 1)) = (A+R) exp (iϕα) ,
(10.101)
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which produce in turn the solutions

Aα = −exp (−ikα (Nα + 1)) − (A+R) exp (iϕα)
2i sin (kα (Nα + 1))

, (10.102)

and

Rα =
exp (ikα (Nα + 1)) − (A+R) exp (iϕα)

2i sin (kα (Nα + 1))
. (10.103)

Under such conditions one obtains

E = exp (ik) +
N∑

α=1

(Aα exp (ikα) +Rα exp (−ikα)) , (10.104)

and

E (A+R) = A exp (−ik) +R exp (ik)+ (10.105)

+
N∑

α=1

exp (−iϕα) (Aα exp (ikαNα) +Rα exp (−ikαNα)) ,

respectively. These equations can be rewritten equivalently as

E = c0 + (A+R) f0 + exp (ik) (10.106)

and

E = (A+R) c0 + f∗
0 +A exp (−ik) +R exp (ik) , (10.107)

where

c0 =
∑

α

sin (kαNα)
sin kα (Nα + 1)

, (10.108)

and

f0 =
∑
α

sin kα exp (iϕα)
sin kα (Nα + 1)

. (10.109)

Now we are in a position to establish the A parameter as
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A =
|f0|2 − (c0 − exp (−ik))2

2f0 cos k
, (10.110)

which provides in turn the transmission probability

|t|2 =
1

|A|2
=

4 cos2 k |f0|2∣∣∣|f0|2 − (c0 − exp (−ik))2
∣∣∣2 . (10.111)

In particular, we can choose chains with the same length N1 = N2 =
. . . = NN = L, for which the applied voltage is zero. Then we can insert
ϕα = 2π (α− 1)β and Φα = Φ ≡ βΦ0 for α ≥ 2. Accordingly, f0 becomes

f0 = f0 (β) =
sin k sin (πNβ)

sin k (L+ 1) sin (πβ)
exp (iπ (N − 1)β) , (10.112)

where now kα = k, so that f0 (β + 2) = f0 (β) irrespective of N . In other
words the periodicity characterizing the magnetic flux dependence of f0 is
give by a double flux quantum Φ0. The rich oscillations structures exhib-
ited by the flux and voltage dependencies of (10.111) have been presented
in some detail before (Chen et al (1997)). Having established the transmis-
sion probability, enables us to study the electronic transport by applying
Landauer-type conductance formulae. Other details concerning multiring
systems connected in parallel and in series are worthy of being mentioned
(Liu et al (1998)).

10.5 Quantum LC-circuits with a time-dependent external
source

Besides the space-discretization which has been analyzed in some detail
previously, other discretizations, such as the one of the electric charge in
LC-circuits, has attracted much interest (Apenko (1989), Chen et al (2002),
Flores (2005)). The total energy characterizing the classical LC-circuit is
given by

Hcl =
Φ2

cl

2Lc2
+
Q2

cl

2C
−QclVs (t) , (10.113)

which proceeds under the influence of an external time-dependent voltage
source Vs (t). The inductance and the capacitance are denoted by L and C,
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as usual. The subscript “cl” stands for “classical”. The charge discreteness
referred to above can be implemented by virtue of the eigenvalue-equation

Q |m〉 = mqe |m〉 , (10.114)

wherem is an integer and where qe denotes the fundamental electric charge,
say qe = e, or eventually, qe = 2e. Next let us apply to (10.114) the
right-hand and left-hand discrete derivatives Δ and ∇ presented before
in (1.4) and (1.3), respectively. One obtains Δ |m〉 = |m+ 1〉 − |m〉 and
∇|m〉 = |m〉 − |m− 1〉, so that

QΔ = qe + qe (m+ 1)Δ , (10.115)

and

Q∇ = qe + qe (m− 1)∇ . (10.116)

Accordingly

[Δ, Q] = −qe (1 + Δ) , (10.117)

and

[∇, Q] = −qe (1 −∇) , (10.118)

by virtue of the Hermitian conjugation of (10.115) and (10.116), where
Δ+ = −∇ and Q+ = Q.

On the other hand, Q2/2C leads to an harmonic oscillator by virtue of
(10.114), which also means that

H0 =
1

2Lc2
Φ2

0 (10.119)

plays the role of the kinetic-energy. It is understood that the square flux-
operator Φ2

0 should be established in an appropriate manner in terms of
discrete derivatives displayed above. To this aim we have to realize that
H0 relies on Δ and ∇ via

H0 ∼ Δ∇ = Δ −∇ , (10.120)

as indicated e.g. by (1.5). Next we have to select the proportionality factor
needed, which results in the tight binding realization
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H0 = − �2

2Lq2e
Δ∇ . (10.121)

Now we have the opportunity to introduce the magnetic flux operator

Φ = − i�c
qe

Δ , (10.122)

which behaves as

Φ+ = − i�c
qe

∇ , (10.123)

under Hermitian conjugation. The Hermitian square flux operator can then
be readily established as

Φ2
0 =

(
Φ2

0

)+
= ΦΦ+ = Φ+Φ . (10.124)

Both Φ and Φ+ have the meaning of momentum operators conjugated to
Q. A symmetrized momentum operator like

P = P+ =
1
2
(Φ + Φ+) , (10.125)

can also be introduced. This results in the commutation relations

[Q,P ] = −i�c
(

1 − q2eL

�2
H0

)
, (10.126)

relying on (1.62) and

[H0L,Q] = i�P/c . (10.127)

Modified commutation relations such as given by (10.126) have also been
used before in connection with the q-deformation of quantum mechanics
(Kempf et al (1995), Nouicer (2006)). Such modified structures, which
are responsible for deformed Heisenberg algebras, can be viewed again as
nontrivial manifestations of the space discreteness. It is understood that
now the discretized charge plays the role of the discrete space.

Resorting to the m-representation

Cm(t) =< m | Ψ(t) > , (10.128)
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and applying the time-dependent Schrödinger Hamiltonian

H = − �2

2Lq2e
Δ∇ +

m2q2e
2C

−mqeVs(t) , (10.129)

yields the second order discrete equation

− �2

2Lq2e
(Cm+1 + Cm−1)+

(
q2e
2C

m2 − qemVs(t) +
�2c2

Lq2e

)
Cm(t) = i�

∂

∂t
Cm(t) ,

(10.130)
which generalizes Eq. (6.52) discussed before in connection with the dy-
namic localization towards the incorporation of an additional harmonic
oscillator.

Next let us assume that the voltage is produced in accord with Faraday’s
law

Vs(t) = − d

cdt
Φe(t) =

�

qe
EF f(t) , (10.131)

which proceeds in accord with (6.52), where Φe(t) denotes an external time-
dependent magnetic flux. The (10.130) produces the Mathieu-type equation[

− q2e
2C

∂2

∂k2
+

�2

q2eL

(
1 − cos

(
k +

qeΦe

�c

))]
u(k, t) = i�

∂

∂t
u(k, t) ,

(10.132)
working within the k-representation, where now

u(k, t) =
∞∑

n=−∞
Cn(t) exp

[
in

(
k +

qeΦe

�c

)]
, (10.133)

and

Cn(t) =
1
2π

π∑
k=−π

exp(−ink)u
(
k − qeΦe

�c

)
. (10.134)

So we found that the effective Hamiltonian characterizing a quantum LC-
circuit with a voltage source is given by (Chen et al (2002))

Heff (Φe, k) = − q2e
2C

∂2

∂k2
+

�2

q2eL

(
1 − cos

(
k +

qeΦe

�c

))
, (10.135)

in accord with (10.132), which proceeds within the k-representation intro-
duced above.
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10.6 Dynamic localization effects in L-ring circuits

At this point let us assume that the influence of the capacitance in (10.130)
is negligible. The factorization

Cm (t) = cm (t) exp
(
−i �c2

Lq2e
t

)
(10.136)

can then be performed, which amounts to remove the related constant
potential energy term in (10.130). Next, let us specify the time-dependence
of the magnetic flux as follows

Φe (t) = Φ̃0 sin (ωt) . (10.137)

Then the discrete equation characterizing the rescaled amplitude cm (t)
reproduces identically (6.52) if �V = −�2/2Lq2e , f (t) = cos (ωt) and
EF = −qeΦ̃0ω/c�. Under such conditions the electron (qe = e) described
by the rescaled version of (10.130) is able to exhibit the dynamic localization
effect in terms of selected parameters for which

J0

( qe
c�

Φ̃0

)
= 0 , (10.138)

such as provided by (6.53). Next, we have to realize that

Ik = Ik (t) = −c∂Heff

∂Φe
= − �

qeL
sin

(
k +

qeΦe

�c

)
(10.139)

has the meaning of a persistent current in the ring. Conversely, (10.139)
amounts to consider both a time-dependent and wavenumber realization
of the energy. This latter energy can also be obtained by applying the
minimal substitution to the energy dispersion law characterizing the L-ring
Hamiltonian. It has also been found that the average of he current Ik
vanishes in terms of (10.138), which provides a nontrivial manifestation of
the dynamic localization. To this aim the MSD has been established in
terms of velocity autocorrelation functions (Kenkre et al (1981)).

The time average of the persistent current over one period, say
<Ik(t)>T , is of a special interest. This amounts to establish the integral

Jk (T ) =

T∫
0

sin
(
k +

qeΦe

�c

)
dt , (10.140)
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in which case < Ik(t) >T = −�Jk(T )/qeTL. Using again (10.137), it can
be easily verified that the DLC (10.138) is reproduced irrespective of k via
Jk(T ) = 0. This means in turn that one should have

Z1 (T ) =

T∫
0

exp (−iEFη(t)) dt = 0 (10.141)

in accord with (6.57) and (6.93). The matching condition

Φe(t) = Φe(0) − EF �c

qe
η(t) (10.142)

relying on (10.131) has also been considered. In general, Φe(t) in (10.142)
may be periodic or not, even if the voltage, or equivalently the f(t)-
modulation, does it. The interesting point is that (10.141) reproduces
identically the exact DLC’s characterizing other periodic modulations con-
cerning f(t), like (6.134) and (6.181). Accordingly, (10.141) can be viewed
as expressing the exact counterpart of approximate DLC’s discussed be-
fore in terms of (6.85) and (6.86). In addition, (6.110) and (6.111) show
that the extremal condition characterizing the exact MSD gets fulfilled via
Dr(T ) = 0 whenever (10.141) is satisfied. The concavity condition (6.119)
remains also valid, provided one inserts again t = T instead of t = tg. Some-
what exceedingly selected modulations for which (10.141) remains valid
under all rescalings like EF → pEF , where p denotes a positive integer,
have also been discussed (Dignam and de Sterke (2002); Domachuk et al
(2002))). However, such cases are not useful in practice, so that (10.141)
stands reasonably for the exact DLC characterizing arbitrary but periodic
voltages. In particular, η(t) is able to be periodic, too. Then one has
Z1(nT ) = nZ1(T ) = 0, which results, in general, in a rescaled version of
the time grid t = tg analyzed previously within the strong field limit. How-
ever, we can resort from the very beginning to a periodic magnetic flux, in
which case the time grid tn = nT just referred to above gets implemented
without extra conditions.

10.7 Double quantum dot systems attached to leads

Double quantum dot systems (DQD’s) attached to leads provide further
nanodevices which are able to produce non-linear current-voltage charac-
teristic curves working in the Kondo regime at zero temperature (Orellana
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et al (2002)). The inter-dot Coulomb interaction is neglected, which leads
to appreciable simplifications. In addition, a quickly tractable mean field
approximation has been applied. This results again in coupled equations for
the probability amplitudes, which are rather similar to the ones obtained
in the case of other junctions discussed in this chapter.

The dots are localized at the sites α = 0 and α = 1 of the 1D lattice,
while the electron on the left (right) lead is located at the sites i = −1,−2.−
3, ... (i = 2, 3, 4, ...). Resorting to the slave boson description (Coleman
(1984)) means that the annihilation operator of an electron at dot α is given
by

c̃α,σ = b+αfασ = fασb
+
α , (10.143)

where the boson operator b+α creates an empty state. In this context fασ

denotes a fermion operator which is responsible for the annihilation of a
single occupied state for which the spin projection is σ in units of �/2.
The canonical commutation relations read [bα, bβ] = δα,β and {fασ, fβμ} =
δαβδσμ. In general, the fermion spin may be different from 1/2. The double
occupancy at site α is ruled out by virtue of the constraint

Qα =
∑

σ

f+
ασfασ + b+α bα = 1 . (10.144)

This corresponds to the selection of two admissible states like

|α, 0 >= b+α |0 > , (10.145)

and

|α, 1 >= f+
ασ|0 > , (10.146)

such that

bα|0 >= fασ|0 >= 0 . (10.147)

It can be easily verified that

c̃α,σ|α, 0 >= 0, and c̃+α,σ|α, 0 >= |α, 1 > , (10.148)

while
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c̃α,σ|α, 1 >= |α, 0 >, c̃+α,σ|α, 1 >= 0 . (10.149)

So, there is

Qα|α, ε >= |α, ε > , (10.150)

where α = 0, 1, which reflects safely the constraint written down above.
Accordingly, the DQD system is described by the Hamiltonian

HQD =
∑

α

∑
σ

εαf
+
ασfασ +

tc
2

∑
σ

(c̃+0,σ c̃1,σ + c̃+1,σ c̃0,σ) , (10.151)

where tc and εα denote the inter-dot tunneling coupling and the site en-
ergy at the dot, respectively. The leads are described by the tight binding
Hamiltonian

HL =
∑

σ

( −1∑
i=−∞

+
∞∑

i=2

)
εic

+
i,σci,σ+t

∑
σ

( −1∑
i=−∞

+
∞∑

i=3

)
(c+

i,σci−1,σ+c+
i−1,σci,σ) ,

(10.152)

with the hopping parameter t, where c+i,σ creates an electron with the spin
projection σ = ±1 in the site i. The site energies are denoted by εα and εi,
respectively. Next let us denote by VL (VR) the hopping between the sites
−1 and 0 (1 and 2). Then the Hamiltonian

HLQD =
VL√

2

∑
σ

(c+−1,σ c̃0,σ + c̃+0,σc−1,σ) +
VR√

2

∑
σ

(c̃+1,σc2,σ + c+2,σ c̃1,σ) ,

(10.153)

describes the hopping interaction between the leads and the QD’s. The
last step in the construction of the total Hamiltonian is to account for the
constraint (10.144) in terms of the additional interaction

HC =
∑

α

λα(Qα − 1) , (10.154)

where λα denotes a Lagrange multiplier. The total Hamiltonian is then
given by

Htot = HQD + HL + HLQD + HC , (10.155)
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which leads, as usual, to the eigenvalue equation

Htot|Ψ >= E|Ψ > . (10.156)

Next one applies a mean-field approximation, which amounts to replace
the boson operators bα and b+α by expectation values like

< bα >=< b+α >= b̃α
√

2 . (10.157)

This yields the rescaled parameters ε̃α = εα + λα, Ṽ0 = b̃0VL, Ṽ1 = b̃1VR

and t̃c = b̃0b̃1tc, such that

HQD = H̃QD =
∑
α

∑
σ

ε̃αf
+
ασfασ + t̃c

∑
σ

(f+
0,σf1,σ + f+

1,σf0,σ) , (10.158)

and

HLQD = H̃LQD = Ṽ0

∑
σ

(c+−1,σf0,σ+f+
0,σc−1,σ)+Ṽ1

∑
σ

(f+
1,σc2,σ+c+2,σf1,σ) .

(10.159)
This means that the total Hamiltonian exhibits the form

Htot = H̃QD + HL + H̃LQD +
∑

α

λα(2b̃+α b̃α − 1) , (10.160)

which depends on four parameters λ0, λ1 ,̃b0 and b̃1 which will be referred
to later in terms of the subscript j(j = 1 − 4) .

Proceeding in a close analogy with the previous calculations and choos-
ing again a wavefunction expansion over Wannier states

|Ψ >= |ψσ >=
∞∑

l=−∞
al,σ|l, σ > , (10.161)

leads to the coupled difference equations

(E − εl)al,σ = t(al−1,σ + al+1,σ) , (10.162)

(E − εl)al,σ = Ṽl+1(l−1)al+1(l−1),σ + tal−1(l+1),σ , (10.163)

and
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(E − ε̃l)al,σ = Ṽl−1(l+1)al+1(l−1),σ + t̃cal+1(l−1),σ , (10.164)

for l �= −1, 0, 1, 2, l = −1, 2 and l = 0, 1, respectively. It is understood that
al+1(l−1),σ = a0(1),σ if l = −1, 2 and similarly in other cases.

The four parameters referred to above can be established with the help
of the Hellmann-Feynman theorem

∂jE =< ψσ|∂jHtot|ψσ > , (10.165)

where ∂j (j = 1, 2, 3, 4) denotes the parameter differentiation needed. Im-
posing energy minima via ∂jE = 0 gives nonlinear parameter-fixing condi-
tions like

2b̃2α +
∑

σ

|aα,σ|2 = 1 , (10.166)

and

2λαb̃
2
α + Ṽα

∑
σ

Re(a∗α−1(α+1),σaα,σ) + t̃c
∑

σ

Re(a∗α+1(α−1),σaα,σ) = 0 ,

(10.167)

where α = 0, 1. Further details can then be established by discussing
(10.162)-(10.164) in terms of plane wave realizations of the probability am-
plitudes, as done in the case of other junctions presented before. Just
mention that handling numerically the above equations leads to nontriv-
ial interplays between the bistability of the current and the Kondo-effect
(Orellana et al (2002)).
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Chapter 11

Conclusions

In this volume we learned how to deal with the theoretical description of
the Schrödinger-equation on the discrete space, with a special emphasis on
applications to low-dimensional nanoscale structures. Almost cases concern
solvable systems on the discrete space, but time discretizations have also
been discussed. Other useful generalizations, like matrix versions of the
discrete Schrödinger operator, have to be mentioned (Bruschi et al (1981)).
Underlying symmetries play an important role and serve both for a better
understanding as well as for the formulation of suitable calculation tech-
niques. First we would like to address some mathematical developments.
We emphasize that such developments are able to serve as candidates for
further applications. So representations of the q-Heisenberg algebra (Pan
and Zhao (2001), Curado et al (2001)) are able to be applied to the deriva-
tion of explicit eigenvalues and spectral properties. This algebra plays
actually an essential role in the description of discretized systems (Celegh-
ini et al (1995)), while noncanonical Heisenberg algebras look promising
towards a better understanding of q-deformations (Brodimas et al (1992),
Janussis and Brodimas (2000)). The harmonic oscillator has been gener-
alized to the relativistic configuration space proposed by Kadyshevsky et
al (1968). We have to recall that eigenvalue equations on this space look
like non-relativistic difference Schrödinger-ones, but now with a relativistic
coordinate, as indicated in section 4.6. This leads to. a q-deformed oscil-
lator, for which the dynamical symmetry is given by the quantum group
SUq(1, 1). The corresponding deformation parameter is given by

q = exp
(
− �ω0

4m0c2

)
(11.1)

where ω0 denotes the oscillator frequency. Correspondingly, the annihi-
lation and creation operators are themselves finite-difference ones (Mir-

225
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Kasimov (1991)). For such problems, the appropriate finite-difference gen-
eralization of the factorization method has already been done by Kagra-
manov et al (1990).

The main body of this book concerns, however, hopping Hamiltonians
and tight binding descriptions under the influence of external fields. The
typical example is the celebrated Harper-equation which serves to the de-
scription of the 2DEG in the magnetic field, i.e. of Bloch electrons on
a 2D lattice threaded by a transversal and homogeneous magnetic field.
The q-symmetrized version of the Harper-equation, which is also interest-
ing from a theoretical point of view, has been analyzed by accounting in
an explicit manner for the appropriate Coulomb gauge. The incorporation
of an additional electric field into the Harper-equation (8.9) is of a special
interest (see also Muñoz et al (2005)). Choosing a time dependent electric
field directed along the Ox-axis and using the vector potential

A1(t) = −�cEFη (t) /ea (11.2)

gives the time dependent magneto-electric Harper-equation

exp (iθF ) un+1 + exp (−iθF )un−1 + 2Δ cos (2πβn+ θ2)un = i
∂

∂t
un

(11.3)
in accord with (6.57), (8.1) and (8.4), where

θF = θ1 − EF η (t) . (11.4)

It is understood that the dimensionless time variable used above is mea-
sured in units of �/E0. The time dependent equation established in this
manner serves to the study of carrier propagation under electric and mag-
netic fields. However, the systematic derivation of exact analytic solutions
to (11.3) is still open for further investigations. Just remark that the Hamil-
tonian characterizing (11.3) is generated via (8.9) by inserting θF instead of
θ1. Other low dimensional systems on the discrete space, like the 1D con-
ductor in the presence of electric fields, discretized and continuous 1D rings
threaded by a magnetic flux, quantum LC-circuits and especially junctions
between rings and leads or rings and dots, have received much attention.
Such systems look promising as they are able to serve as prototypes in the
design of nanodevices.
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Total persistent currents in the discretized Aharonov-Bohm rings have
been derived in an explicit manner. Resorting to Fourier series, we suc-
ceeded to establish generalized current formulae exhibiting interesting odd-
even parity effects in terms of the number of electrons. We found it useful to
present a thorough study of the dynamic localization of charged particles on
the 1D lattice under the influence of time dependent electric fields. The pos-
sibility to establish leading approximations to DLC’s for arbitrary periodic
modulations in a rather reasonable manner has been discussed. Dynamical
localization effects have also been found in terms of zero average values of
ring currents ( Chen et al (2002)). Other quasiperiodic driven systems, like
kicked rotor Hamiltonians (see e.g. Moore et al (1994)), lead specifically
to dynamic localization effects, too. Such systems have been realized in
the laboratory by using cold cesium atoms in a pulsed standing wave of
light (Klappauf et al (1998), Ringot et al (2000)). In this latter context,
the dynamical localization can be understood as a quantum suppression
of diffusion in systems that are classically chaotic. The kicked version of
the Harper-equation has also been discussed in several respects (Lévi and
Georgeot (2004)). The influence of time dependent external fields deserves
further attention, which concerns both transport properties and dynamic
localization effects. Couplings to quantized microwave fields have also to be
accounted for ( Migliore and Messina (2004)). Useful steps have also been
done in the nonlinear description of transport phenomena (Wacker (2002)).

The exact DOS’s established for the Harper-equation in section 8.4
opens the way to a systematic study of thermodynamic properties in the
presence of the anisotropy parameter. However, we have to realize that han-
dling related elliptic integrals is not an easy matter. Transport properties
concerning the conductance, have been addressed in a close connection with
nanodevice junctions mentioned above. Useful details concerning the quan-
tum Hall effect, or the localization length, have also been considered. Be-
sides accounting for disorder and interaction effects ( Németh and Pichard
(2005), Carvalho Dias et al (2006)), the incorporation of dissipation effects
(Guinea (2002)) deserves further attention, too. In addition, the influence
of the spin-orbit interaction (Chen et al (2006); Zhang and Xia (2006)), the
increasing role of optical lattices (Jaksch and Zoller (2003), Ruuska and
Törmä (2004)) and especially the advent of quantum computing (Nielsen
and Chuang (2000)), has attracted a lot of interest during the last years.
The sensible point is that the spin-orbit interaction is always present in low
dimensional structures, like quantum dots and quantum wires (Stormer et
al (1983), Bellucci and Onorato (2005)). In the case of 2D electrons, this
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latter interaction relies on the Rashba-effect (see e.g. Bellucci and Onorato
(2003)). Such developments open the way to a new field of research dealing
with the implementation of the so called spin Hall effect (Hirsch (1999),
Bellucci and Onorato (2003), Raimondi and Schwab (2005)). Moreover, it
has been realized that spin dependent transport phenomena in nanostruc-
tures are of increasing interest in semiconductor electronics (Awschalom
et al (2002)). Other developments in the field of mesoscopic systems have
been reviewed recently (Akkermans and Montambaux (2004)), with a spe-
cial emphasis on quantum diffusion effects.

11.1 Further perspectives

Besides spin chains (Gaudin (1983), Korepin et al (1992)) a rather special
class of discretized models is represented by cellular automata, for which
appreciable progress has been done during the last two decades (Wolfram
(1986), Chapard and Drozi (1998)). Accounting for electron-electron inter-
actions results in Hubbard-models, i.e. in hopping Hamiltonians supple-
mented by non-linear four-Fermi terms (Gebhard (1997)). The discretized
Boltzmann-equation has been applied in the description of microfluids (Li
and Kwok (2003)), but the lattice dynamics of strongly correlated systems
is also worthy of being mentioned (Savrasov and Kotliar (2003)). Reaction
diffusion systems, with NN-interactions on a 1D lattice have been solved ex-
actly by applying the generalized empty internal method (Aghamohammadi
et al (2003)). Going beyond non-relativistic quantum mechanics there is
a broad research field ranging from discretized Dirac (Chakraborti (1995),
Lorente and Kramer (1999), Hayashi et al (1997)) and Klein-Gordon (Ne-
gro and Nieto (1996)) equations, to discrete sine-Gordon (Korepin et al
(1992), Watanabe et al (1995)) and discrete nonlinear Schrödinger equa-
tions (Ablowitz and Clarkson (1991), Hoffmann (2000)). Discrete counter-
parts of many other nonlinear systems and, in particular, of the Korteweg-
de Vries equation (Levi and Rodriguez (1999)), have also been discussed.
Having established discrete formulations of the Dirac and/or Klein-Gordon
equations serves as a starting point to the derivation of relativistic mani-
festations of dynamic localization effects (see, for instance, de Oliveira et
al (2005)). Moreover, the quantum Hall effect has been studied recently
in terms of the (2+1)-dimensional massless Dirac equation (Gusynin and
Sharapov (2005), Beneventano and Santangelo (2006)).

Noncommutative spaces characterized by commutation relations of the
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type (Connes (1994) Seiberg and Witten (1999))

[Xj, Xk] = iΘjk (11.5)

which differs from (1.56), have also their own interest. Now the noncom-
mutative parameter is denoted by Θjk, such that Θi = εijkΘjk. It has been
found that (11.5) produces corrections to the Lamb-shift (Chaichian et al
(2001)), but other cases are of a special interest, too. So (11.5) induces an
additional momentum-dependent potential such as given by

V
(θ)
int =

e

4�

−→
Θ · (−→p op ×

−→
E ) (11.6)

under the influence of an electric field, as shown recently in the study of
the noncommutative Stark-effect (Chair et al (2005)). The influence of
a transversal magnetic field on electrons moving on a 2D noncommutative
plane has also been discussed (Jellal (2001) and references therein). Besides
being applied again to the quantum Hall effect (Bellissard et al (1994)), the
noncommutative space is able to produce specifically sensible corrections
and/or refinements, modified systems on the discrete space included.
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Appendix A

Dealing with polynomials of a discrete
variable

In this Appendix we would like to present some additional relationships
for readers interested in discrete polynomials. We then have to realize that
a polynomial solution y(x) = yn(x) to (1.67) leads to the eigenvalue

λ = λn = −n
(
τ ′(x) +

n− 1
2

σ′′(x)
)

(A.1)

in which case μm becomes

μm → μmn = (m− n)
(
τ ′(x) +

n+m− 1
2

σ′′(x)
)

(A.2)

for m = 0, 1, 2, ..., n− 1. Proceeding further, the Rodriguez formula

yn(x) =
Bn

ρ(x)
∇n(ρn(x)) (A.3)

in which

yn(x) = anx
n + bnx

n−1 + ... . (A.4)

plays a crucial role. There is

Bn =
Δnyn(x)
Ann

(A.5)

where

Δnyn(x) = y(n)
n (x) = n!an (A.6)

and

231
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Ann = n!
n−1∏
l=0

(
τ ′(x) +

n+ l − 1
2

σ′′(x)
)

. (A.7)

In order to establish the coefficient an we have to resort, however, to
a fixing condition concerning Bn. Accordingly, an = ((μ − 1)/μ)n and
an = 1/n! for Meixner- and Krawtchouk polynomials, respectively. Having
obtained an yields bn as

bn =
τ(0) + (n− 1)(σ′(0) + τ ′(x)/2)

τ ′(x) + (n− 1)σ′′(x) nan . (A.8)

Other points which remain to be clarified are the normalization and
recursion relations. For finite b-values the yn(x) polynomial is normalized
as

b−1∑
x=a

ym(x)yn(x)ρ(x) = d2
nδm,n (A.9)

where x = xi, which works in combination with the boundary conditions

σ(x)ρ(x)xl |x=a,b (A.10)

and

ρ(x) > 0 (A.11)

where a ≤ x = xi ≤ b − 1. In practice, one takes a = 0, so that σ(0) = 0.
The normalization constant is then given by

d2
n = (−1)nAnnB

2
nρb−1(0)

b−2∏
k=n

1 + σ′′/2τk′
σ(x∗k)

(A.12)

in which x∗k denotes the root of τk(x) = 0. For Krawtchouk polynomials
there is b ≡ N0 + 1, but b→ ∞ for Meixner ones. Then the normalization
constants are given by

d2
n =

N0!
n!(N0 − n)!

(pq)n, ρ(x) =
N0!pxqN0−x

Γ(x+ 1)Γ(N0 + 1 − x)
(A.13)

and
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d2
n =

n!Γ(x+ γ)
μn(1 − μ)γΓ(γ)

, ρ(x) =
μxΓ(γ + x)

Γ(x+ 1)Γ(γ)
(A.14)

respectively. The corresponding weight functions have also been inserted.
The recurrence relation is given by

xyn(x) = αnyn+1(x) + βnyn(x) + γnyn−1(x) (A.15)

where

γn =
an+1

an

d2
n

d2
n−1

, αn =
an

an+1
(A.16)

and

βn =
bn
an

− bn+1

an+1
. (A.17)

A special interest concerns the relationship[
σ (x)∇− λn

nτ ′n
τn (x)

]
yn (x) = − λn

nτ ′n

Bn

Bn+1
yn+1 (x) (A.18)

which serves to the definition of a related raising operator. A lowering
operator is then easily derived by inserting instead of yn+1 in (A.18) the
equivalent expression indicated by (A.15). In the case of Krawtchouk poly-
nomials one has αn = n+1, βn = n+ p(N0 − 2n) and γn = pq(N0 −n+1),
whereas

bn = − 1
(n− 1)!

[
N0p+

1
2
(n− 1)(q − p)

]
. (A.19)

The discrete equation and the recurrence relation characterizing nor-
malized Krawchouk-functions (see also (5.41)) are given by√
pq(x+ 1)(N0 − x)K(p)

n (x+ 1, N0) +
√
pqx(N0 − x+ 1)K(p)

n (x− 1, N0)+
(A.20)

+[n−N0p+ x(p− q)]K(p)
n (x,N0) = 0

and
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[N0p+(q−p)n−x]K(p)
n (x,N0)+

√
pq(n+ 1)(N0 − n)K(p)

n+1(x,N0)+ (A.21)√
pqn(N0 − n+ 1)K(p)

n−1(x,N0) = 0

respectively. It is then an easy exercise to verify e.g. that the normalized
counterparts of (5.55) and (5.57) becomes

p(x−N0 + n)K(p)
n (x,N0) +

√
pqx(N0 − x+ 1)K(p)

n (x− 1, N0) = (A.22)

=
√
pq(n+ 1)(N0 − n)K(p)

n+1(x,N0)

and

q(x− n)K(p)
n (x,N0) −

√
pqx(N0 − x+ 1)K(p)

n (x− 1, N0) = (A.23)

=
√
pqn(N0 − n+ 1)K(p)

n−1(x,N0) .

This shows that related raising and lowering operators can be introduced
in a well defined manner, as indicated by Lorente (2001b).

The recurrence relations characterizing the Meixner-polynomials and
the normalized Meixner-function read

(x(μ− 1) + n+ μ(n+ γ))m(γ,μ)
n (x) = μm

(γ,μ)
n+1 (x) + n(n− 1 + γ)m(γ,μ)

n−1 (x)
(A.24)

and

(x(μ− 1) + n+ μ(n+ γ))M (γ,μ)
n (x) =

√
μ(n+ γ)(n+ 1)M (γ,μ)

n+1 (x)+
(A.25)

+
√
μn(n− 1 + γ)M (γ,μ)

n−1 (x)

respectively. The corresponding discrete equations are given by (5.62) and
(5.64). Such results are of interest in the study of factorization properties.

Without belaboring our presentation, we have just to say that the Char-
lier polynomials c(μ)

n (x), where μ > 0, are defined for x ∈ [0,∞), in which
case the weight function and the normalization constant are given by

ρ(x) =
μx exp(−μ)
Γ (x+ 1)

(A.26)



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

Dealing with Polynomials of a Discrete Variable 235

and

dn =
[
n!
μn

exp (−μ)
]1/2

(A.27)

respectively. These polynomials satisfy the discrete equation

μc(μ)
n (x+ 1) + xc(μ)

n (x− 1) + (n− μ− x) c(μ)
n (x) = 0 (A.28)

whereas the corresponding recurrence relation reads

(μ+ n− x) c(μ)
n (x) = μc

(μ)
n+1(x) + nc

(μ)
n−1(x) . (A.29)

It has been shown by Atakishiyev and Suslov (1990), that such polynomials
serve to the description of a particular realization of a difference harmonic
oscillator. This originates from the discrete equation characterizing the nor-
malized Krawtchouk functions via N0 → ∞ and p→ μ/N , where μ stands
for a fixed parameter. The normalized counterparts of such polynomials
are given by

C(μ)
n (x) =

√
μn exp(−μ)μx

n!x!
c(μ)
n (x) . (A.30)

The normalized polynomial established in this manner obeys the discrete
equation√

μ(x+ 1)C(μ)
n (x+ 1) +

√
μxC(μ)

n (x− 1) + (n− x−μ)C(μ)
n (x) = 0 (A.31)

whereas the recurrence relation reads√
μ(n+ 1)C(μ)

n+1(x) +
√
μnC

(μ)
n−1(x) + (x − n− μ)C(μ)

n (x) = 0 . (A.32)

A further point of interest is the connection of orthogonal polynomials
with hypergeometric functions. So the Krawtchouk, Meixner and Charlier
polynomials exhibit the realizations (Nikiforov et al (1991))

k(p)
n (x,N0) =

(−p)n

n!
Γ(N0 − x+ 1)

Γ(N0 − x− n+ 1) 2F1(−n,−x,N0 − x− n+ 1;−q/p)

(A.33)

m(γ,μ)
n (x) =

Γ(n+ γ)
Γ(γ) 2F1(−n,−x, γ; 1 − 1/μ) (A.34)
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and

c(μ)
n (x) =

(−1)n

μn

Γ(x+ 1)
Γ(x− n+ 1) 1F1(−n, x− n+ 1;μ) (A.35)

respectively. Such relationships are useful for the derivation of duality
properties like

k(p)
n (m,N0) = (−p)n−m m!(N0 −m)!

n!(N0 − n)!
k(p)

n (n,N0) (A.36)

m(γ,μ)
n (l) =

Γ(γ + n)
Γ(γ + l)

m
(γ,μ)
l (n) (A.37)

and

c(μ)
n (m) = c(μ)

m (n) (A.38)

which work for n, l,m = 0, 1, 2, ....
Further results can be derived by combining (A.33)-(A.35) with Gauss’s

relations for contiguous hypergeometric functions such as given by (see e.g.
(15.2.10) in Abramowitz and Stegun (1972))

(c− a)2F1(a− 1, b, c; z) + (2a− c− az + bz) 2F1(a, b, c; z)+ (A.39)

+a(z − 1) 2F1(a+ 1, b, c; z) = 0 .

Such hypergeometric functions satisfy the differential equation

z(z − 1)
d2u

dz2
+ (c− (a+ b+ 1)z)

du

dz
− abu = 0 (A.40)

which relies on (1.39) via u = F (a, b, c : z). Generalized orthogonal
polynomials are also able to be provided, in a rather different manner,
by applying the Jacobi-matrix method in conjunction with square inte-
grable Sturm-Laguerre basis functions (Yamani and Fishman (1975)). It
should be mentioned that the Jacobi-matrix is tridiagonal, which leads to
“sieved” orthogonal polynomials referred to above in terms of corresponding
three-term recurrence relations. Such basis functions can also be converted
to the ones characterizing the isotropic harmonic oscillator by virtue of
Coulomb-oscillator duality (see e.g. Kostelecky and Russell (1996)). Un-
der such circumstances the three-dimensional radial Schrödinger-equations
with Coulomb- and harmonic oscillator potentials leads to Pollaczek- and
Meixner-polynomials, respectively, as shown in Bank and Ismail (1985). A
relativistic generalization of this method has also been proposed recently
(Alhaidari (2002)).
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Appendix B

The functional Bethe-ansatz solution

Another special problem for the reader interested in theoretical develop-
ments is the derivation of an implicit solution to the q-difference equation
(Wiegmann and Zabrodin (1994a), Wiegmann and Zabrodin (1995))

Hψ (z) = a (z)ψ
(
q2z

)
+ d (z)ψ

(
z

q2

)
− v (z)ψ (z) = Eψ (z) (B.1)

has been done by applying an algebraization approach which is reminiscent
to the so called Bethe-ansatz method serving to the description of inte-
grable models in statistical physics and field theory (Korepin et al (1992))
. For this purpose a suitable class of Hamiltonians has been considered by
choosing the coefficient functions as

a (z) =
b1

q4j−1
z2 − b3

q3j
z +

a

q2j
+

c2
qjz

+
c1
qz2

(B.2)

d (z) = b1q
4j−1z2 + b2q

3jz + dq2j − c3q
j

z
+
c1q

z2
(B.3)

and

v (z) =
(
q +

1
q

)
b1z

2 +
(
b2
qj

− b3q
j

)
z+ (B.4)

+
(
c2
qj

− c3q
j

)
1
z

+
c1
z2

(
q +

1
q

)
.

It is understood that at least one the coefficients c1, c2 and c3 is nonzero.
Now one starts from a polynomial wavefunction like

237
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ψ (z) =
Ñ∏

m=1

(z − zm) (B.5)

in which the zm-roots remain to be determined by ruling out singularities.
implied in the quotient

E (z) =
1

ψ (z)
Hψ (z) . (B.6)

Indeed, inserting (B.5) into (B.1) gives

E (z) = a (z)
Ñ∏

m=1

q2z − zm

z − zm
+ d (z)

Ñ∏
m=1

z/q2 − zm

z − zm
− v (z) = E (B.7)

so that there are double and simple poles at z = 0, z = ∞, as well as the
zm-poles implied by the denominators characterizing E (z). The singular
contributions at z = ∞ are incorporated into the E (z) -terms proportional
to z2 and z:

ES (z) = b1

(
q2Ñ−4j+1 +

1

q2Ñ−4j+1
− q − 1

q

)
z2+ (B.8)

+b2

(
q−2Ñ+3j − 1

qj

)
z + b3

(
qj − q2Ñ−3j

)
+

+b1z
(
q − 1

q

)(
q4Ñ−4j − 1

q2Ñ−4j

) Ñ∑
m=1

zm .

One sees that ES (z) is ruled out if

Ñ = 2j (B.9)

so that the degree of the polynomial is well determined if at least one of
the coefficients b1, b2 and b3 is nonzero. It is furthermore clear that

E (z) → a

q2j
+ dq2j + c1

(
1 − q2

)2 (1 + q2
)

q3

Ñ∑
l>m

1
zmzl

+ (B.10)
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+
(
1 − q2

)( c2
qj

+ c3q
j−2

) Ñ∑
m=1

1
zm

as z → 0, which means that the singular part at z = 0 is ruled out from
the very beginning. We have also to remark that

E (z) → aq2(Ñ−j) +
d

q2(Ñ−j)
+ (B.11)

+b1

(
q2Ñ−4j−3 +

1

q2Ñ−4j+1

)(
1 − q2

)2 Ñ∑
l>m

zlzm+

+
(

b2

q2Ñ−3j
+ b3q

2Ñ−3j−2

)(
1 − q2

) Ñ∑
m=1

zm

as z → ∞, which proceeds in accord with (B.9) and which sheds some light
on the role of coefficients a, d, b1, b2 and b3 in the energy description.

The mutual annihilation of the z = zm-poles is done in terms of the
condition

q−2Ñ d (zl)
a (zl)

=
Ñ∏

m=1
m �=l

q2zl − zm

zl − q2zm
(B.12)

where l = 1, 2, . . . , Ñ . Putting together the constant terms yields the energy
eigenvalue as

E = b1

(
q − 1

q

)(
q2 − 1

q2

) Ñ∑
n<m

znzm− (B.13)

−
(
q − 1

q

)(
b2
qj−1

+ b3q
j−1

) Ñ∑
m=1

zm + aq2j +
d

q2j

which resembles very much (B.11). Accordingly, all that one needs in order
to establish the energy and the wavefunction is to solve (B.12), but in
practice this is an intricate problem. This technique has been applied in
the study of the qSHE (Wiegmann and Zabrodin (1994a), Wiegmann and
Zabrodin (1994b), Hatsugai et al (1994)).
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We have to remark, that (B.1) can be converted into a second-order
discrete equation via z = q2n and ψ

(
q2n

)
= ψn and similarly for the

coefficient functions. So (B.1) becomes

Hψn = anψn+1 + dnψn−1 − vnψn = Eψn (B.14)

which is able to be related both to (1.10) and (11.1).
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Bloch F 1928 Über die Quantenmechanik der Elektronen in Kristallgittern, Z.
Phys. 52 555-600.

Boiti M, Bruschi M, Pempinelli F and Prinari B 2003 A discrete Schrödinger
spectral problem and associated evolution equations J. Phys. A 36 139-149

Bonatsos D, Daskaloyannis C, Ellines D and Faessler A 1994 Discretization of
the phase space for a q-deformed harmonic oscillator with q a root of unity
Phys. Lett. B 331 150-156

Bonifacio R and Caldirola P 1983 Finite difference equation and quasi-diagonal
form in quantum statistical mechanics Lett. Nuovo Cimento 38 615-619

Bonifacio R 1983 A coarse grained description of time evolution: irreversible state
reduction and time-energy relation Lett. Nuovo Cimento 37 481-489

Boon M H 1972 Representations of the invariance group for a Bloch electron in
a magnetic field J. Math. Phys. 13 1268-1284

Boykin T B and Klimeck G 2004 The discretized Schrödinger equation and simple
models for semiconductor quantum wells Eur. J. Phys. 25 503-514

Brill D R and Gowdy R H 1970 Quantization of the general theory of relativity
Rep. Progr. Phys. 33 413-510

Brinkman W F and Rice T 1970 Single-particle excitations in magnetic insulators
Phys. Rev. B 2 1324-1338

Brodimas G, Janussis A and Mignani R 1992 Bose realizations of a non-canonical
Heisenberg algebra J. Phys. A 25 L329-L334

Bruschi M, Levi D and Ragnisco O 1981 Evolution equations associated with the
discrete analog of the matrix Schrödinger problem solvable by the inverse
spectral transform J. Math. Phys. 22 2463-2471
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March A 1937 Die Frage nach der Existenz einer kleinsten Wellenlänge Z. Phys.
108 128-136.

Micu C and Papp E 2003 Applying the virial and Hellmann-Feynman theorems
to the generalized q-symmetrized Harper-equation Phys. Lett. A 314 10-14

Micu M 1999 q-deformed Schrödinger-equation J. Phys. A 32 7765-7777
Migliore R and Messina A 2004 Freezing the dynamics of a rf SQUID qubit via

its strong coupling to a quantized microwave field J. Opt. B: Quantum
Semiclass. Opt. 6 S136-S141

Miller Jr W 1969 Lie theory and difference equations I J. Math. Anal. Appl. 28
383-399

Miller Jr W 1972 Lie theory and difference equations II J. Math. Anal. Appl. 29
406-422

Miller Jr W 1970 Lie theory and q-difference equations SIAM J. Math. Anal. 1
171-188

Minot C 2004 Quantum model of electronic transport in superlattice minibands
Phys. Rev. B 70 R 161309 pp. 1-4

Mir-Kasimov R M 1991 SUq(1, 1) and the relativistic oscillator J. Phys. A 24
4283-4302

Moore F L, Robinson J C Bhancha C, Williams P E and Raizen M G 1994
Observation of dynamical localization in atomic momentum transfer: a
new testing ground for chaos Phys. Rev. Lett. 73 2974-2977

Morita Y and Hatsugai Y 2001 Duality in the Azbel-Hofstadter problem and the



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

252 Low-Dimensional Nanoscale Systems on Discrete Spaces

two-dimensional d-wave superconductivity with a magnetic field Phys. Rev.
Lett. 86 151-154

Muñoz E, Barticevic Z and Pacheco M 2005 Electronic spectrum of a two-
dimensional quantum dot array in the presence of electric and magnetic
fields in the Hall configuration Phys. Rev. B 71 165301 pp. 1-9

Nathanson B Entin-Wohlmann O and Muhlschlegel B 1998 Comment on ”Peierls
gap in a mesoscopic ring threaded by a magnetic flux” Phys. Rev. Lett. 80
3416

Nazareno H N and de Brito P E 2001 Carriers in a two-dimensional lattice under
magnetic and electric fields Phys. Rev. B 64 045112 pp. 1-6

Negro J and Nieto L M 1996 Symmetries of the wave equation in a uniform lattice
J. Phys. A 29 1107-1114

Nelson C A and Gartley M G 1994 On the zeros of the q-analogue exponential
function J. Phys. A 27 3857-3881

Németh Z A and Picard J L 2005 Persistent currents in two dimensions: New
regimes induced by the interplay between correlations and disorder Eur.
Phys. J. B 45 111-128

Nenciu G 1991 Dynamics of band electrons in electric and magnetic fields: rigor-
ous justification of the effective Hamiltonians Rev. Mod. Phys. 63 91-127

Nielsen M A and Chuang I L 2000 Quantum computation and quantum informa-
tion (Cambridge: Cambridge University Press)

Nieto M M 1979 Hydrogen atom and relativistic pi-mesic atom in N-space dimen-
sions Am. J. Phys. 47 1067-1072

Nikiforov A F, Suslov S K and Uvarov V B 1991 Classical Orthogonal Polynomials
of a discrete variable(Berlin: Springer)

Niu Q 1989 Effect of an electric field on a split Bloch band Phys. Rev. B 40
3625-3637

Nouicer K 2006 An exact solution of the one-dimensional Dirac oscillator in the
presence of minimal lengths J. Phys. A 39 5125-5134

Nussenzweig H M 1972Causality and Dispersion Relations(New York: Academic
Press)

Obermair G M and Wannier G H 1976 Bloch electrons in magnetic fields. Ratio-
nality, irrationality, degeneracy Phys. Stat. Sol. B 76 217-222

Ocampo S 1996 SOq(4) quantum mechanics Z. Phys. C. 70 525-530
Orellana P A , Lara G A and Anda E V 2002 Kondo effect and bistability in a

double quantum dot Phys. Rev. B 65, 155317 1-5
Orellana P A, Dominguez-Adame F, Gomez I and Ladrón de Guevara M L 2003a

Transport through a quantum wire with a side quantum-dot array Phys.
Rev. B 67 085321 pp. 1-5

Orellana P A, Ladrón de Guevara M L, Pacheco M and Latgé A 2003b Conduc-
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magnetic length, 31
magnetic phase factor, 133
magnetic translation operator, 189,

190, 192
magnetic translations, 152, 188, 192
magnetization, 162, 163, 183
Maryland-model, 69, 70
Mathieu-equation, 59, 61
Mathieu-type equation, 218
Mathieu-wavefunctions, 60
mean square displacement, 109,

111–113, 118–120, 122, 219, 220
Meixner-polynomials, 14, 89, 90, 232
Mellin-transform, 164
multichain nanorings, 210

nanoconductor, 108
nanoring, 152, 167
nanoscale systems, 28
normalization, 138, 180, 182, 232
normalized Krawtchouk-functions, 85
normalized Meixner-function, 94
normalized Meixner-functions, 89, 91
normalized wavefunction, 101

orthogonality condition, 97, 142
oscillator wave function, 143

parabolic cylinder function, 47
periodic AB boundary condition, 35,

173
periodic behavior, 18, 26
periodic boundary condition, 201
periodic potentials, 17, 19, 99, 100
persistent current, 31, 33, 35, 40, 173,

205, 219

persistent currents, 195

q-binomial theorem, 4

q-deformed algebras, 79

q-deformed
Baker-Campbell-Hausdorff formula,
52

q-deformed equations, 5

q-difference equation, 237

q-Gamma function, 5

q-hypergeometric function, 9
q-integral, 5

q-normalization, 180

q-shifted factorial, 5

q-symmetrized Harper-equation, 175,
188

quantum dot, 222

quantum dot potential, 28

quantum L ring circuit, 115, 219

quantum LC circuit, 195, 215, 218
quantum ring potential, 31

quantum wire, 207, 210

quasi-energy, 126, 128–130

quasi-monomials, 80

quasiperiodic potentials, 25, 99, 100

raising operator, 233

recurrence relation, 9, 44, 45, 70, 178,
179, 233

reflection amplitude, 209

relaxation time approximation, 131

rescaled amplitude, 219
rescaled Meixner-function, 93, 94

rescaled parameter, 223

ring energy, 204

Rodriguez formula, 231

second order discrete equation, 218

second-order discrete equation, 240

secular equation, 139, 182

shifted factorial, 5, 8
sinusoidal Fourier-series, 196

SL(2)-symmetry, 82, 187, 188

SL(N)-group, 79

slave boson description, 221



February 8, 2007 9:47 World Scientific Book - 9in x 6in papp˙micu˙world

262 Low-Dimensional Nanoscale Systems on Discrete Spaces

SLq(2)-symmetry, 83, 95, 183, 185,
186

SLq(N)-symmetry, 79
SO(3)-symmetry, 84
SOq(N)-symmetry, 5
spectral density, 107
SUq(2)-symmetry, 191
symmetrized derivative, 4
symmetrized momentum operator,

217

thermodynamic Hall conductance,
160

thermodynamic potential, 162
Thouless-formula, 105
tight binding, 79
tight binding equation, 146
tight binding Hamiltonian, 222
time dependent current, 132
total current, 196
total persistent current, 35–37, 169,

174
trace formula, 154
transfer matrix, 153, 182
transmission amplitude, 209
transmission coefficient, 210
transmission probability, 205, 215
tridiagonal matrix, 138
tuning parameter, 201
tunneling Hamiltonian, 201
tunneling interaction, 207, 211
two dimensional electron gas, 151,

161

unions over Q’s, 157
unitary operators, 41

Wannier states, 207, 223
Wannier-Stark ladders, 126
wavefunction ansatz, 209
weight function, 14, 15, 233

zero temperature magnetization, 33


	Contents
	Preface
	1. Lattice Structures and Discretizations
	1.1 Discrete derivatives
	1.2 The Jackson derivative
	1.3 The q-integral
	1.4 Generalized q-hypergeometric functions
	1.5 The discrete space-time: a short retrospect
	1.6 Quick inspection of q-deformed Schrodinger equations
	1.7 Orthogonal polynomials of hypergeometric type on the discrete space

	2. Periodic Quasiperiodic and Confinement Potentials
	2.1 Short derivation of the Bloch-theorem
	2.2 The derivation of energy-band structures
	2.3 Direct and reciprocal lattices
	2.4 Quasiperiodic potentials
	2.5 A shorthand presentation of the elliptic Lame-equation
	2.6 Quantum dot potentials
	2.7 Quantum ring potentials
	2.8 Persistent currents and magnetizations
	2.9 The derivation of the total persistent current for electrons on the 1D ring at T =0
	2.10 Circular currents

	3. Time Discretization Schemes
	3.1 Discretized time evolutions of coordinate and momentum observables
	3.2 Time independent Hamiltonians of hyperbolic type
	3.3 Time independent Hamiltonians of elliptic type
	3.4 The derivation of matrix elements
	3.5 Finite difference Liouville-von Neumann equations and “elementary” time scales
	3.6 The q-exponential function approach to the q-deformation of time evolution
	3.7 Alternative realizations of discrete time evolutions and stationary solutions

	4. Discrete Schrodinger Equations. Typical Examples
	4.1 The isotropic harmonic oscillator on the lattice
	4.2 Hopping particle in a linear potential
	4.3 The Coulomb potential on the Bethe-lattice
	4.4 The discrete s-wave description of the Coulombproblem
	4.5 The Maryland class of potentials
	4.6 The relativistic quasipotential approach to the Coulomb-problem
	4.7 The infinite square well
	4.8 Other discrete systems

	5. Discrete Analogs and Lie-Algebraic Discretizations. Realizations of Heisenberg-Weyl Algebras
	5.1 Lie algebraic approach to the discretization of differential equations
	5.2 Describing exactly and quasi-exactly solvable systems
	5.3 The discrete analog of the harmonic oscillator
	5.4 Applying the factorization method
	5.5 The discrete analog of the radial Coulomb-problem
	5.6 The discrete analog of the isotropic harmonic oscillator
	5.7 Realizations of Heisenberg-Weyl commutation relations

	6. Hopping Hamiltonians. Electrons in Electric Field
	6.1 Periodic and fixed boundary conditions
	6.2 Density of states and Lyapunov exponents
	6.3 The localization length: an illustrative example
	6.4 Delocalization effects
	6.5 The influence of a time dependent electric field
	6.6 Discretized time and dynamic localization
	6.7 Extrapolations towards more general modulations
	6.8 The derivation of the exact wavefunction revisited
	6.9 Time discretization approach to the minimum of the MSD
	6.10 Other methods to the derivation of the DLC
	6.11 Rectangular wave fields and other generalizations
	6.12 Wannier-Stark ladders
	6.13 Quasi-energy approach to DLC’s
	6.14 The quasi-energy description of dc-ac fields
	6.15 Establishing currents in terms of the Boltzmann equation

	7. Tight Binding Descriptions in the Presence of the Magnetic Field
	7.1 The influence of the nearest and next nearest neighbors
	7.2 Transition to the wavevector representation
	7.3 The secular equation
	7.4 The Q = 2 integral quantum Hall effect
	7.5 Duality properties
	7.6 Tight binding descriptions with inter-band couplings
	7.7 Concrete single-band equations and classical realizations

	8. The Harper-Equation and Electrons on the 1D Ring
	8.1 The usual derivation of the Harper-equation
	8.2 The transfer matrix
	8.3 The derivation of Δ-dependent energy polynomials
	8.4 Deriving Δ-dependent DOS-evaluations
	8.5 Numerical DOS-studies
	8.6 Thermodynamic and transport properties
	8.7 The 1D ring threaded by a time dependent magnetic flux
	8.8 The tight binding description of electrons on the 1D ring
	8.9 The persistent current for the electrons on the 1D discretized ring at T =0

	9. The q-Symmetrized Harper Equation
	9.1 The derivation of the generalized qSHE
	9.2 The three term recurrence relation
	9.3 Symmetry properties
	9.4 The SLq (2)-symmetry of the q SHE
	9.5 Magnetic translations
	9.6 The SUq(2)-symmetry of the usual Harper Hamiltonian
	9.7 Commutation relations concerning magnetic translation operators and the Hamiltonian

	10. Quantum Oscillations and Interference Effects in Nanodevices
	10.1 The derivation of generalized formulae to the total persistent current in terms of Fourier-series
	10.2 The discretized Aharonov-Bohm ring with attached leads
	10.3 Quantum wire attached to a chain of quantum dots
	10.4 Quantum oscillations in multichain nanorings
	10.5 Quantum LC-circuits with a time-dependent external source
	10.6 Dynamic localization effects in L-ring circuits
	10.7 Double quantum dot systems attached to leads

	11. Conclusions
	11.1 Further perspectives

	Appendix A Dealing with polynomials of a discrete variable
	Appendix B The functional Bethe-ansatz solution
	Bibliography
	Index


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket true
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [595.440 841.680]
>> setpagedevice




