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Preface

Quantum systems on discrete spaces represent to date a rapidly growing
research field lying at the interface between tight binding models in solid-
state physics and theoretical developments like discrete and g-difference
equations. The interplay between such directions provides a deeper under-
standing of nanoscaled structures which, since more than one decade look
increasingly promising for technological applications in electronic devices.
Such systems concern the two-dimensional (2D) electron gas under the in-
fluence of transversal magnetic fields, the conductor on the 1D lattice in
the presence of electric fields, 1D rings in external fields and at last, but
not at least, junctions between rings and leads, rings and quantum dots or
dots and leads. Promising developments have also been done in the field
of quantum LC-circuits. The space discretization has been successful in
providing explanations needed for several phenomena like the dynamical
localization on the 1D lattice under the influence of time dependent elec-
tric fields. It should be remarked, quite satisfactorily, that such phenomena
have received evidence in high precision experiments with GaAl/GaAlAs,
or other self assembled heterostructures. We also succeeded to establish pe-
riod doubling in the flux dependent oscillations of total persistent currents
in discretized Aharonov-Bohm rings, which deserve further attention.
From the theoretical point of view our main emphasis in this volume
is on solvable quantum mechanical systems on the discrete space. Besides
the discrete Schrédinger-equation, the most typical example is the second
order discrete Harper-equation serving to the description of Bloch-electrons
on 2D lattices threaded by a transversal and homogeneous magnetic field.
Handling such systems is intimately connected with a lot of mathematical
subtleties like orthogonal polynomials of a discrete variable, commensu-
ration and incommensurability effects, periodic and quasiperiodic struc-

vii



viii Low-Dimensional Nanoscale Systems on Discrete Spaces

tures, g-deformed and discrete equations or relationships between localiza-
tion effects and Lyapunov exponents. Such issues are able to be used for
an updated study of thermodynamic and transport properties, but useful
details concerning the quantum Hall effect are also included. We would
like to emphasize that the presented matter reveals the increasing perspec-
tive concerning the role of space-discreteness for a deeper understanding of
nanoscaled systems. To this aim mathematical details needed have been
introduced in as transparent a manner as possible.

We found it reasonable to restrict ourselves to 11 chapters. In addition,
there are more than 300 alphabetically ordered citations, titles of papers
included. It is understood that other special matters, such as discrete Klein-
Gordon and Dirac equations, or nonlinear lattices, go beyond the immediate
scope of this volume. However, the main point remains, namely to solve
discrete Schrodinger-equations and especially tight binding models under
the influence of external fields. Accordingly, there are reasons to say that
we succeeded in reviewing interesting developments within a reasonable
amount of space. For the sake of complementary information in the field of
semiconductor supperlattices monographs by Bastard (1992), Datta (1995)
and Akkermans and Montambaux (2004) are quite useful.

The present volume can be recommended first of all to graduate students
and doctoral fellows dealing with Theoretical Physics and its applications.
The presented matter is also profitable for advanced students in solid-state
physics, applied mathematics and microelectronics. Moreover, useful infor-
mation for researchers interested in the field is also provided. This volume
originates from the updated and revised formulation of our previous lecture
in the field (Papp and Micu (2005)).

Interesting discussions with I. Cotaescu, H. Scutaru, I. Bica, D. Grecu,
M. Visinescu, E. Burzo, G. Adam, N. Avram, G. Zet, M. Coldea, I. Gottlieb,
D. Vangheli, V. Viman and D. Vulcanov, are deeply acknowledged. The
technical help by D. Racolta and L. Aur in processing the file is much appre-
ciated. We are also indebted to W. Bestgen, H. D. Doebner, R. M. Weiner
and F. Gebhardt for kind hospitality, as well as to CNCSIS/Bucharest for
financial support.

Timisoara, Baia Mare E. Papp
December 2006 C. Micu
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Chapter 1

Lattice Structures and Discretizations

Quantum systems on discrete spaces have received much interest in many
areas like electrons on lattices under the influence of eternal fields, quan-
tum optics, electronics, neuronal networks, signal processing, mesoscopic
systems and superlattices. Starting with the discrete space or time one gets
faced with the formulation of appropriate discretization schemes. For this
purpose discrete variables x € Z are almost useful. Other related equations,
such as g¢-difference ones are able to be implied by modern mathematical
developments such as quantum groups, the covariant calculus on noncom-
mutative spaces, and R-matrix descriptions (see Chari and Pressley (1994),
Faddeev et al (1990)). Here 0 < ¢ < 1, stands for the generic deformation
parameter, but complex g-values and especially roots of unity can also be
considered. In addition, there are g-difference equations which are incor-
porated naturally into to the description of actual physical systems such as
Bloch-electrons on two- or three-dimensional lattices threaded by a mag-
netic field, as already referred to above. Moreover, many systems are able
to be characterized by inherent length scales which can be used, at least in
principle, for subsequent discretizations, too.

1.1 Discrete derivatives

Assuming a function on a lattice with the spacing a, say f(z), we may
introduce left and right hand difference quotients as

o fa) = HOZLEZD L (1o (<o) ) S0 ()

a a dx

and
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by fla) = LEFO @) L (exp (%) - 1) i@ (12)

a

respectively. Such quotients, which can also be viewed as discrete deriva-
tives, reproduce the usual one to O(a?)-order. The discretization pro-
ceeds in terms of the identification x = n;a, where z; is an integer, i.e.
ni+1 = n; + 1. Then the above quotients are replaced by the discrete
derivatives

Vi) = flz) - flz-1) (1.3)

and
Af(z) = flz+1) - f(2) (1.4)
respectively, where = stands hereafter for n;. Accordingly
VAf(z) = AVf(z) = f(x+1) = 2f(2) + f (x — 1) (1.5)

represents the discretized version of the second derivative. On the other
hand one starts from the common assumption that the usual dimension-
less momentum operator i9/0x is Hermitian, so that the discrete derivative
A behaves as AT = —V under Hermitian conjugation. Accordingly, the
second order discrete derivative operator VA displayed above is itself Her-
mitian.

We have to remark that the Leibniz-rule for the differentiation of a
product is modified as follows

V (f(z)g(z)) = f(2)Vg(z) + g(z — 1)V [(z) (1.6)

and

A(f(x)g(x)) = f(x)Ag(x) + g(x + 1)Af(x) (1.7)
respectively, whereas

. ol (-1
A f(x)zsz(x+n—k) (1.8)

k=0

and
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n S n! (_1)k
\% f(%“):me(x—k) : (1.9)
k! !

Such formulae are quite useful for concrete computations. In this context
hypergeometric type second-order difference equations like

o(x)VAP,(z) + 7(2) AP, (x) + A\ Pn(x) =0 (1.10)

where o(z) (7(x)) is an at most second-degree (first degree) polynomial,
have been studied in some more detail by Nikiforov, Suslov and Uvarov
(1991).

It is understood that (1.10) can be rewritten equivalently as a second-
order discrete equation:

(o(x) +7(x)) Pp(x+ 1)+ o(x)Py(x — 1)+ (A — 7(x) — 20(x)) P(x) =0

(1.11)

which produces hypergeometric type solutions like Hahn, Chebyshev,

Meixner, Krawtchouk or Charlier polynomials for selected forms of o(x)

- and 7(z) -functions (Nikiforov, Suslov and Uvarov (1991)). Main formu-

lae concerning such polynomials are presented in section 1.7 as well as in
Appendix A.

1.2 The Jackson derivative

Proceeding in a different manner, Jackson (1909) proposed long ago the
generalized g-derivative

o f(e) = o) - LD L) (1.12)

working irrespective of x, which reproduces the usual one if ¢ — 1. Now
the Leibniz-rule is modified as

O (f(2)g(x)) = f(2)0W g(x) + 9(q2)0 f () (1.13)

which looks like (1.6). In particular the g-derivative of a power-like function
z" is given by
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oW g = [[nl], " (1.14)
where
(], = qqn__ll (1.15)

denotes the related quantum number. It is clear that [[n]], — n as ¢ — 1.
Relatedly, one says that under g-deformation the c-number n is replaced
by the quantum-number [[n]],. We have to be aware that (1.12) opens
the way to the formulation of g-analysis. Accordingly special functions are
substituted by ¢ ones, and the same concerns, of course the hypergeomet-
ric series (Gasper and Rahman (1990)).One realizes that the g-derivative
written down above is not unique. Indeed, we can also introduce the sym-
metrized derivative (see e.g. Kulish and Damaskinsky (1990))

flqz) — f (¢ ')

Dg(cq) ) = 1.16
f@) === (1.16)
which yields

DDy = [n], "t (1.17)
instead of (1.14), where now

qn _ q—n

n) =——— . 1.18

[ ]q q _ qfl ( )
However, one has

[n], = ¢" " [[n]] 2 (1.19)

which shows that such quantum numbers are actually inter-related. More-
over, we have to remark that

Af (2) = 2(q—1)8Pp () (1.20)

where z = ¢® and f () = ¢ (z). This relationship is able to serve to the
conversion of discrete equations into a g-difference ones and conversely.

Needless to say that g-analysis is far from being trivial. So, the ¢-
binomial theorem reads (see Bailey (1935))
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f: (@9)n 5 _ (0730) o (1.21)
n=0

(¢:9),, (T39)

in which “a” denotes a constant parameter. Accordingly, a ¢g-analog of the
gamma function is given by

(@D 1y 1w
1“q(x)—7(qr;q)oo (1—4q) (1.22)

which has also been expressed before in terms of the g-integral proposed
by Jackson (1910). For the convergence sakes one should consider that
0 < ¢ <1 both in (1.21) and (1.22). In the above formulae (a;g),, denotes
the g-shifted factorial

(a;q), =(1—a)(1—aq)-- (1 —ag"™") (1.23)

where (a;q), =1 so that

oo

(@:q)0 = [[ 1 —aq™) . (1.24)

n=0

We have to remark that the present ¢-Gamma function satisfies the
typical functional equation

L, (@ + 1) = [,y (@) (1.25)

which confirms in turn the relevance of its definition via (1.22). The infinite
products quoted above yield a shifted factorial as follows

(mmnz(w”“> (1.26)

aq™; q) o

which is now valid for arbitrary complex n-values.

Before proceeding further we would like to say that the Jackson deriva-
tive has also been rediscovered recently in terms of the radial reduction
of the covariant derivative characterizing the quantum-group SO, (N), as
illustrated by ¢-deformed radial Schrédinger equations established before
(Carow-Watamura and S. Watamura (1997), Papp (1997)).
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1.3 The g-integral

In order to perform scalar products and suitable normalizations we have to
apply the Jackson g-integral (Gasper and Rahman (1990), Jackson (1910)).
So one has

[t@de=at-03 1 (a) & (127)
3 k=0
if 0 <g< 1, but
a foe) 1
[1@ae=at-03 s (%) (1.25)
4 k=0
if ¢ > 1. Inserting e.g. f (z) = 2" yields
< " anJrl

in both cases. One sees that (1.14) and (1.29) express inverse operations,
as one might expect. Furthermore, there is

['S) oo
[r@de=0-a 3 1@ (1.30)
0 k=—oc0
if 0 < ¢ < 1, which can be generalized on the whole real axis as
+0o0 oo
[r@de=-0 3 FE)+r-Md - @
N k=—o0

Of course, one realizes that convergence conditions 0 < ¢ < 1 and ¢ > 1
mentioned above can be generalized as |¢| < 1 and |g| > 1, respectively.
The symmetrized versions of (1.27) and (1.28) are given by

/af (2) Dyz = (é - q) iaq%“f (ag®*h) (1.32)
0 k=0
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and

i N\ a a
[rome= (=) S (@) 0w
A k=0

if |[¢| < 1 and |g| > 1, respectively. So, one obtains

a

/ D an+1 ( )
Z2"Dyz = 1.34
T n+1,

0

which is valid again in both cases. This reproduces, of course,(1.29) up to
the selection of the appropriate quantum number. Integrations by parts
can also be easily done. Using (1.13) one finds e.g.

/ fdag =  (2) g (2)]C — / 9 (qz) dyf (1.35)
0 0

which works both for |¢| < 1 and |¢| > 1. One remarks that the discrete
counterpart of (1.35) reads

b—1 b—1
Y f@)Ag (@)= f(2)g(@)ly— D glz+1)Af () (1.36)

r=a

where x stands again for the discrete variable and which proceeds in accord
with (1.7). A similar equation can be derived for the left difference operator

V.

1.4 Generalized g-hypergeometric functions

Many solutions of discrete equations are expressed in terms of the gener-
alized hypergeometric function (Gasper and Rahman (1990), Gradshteyn
and Ryzhik (1965))

O[l,O[Q,...,Oépl
i Fps z = (1.37)
ﬂl ) ﬁ? PRI ﬂPQ

= (al)k---(am)k,z_
zz: (B1)g, -+~ (B )y, K

k=0
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where p; and py are indices and where o; and (3; are parameters. The
classical shifted factorial is given by

T'(a+k)

as usual, where (a), = 1. Recall that the usual Gaussian hypergeometric
function is

o, p
F(a,ﬁ,’y;z) =2 Fl z (139)
Y
whereas the confluent one is given by
@
F(a,v;2) =1 F1 z . (1.40)
Y

Resorting for convenience, to the quantum number (1.15), we shall per-
form the g-generalization of (1.37) in terms of the substitutions

k—1

(a), — (¢, 9) _ [T lla+m, (1.41)

(1 - Q)k 1=0

and

k
=TT, - 1.42
0_oF 11;[1[[ Il (1.42)

This leads to the g-generalization

K — [[K]],! =

Qg , Q2 , ..., Op

(@

P1+ p2

(1.43)

SN
Il

ﬁlaﬂ?a"' ﬂpz

k

O41

(qapl ) Q)k E

oo
Z: qﬁ1 D (¢%2,9), (a,9);

which reproduces (1.37) as ¢ — 1, where

F=(1—g T, (1.44)
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In order to identify the generalized ¢g-hypergeometric function it is con-
venient to rewrite (1.43) as follows

o1, 02, ..., Qp
p FSD % | = (1.45)
ﬁl ’ 62 y e ﬂpz

o0
= § o/
k=0

where v is an additional factor. One would then obtain the recurrence

relation

(1 _ q)P2*P1+1 (1 _ qa1+1€) c. (]_ — qapl +/€)
(1 —gh+1) (1 — ghrtk)... (1 _ qﬂp2+k)

Ck+1 =7 Ck (146)
which can also be used in order to check the appearance of polynomial
solutions for which C,4; = 0. The g-exponential function is also of a
special interest, but it will be discussed in section 3.6 in a close connection
with the g-deformation of the time evolution.

1.5 The discrete space-time: a short retrospect

The basic idea about a discrete space and/or time is as old as the very
beginning of the scientific thinking. The old Greeks speculated about the
generalization of the atomistic structure of matter to space-time, as illus-
trated in an excellent volume by Vialtzew (1965). Such steps deserve an
actual appreciation even from the perspective of contemporary physics.
With the advent of quantum mechanics, the question of whether subdi-
visions of space and time intervals can be indefinitely performed or not,
has focussed increasing interest. The latter alternative, which leads to the
introduction of space-time quanta proceeding in a close connection with
ultimate accuracies of space-time measurements, is looks almost promis-
ing. Pioneering work along this direction has been done by many authors,
but here we would like just to remember specifically contributions done
by Poincaré (1913), Planck (1913), Ambarzumian and Iwanenko (1930),
March (1937), Heisenberg (1938a,1938b), Wheeler (1957), Brill and Gowdy
(1970) and Finkelstein (1997). In “Physics and Reality” Einstein said:
“To be sure, it has been pointed out that the introduction of a spacetime
continuum may be considered as contrary to nature in view of the molecular
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structure of everything which happens on a small scale. It is maintained that
perhaps the success of the Heisenberg method points to a purely algebraical
method of description of nature, that is to the elimination of continuum
functions from physics. Then, however, we must also give up, by principle,
the spacetime continuum” (see also Atakishiyev and Suslov (1990)).
Further developments rely on a celebrated paper by Snyder (1947) deal-
ing with the introduction of a Lorentz invariant space-time. We then have to
consider a discrete space-time in which there exists a smallest unit of length,
say a # 0. The basic expectation is that accounting for a such length leads
to the elimination of divergence difficulties plaguing quantum field theory.
Introducing a such length in space-time yields, however, non-commutative
relationships between x,y, z and ¢, so that space-time coordinates have to
be considered by now as observables. More exactly, they are identified
with the generators of the group of transformations leaving invariant the
five-dimensional de Sitter quadratic form (see also Yang (1947))

RE=—nd+ni+n+n+n; (1.47)

in which the n’s are assumed to be real variables. One would then obtain
Hermitian space-time generators as follows

1o} 0
X =1 —_ — 1 — 1.48
1 =1ia <n4 o ™ 3774) (1.48)

1o} 0
Xo =ia — — Ny— 1.49
2 <774 o 3774) (1.49)

1o} 0
X3 =1a — — 13— 1.50
3 <774 o 3774) (1.50)

and
~ ia 1o} 0
To=— (m——no—] . 1.51
0 c (774 o o 8774> (1.51)
In addition, there are three operators like
L = —ifizram -2 (1.52)
k= ks s .

where k, [, s = 1,2, 3 and where the usual summation convention is assumed.
These latter operators correspond to the . Further three operators like
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_ 0 0

_ 0 0
and

_ 0 0

bearing on the Lorentz-boosts, have also to be considered. Accordingly,
one finds the commutation relations

2

(X, Xi] = i%gklsLs (1.56)
and
~ a2
[TO,X;C} =i M, (1.57)

which are responsible for the discrete space-time and which reproduce the
space-time continuum as soon as a — 0. It is understood that Lj and My
commutes with the Minkowski quadratic form

82 = T2 — X2 — X2 - X2 (1.58)

provided (1.48)-(1.51) are valid. This means that the discrete space-time
defined in this manner is itself Lorentz-invariant.
The eigenvalues, say z},, characterizing the discrete space are given by

Ty = nga (1.59)

where ny € Z, which reveals the space discreteness in an explicit manner.
The fo operator has, however, a continuous spectrum, which shows, so far,
that the discreteness of space does not imply necessarily a discrete time.
In this context a continuous time can be preserved, however, for reasons
of mathematical simplicity. Either case, (1.59) shows that there are actual
interplays between relativity and space-discreteness. Several ideas and ap-
proaches to the discrete space have also been sketched in an unpublished
paper by Heisenberg in 1930 (see also Carazza and Kragh (1995)). In this
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context the fundamental length has also been conceived as the absolute
minimum of the position uncertainty of a particle.

Other manifestations of the fundamental length have been done by defin-
ing covariant space-time and four-momentum operators as (Hellund and
Tanaka (1954))

X, =7, — GQ%@ agy (1.60)
and
Py =Py — ih-2 (1.61)
0z,
respectively, where ,, and p, are c-numbers like z, = (z,y, z,ict) and

Py = (Pa, Py, Pz, iE/c). For convenience, the same quotations for space-
time operators have been preserved. This yields the commutation relations

CL2

(X, P =ih <5W + = P#Pu> (1.62)
in which case Heisenberg’s uncertainty principle is generalized as follows

2
AX,AP, > § (1 + %Pj) (1.63)

for p = v (no summation). Moreover, there is

a?

AX AT, > — (1.64)
which shows that elementary space-time volumes have also to be considered.
Other evolutions could also be mentioned (see Kadyshevsky (1961)),
but the main point is that accounting for (1.59) leads to the introduction
of discrete-equations serving as starting points for an improved theoretical
descriptions in several respects. Interestingly enough, similar results are
provided by g-deformed oscillators for which ¢ is a root of unity, as shown
by Bonatsos et al (1994). Then position and momentum operators have
discrete eigenvalues, which are the roots of certain ¢-deformed Hermite
polynomials. This leads, in general, to a non-equidistant phase-space lat-
tice. An exception is the parafermionic oscillator, for which an equidistant
space-phase lattice can be readily derived.
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In other words, there are theoretical supports to the existence of a dis-
crete space in which the fundamental length plays a role which is similar,
in a way or another, to the lattice spacing in solid state physics. Accord-
ingly, discrete derivatives written down in section 1.1 are well motivated
from a quantum mechanical point of view. From the mathematical per-
spective, similar developments can be traced back to the introduction of
g-hypergeometric functions and Jackson-derivatives (see e.g. chapter 1 in
Gasper and Rahman (1990)).

1.6 Quick inspection of g-deformed Schrédinger equations

The g-deformed Schrédinger-equation on the non-commutative quantum
Euclidian space has been analyzed for the harmonic oscillator (see e.g.
Carow-Watamura and Watamura (1994)), for the Coulomb potential (Song
and Liao (1992)), Feigenbaum and Freund (1996), Micu (1999)), as well
as for the free particle (Hebecker and Weich (1992), Ocampo (1996),
Papp (1997)). For this purpose one resorts to the g-deformed Lapla-
cian, which has been derived in terms of the SO, (N)-covariant calcu-
lus (Carow-Watamura and S. Watamura (1994)). Just mention that the
non-commutative N-dimensional quantum Euclidian space is character-
ized by typical coordinate dependent realizations of [z}, x| commutators
in terms of bilinear or quadratic monomials such as given e.g. by the
S04(3) relationships [z1,22] = (¢ — 1)z2z1, [22,23] = (¢ — 1)xzxe and
[z1, 23] = (1 — ¢)23/,/q. In addition, there are well defined g-difference re-
alizations of annihilation and creation operators, such as done in the study
of a different version of the g-deformed harmonic oscillator (Atakishiyev
and Suslov (1990), Li and Sheng (1992)). An interesting ¢-deformation
of the Schrodinger-equation has been established by resorting to a ¢-
deformation of the Witt algebra (Twarock (1999)), in which case the non-
linear Schrédinger-equation derived by Doebner and Goldin (1992) gets re-
produced as ¢ — 1. Other issues, such as ¢g-deformations of the phase-space
(Zumino (1991), Ubriaco (1993), Kehagias and Zoupanos (1994), Celegh-
ini et al (1995), Wess (1997)), can also be mentioned. We have to rec-
ognize, however, that a sound confirmation of the physical relevance of
g-deformations referred to above is still lacking. Nevertheless, there are
parameter dependent difference equations in which the g-parameter is im-
plemented from the very beginning in terms of an appropriate physical
description, such as the g-symmetrized Harper-equation (see chapter 9).
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1.7 Orthogonal polynomials of hypergeometric type on the
discrete space

Classical orthogonal polynomials of a discrete variable are of much inter-
est for several applications. A systematic study of such polynomials has
already be done by Nikiforov, Suslov and Uvarov (1991). These polyno-
mials are specified by the o(z)- and 7(z)-functions in (1.10). In the case
of hypergeometric type polynomials we have to choose o(x) and 7(z) as
polynomials of at most second and of first degrees in x, respectively. So
one has e.g.

o(z) =z, 7(z) = ply — x) — =, x € ]0,D] (1.65)
for Krawtchouk polynomials, whereas

o(x) =z, T(x) = ply + x) — =z, x € [0, 00) (1.66)
for Meixner-ones. In the first (second) case one has vy = No = b—1, u = p/q

withp+¢=1(0 < u < 1andy > 0). Equation (1.10) can also be converted
into the self-adjoint form

A (o(2)pl(x)Vy(2)) + Ap(a)y(x) = 0 (L67)

where A denotes the eigenvalue and where the weight function p(z) is im-
plemented via

Alo(z)p(x)) = T(z)p(z) . (1.68)
In addition, (1.67) can be generalized as
A (o (2)pm (2)Vom (2)) + tm pm (2)om (z) = 0 (1.69)
where
Um(x) = A™y(x) (1.70)
and where m is a positive integer. Accordingly, (1.68) becomes

Ao (z)pm(x)) = Tm () pm () (1.71)
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where
Tm(x) = 7(x +m) + oz +m) — o(x)

The generalized weight function reads
pm(x) =0o(x + 1)pm_1(x) = p(z +m) HO’ x+1)
1=1

for which the eigenvalue becomes
Hm = Um—1 + ATm—l(x)

Furthermore, one finds the concrete realizations

T (@) = 7(2) + m(o1(2) + 71(x)) + 0N ()

and

m = A+ m7/(x) + %(m — Don(zx)

Other details are presented for interested readers in Appendix A.
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Chapter 2

Periodic Quasiperiodic and
Confinement Potentials

Schrédinger equations with periodic potentials concern both continuous and
discrete spaces, but the latter choice seems to be almost suitable from a
general theoretical point of view. Indeed periodic lattice structures, such
as the ones from solid state physics, give rise to actual periodic potentials,
which produce in turn typical manifestations, such as the appearance of
energy bands. The main ingredient is the Bloch-theorem (see also Ashcroft
and Mermin (1976)) working in conjunction with the selection of the first
Brillouin zone. Even if they are not an absolute novelty, such issues are well
suited for a safe explanation of energy-bands, of persistent currents or of
dynamic localization effects concerning low dimensional systems on discrete
spaces. Preliminaries referring to confinement potentials for quantum dots
and rings, as well as to persistent currents, are also addressed.

2.1 Short derivation of the Bloch-theorem

Let us consider the one-dimensional Schrédinger equation

2 2
M (a) = 5 +V (@) 0 () = B (2) (2.1)
in which there is
V(r+a)=V(x) (2.2)

irrespective of z. One then says that the potential is periodic, the period
being denoted by a. The crystalline structure can be accounted for by
inserting the effective mass m* instead of mg. Here the coordinate is con-
tinuous, but dealing with the discrete space one inserts x = na, where n

17
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is an integer while a stands for the lattice spacing. Looking for a square
integrable wavefunction for which

P (z) € {La(—00,+00), dx} (2.3)

one sees immediately that the same holds for ¥ (z + a). Accordingly the
translated wavefunction

¥ (x+a) =To(a)p (x) = exp (if (a)) ¥ (x) (2.4)

is the by-product of an unitary transformation, in which case f (a) is a pure
phase. For definiteness, this phase may be located on the unit circle such
that f (a) € [—m, 7). The translation operator is given by

To(a) = exp(ad/0zx) = exp(iapop) (2.5)
where pop = —i0/90z (h = 1). Of course, one has the commutation relation
[H,To(a)] =0 (2.6)

which proceeds in accord with (2.2).
Repeating the translation n-times one finds

¥ (z +na) = exp (i nf (a)) ¢ (x) (2.7)

but one should also have

¥ (x +na) = exp (i f(na)) (z) (2.8)

as the latter translation proceeds in terms of the rescaled period a/ = na.
Furthermore, there is f(na) = nf(a), so that nothing prevents us from
doing the identification

fla)=kae€[-mmn] . (2.9)

It is clear that the wavenumber k quoted above has been invoked on
dimensionality grounds. So, the normalized eigenfunction of (2.1) exhibits
itself a certain kind of twisted periodic behavior like

Y (x+a) =Yg (x4 a) = exp (tka) i (x) . (2.10)
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This reproduces the 1D Bloch-theorem (see Ashcroft and Mermin (1976),
Fliigge (1971)) and corresponds, as it stands, to a forward translation. We
have to remark that a modulated plane wave:

Yy () = exp (ikx) uy (x) (2.11)
obeys (2.2) if
ug (¢ + a) = ug (x) (2.12)

which shows that the modulation should be periodic, too. As a corollary,
the energy becomes itself both k-dependent and periodic:

E=Ek)=E <k + 2%) (2.13)

where 27 /a has the meaning of a period characterizing the very existence
of energy bands (see (2.24)).

2.2 The derivation of energy-band structures

In order to illustrate the appearance of energy bands, let us consider the
periodic potential produced by an infinite sequence of identical barriers like
(see also Davison and Steslicka (1992))

Uo, € [nay+ (n—1)b1, n(ar + b))
V(z) = (2.14)
0, z¢[nai+(n—1)b, n(ar+b1)]

where n = 0,4+1,£2,... . One sees that
Ve+a +b) =V (2) (2.15)

so that now a = a1 + by plays the role of the lattice spacing. The depth of
the potential barrier is b1, the length of the zero-potential cell is a1, whereas
Up > 0 is a constant amplitude.

Next, let us choose three adjacent zones, say Dy, Ds, and D3, for which
x € [=b1,0], z € [0,a1] and x € [a1, a1 + by, respectively. Assuming at the
beginning that E > Uy, one finds the solutions
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Y (x) =1 (x) = Ay exp (ik1z) + By exp (—ikix)
and
Y (x) =19 () = Ag exp (ikax) + Bg exp (—ikax)

in D; and D5, where

and

respectively. On the other hand, one has
Y (x) = 3 (x) = exp (ikz) ug ()
for x € D3, in which

uk (z) = ug (x — a) = exp (—ik (x — a)) 1 (z — a)

Putting together (2.16) and (2.20), one finds immediately that

Y3 (z) = exp (ika) [A1 exp (iky (x — a)) + By exp (—ik; (z — a))]

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

for z € D3. Next, we have to apply continuity conditions concerning the
wavefunction and its first derivative at x = 0 and x = ay. This results in
four homogeneous matching equations for the amplitudes Ay, By, A2 and

BQZ
1 1 -1 -1
exp(i(0—01)) exp(i(0+61)) —exp(ith) —exp(—ifa)
k1 —k1 —ko ko

kiexp (i (0 —61)) —kiexp (i (0 +61)) —kaexp (ib2) ko exp (—ib2)

(2.23)
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Ay
By
Ao
By

where 61 = k1b1, 02 = koay and 8 = ka. Denoting by M the matrix just
displayed above, one finds the eigenvalue-condition

P (E;01,02) = cosf (2.24)
via det (M) = 0, where

k? + k32
2k1 ko

P (F;01,05) = cos b cosly — sin 0 sin 6, (2.25)
and where the r.h.s. of (2.24) agrees with (2.13). The interesting point
concerning (2.24) is the remarkable separation of the #-dependent term,
i.e. of cosf, on the r.h.s. of the equation. It is obvious that k; should be
replaced by iK1, if 0 < E < Uy, where

2m
Then (2.25) becomes
o ~ k3 -K} ~  ~
P (E; 161, 92) = cosh 6 cos 0y — ;Tm; sinh 64 sin 099 (2.27)

where 51 = Kjb;. Invoking (2.8), one finds that unions over admissible
energies are done by the inequalities

—1< P(E;601,02) <1 (2.28)
and
1<p (E;i§1,92) <1 (2.29)

respectively. In other words, we are ready to derive energy band structures
for which the band edges are produced by the equality signs in (2.28) and
(2.29). Conversely, one finds energy gaps in the complementary regions, i.e.

at energies for which | P (E;601,62)| > 1 and ‘P(E; i1, 92)‘ > 1, respectively.
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Using for instance dimensionless variables like v = V2b, Jley, 72 =
\/ﬁal/lc, W = E/mc2 and ug = Uo/mc2 one sees that the energy-function
exhibits the form

P (E;6,,02) = cos (’yl \/M) cos (’yg\/W) - (2.30)
—QVV—_UO sin (fyl \/M) sin (’yg\/W)

(W_UQ)W

where [. = h/mc denotes the Compton wavelength. In particular, the W-
dependence of P (FE;601,02) is displayed in figure 2.1, for 3 = 2, v = 3,
up = 1 and 0 < W < 10. We have to remark that (2.28) and (2.29) yield
four bands expressed approximately by the union

W e [0.24, 0.57] U[1.08, 1.82] U [3.65, 4.86] U [7.23, 10] (2.31)

in which the individual bandwidths increase with W.

2
1
PO
T \/
20 2 i B g 10

Fig. 2.1 The W-dependence of P (E;51,§2> for y1 =1, 2 =3 and ug = 1.

2.3 Direct and reciprocal lattices

In solid state physics one gets faced with configuration space vectors like:
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]—én = nlﬂ’l + nQE)Q + TL3E)3 (2.32)

referred to as Bravais-lattice vectors, where n; €
Z (j=1,2,3) and where the E’j’s are responsible for the primitive unit
cell. Finite translations in the real space are then described by

T, (J_?,’n) — exp (m’op : Tin) (2.33)
where p'op = —iV. This yields
T, (J_i%’n) V= (T) = ¢ (7 n E’n) — exp (z? : Tin) Vo (F)  (234)

where ? = ? B is the Brillouin wavevector which incorporates the three-
dimensional version of Bloch’s theorem (see e.g. Ashcroft and Mermin
(1976)).

The reciprocal lattice is characterized by the primitive vectors

E)k X 7[
1

where V{*) = @, - (@3 x @3) is the volume of the unit cell. A general
reciprocal lattice vector is then given by

N
Km=m1g1+maga+msys (2.36)
where m;’ s are again integers. One sees that E’j -G = dj1, so that

- = ,

R, K, =2mn (2.37)
where

n' =nimy +nome +nsms €Z . (2.38)

Defining the wavefunction in the complementary wavevector represen-
tation by the discrete Fourier-transform

or (?) =S v (Ea)ew (—i_} R.) (2.39)
Bn
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one has
Ur (? + ?B) _ (ﬁ) (2.40)
where
(W)= v (Ba)ew (=i (F+Fs) -Fn) (2.41)

The sum in (2.39) and (2.41) is over all n;’s. This shows the occurrence
of a periodic behavior like

o (ﬁ + ?m) =9 (ﬁ) (2.42)
in which case
or(FW+Fp+Ep) =dr (K +75) . (2.43)

On the other hand, (2.41) can be inverted as

¥ (Z) exp (—i?g . 7) = Zi (}m) exp (z’Km . ?) (2.44)
78S

so that
(7 +Fa) =exp (ks o) 0(7) (2.45)

which concerns the three-dimensional form of Bloch’s theorem (see Ashcroft
and Mermin (1976)).
—
Inserting k g = 0, one sees that (2.43) exhibits the limiting form

Dr (ﬁ) — dp (ﬁ + ?m) (2.46)

which has been invoked in the study of the 1D harmonic oscillator on the
lattice by Chabaud et al (1986) as

vr (k) =1r (k’ + %ﬂ) . (2.47)

Related details are presented in section 4.1. The Bloch-theorem in N
space dimensions is also expressed usually as
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Y (T + @) = exp (z? : E’) v () (2.48)

N
Ta=>6 (2.49)

and where 0; = k;a; € [—m,n]. Other details concerning the Bloch-theorem
may be found in textbooks (Ashcroft and Mermin (1976), Fliigge (1971)).

2.4 Quasiperiodic potentials

Let us now assume that the potential can be expanded in a multiple Fourier
series as

Vi(z)= Z Uy ,...,m; €XD (2771' kawkx> (2.50)

where the my’s are integers. If the frequency wy can be expressed by a
quotient of two prime integers P and Qp:

Wy = % (2.51)

then V (x) exhibits j periods for which
Vi(z+Qk) =V () (2.52)
where k = 1,2, ..., 5. However, it may happen that the wy’s are incommen-

surate. This means that for any set of rational numbers {ry} the equation
(Besicovitch (1932), Romerio (1971)) the equation

J
Zrkwk =0 (2.53)
k=1

is able to be fulfilled for all k-values, if r, = 0 only. This is e.g. the case if
at least one of the frequencies is expressed by an irrational number. Then,
one says that the potential is quasiperiodic, in which case the spectrum
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becomes an infinite Cantor-set (Ostlund and Pandit (1984), Simon (1982)).
However, there are certain circumstances under which generalized versions
of the Bloch-theorem may be applied as shown by Ostlund et al (1983a).
Moreover, the periodic behavior is restored as soon as one resorts to rational
approximations of irrationals. So far irrationals have also been approached
via P, — oo, and @ — oo, but for this purpose continued fractions can
also be considered (Azbel (1979), Aubry and Andre (1980), Sokoloff (1981),
Thouless (1983a), Wilkinson and Austin (1994)). Nevertheless, a problem
remains, namely the question of whether an irrational number can be dis-
criminated in practice from a rational approximation, or not. Indeed, in
order to reproduce in practice irrational frequencies an infinite experimental
resolution would be necessary, but this latter point looks rather question-
able. On the other hand there are fractal-like experimental realizations
which can be viewed as competition effects between rational and irrational
frequencies, in which case successive resolutions with increasing accuracy
are in order.

It is also clear that potentials on a discrete space for which the period is
incommensurate with the spacing of the underlying lattice are able to pro-
duce nontrivial manifestations. Choosing the dimensionless lattice spacing
to be unity, we then have to consider potentials for which

Viz+ Qi) =V (x) (2.54)

where now @); is irrational. In particular, we can then consider the cosine
potential

V (x) = Vi cos (27r%x + 5) (2.55)

2

or so called Maryland-model (see also section 4.5)

V (z) = Vp tan (ﬂ%x + 5) . (2.56)

(2

Furthermore, let us assume that V (z) provides the diagonal potential
of an 1D tight binding model with nearest-neighbor (NN) hopping (see also
chapters 6 and 7). Using (2.56) it has been found (interestingly enough),
that the spectrum is discrete for irrational @); values, such that all the states
are normalizable (see Grempel et al (1982)). Accordingly, one deals with
localized states, which is reminiscent to the well-known influence of random
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potentials (Anderson (1958)). This shows that quasiperiodic potentials
are able to produce effects which are similar to the ones characterizing
disordered systems, i.e. systems governed by diagonal random potentials
specified above. In contradistinction, one obtains ()1 bands as Q; — Q1
approaches an integer, in which case the wavefunctions become increasingly
extended. It is also been found that in the case of dissipative systems the
transition from quasiperiodicity to chaos occurs both in a continuous and
universal manner (Ostlund et al (1983b)).

In the sequel we shall confine, however, our attention on rational values
of the commensurability parameter, with the understanding that irrationals
are able to be handled as special limiting cases.

2.5 A shorthand presentation of the elliptic Lameé-equation

Further mathematical details concerning periodic Schriédinger equations
(Simon (1985), Dyakin and Petrukhnovskii (1986)) are worthy of being
mentioned. So there is an increasing interest in the application of non-
unitary SU(1, 1)- and SU(2)-representations to the band-energy description
of Scarf- and Lame-Hamiltonians, respectively (Li and Kusnezov (2000a)).
In this context, we would like to say that the usual elliptic Lame-equation

>y 2

proay L(I+1)sn’zy (z) = Ey () (2.57)
provides interesting applications in physics ranging from solitons to exactly
solvable models (Li et al (2000b), Finkel et al (2000)). Here snz = sn (z|k)
is the Jacobi elliptic sine function with modulus 0 < xk < 1, whereas [ is
a real parameter playing the role of the quantum number of the angular
momentum. Along the real axis sn?z is periodic with period 2K, where

11
K="2F <—, = 1;/-;2) (2.58)

denotes the complete elliptic integral. This equation can be converted into
other systems, like Péschl-Teller (Li and Kusnezov (2000a)) and Calogero-
Moser (Enolskii and Eilbeck (1995)) systems, by resorting to suitable coor-
dinate transformations and x-selections. In this context, several classes of
inter-related elliptic potentials and corresponding orthogonal polynomials
have been discussed recently by Ganguly (2002). In addition, there are
Scarf- and Mathieu-equation limits (Li et al (2000Db)).
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2.6 Quantum dot potentials

Nanoscaled systems such as quantum dots, nanorings,nanorings the 2D elec-
tron gas or the nanoconductors are multiparticle structures characterized by
a reasonable small number of particles. Besides the single particle dynam-
ics we then have to account for additional effects such as electron-electron
interactions and the scattering of impurities. In addition, spin-orbit inter-
actions can also be included. One recognizes that a complete description
incorporating all these effects is computationally quite involved if not im-
possible. However, interactions referred to above may be less important in
self assembled GaAs/GaAlAs-heterojunctions (Bastard (1992)), when the
electrons occupy the lowest Landau-band only (Chakraborty et al (1994)).
Under such conditions single particle electronic spectra are able to pro-
vide quite successfully useful information concerning thermodynamic and
transport properties.

In this context there are reasons to say that the oscillator system is a
useful tool to describe 2D- and 3D quantum dots (Simonin et al (2004)).
The same concerns electrodynamic traps for the confinement of charged
particles (Wuerker et al (1959), Wineland et al (1987)). The internal crys-
talline structure of quantum dots can be accounted for by resorting to the
effective mass m™, but descriptions on the discrete space remain desirable.
To this aim discrete versions of the harmonic oscillator are presented in sec-
tions 4.1 and 5.6. A conceivable candidate for further developments, namely
the g-deformed oscillator (Biedenharn (1989), Bonatsos et al (1994)), could
also be proposed.

Of a special interest is the Fock-Darwin system, i.e. the single particle
2D parabolic quantum dot potential kr2/2 supplemented by influence of
a magnetic field B perpendicular to the plane of the dot. There is 73 =
2?2 + 92, k = mowi/2 and ¢o = —e < 0, whereas the vector potential is
selected in the symmetric gauge. This yields the Schrodinger-equation

1 0 e 2 1 0 e 2
— | —ith———B — | —ith—+ —B 2.59
l2m0<18x 2c a:) +2m0<18y+2c y)+ (2.59)
1
+§k7~3}\p(7):E\p(?) ,
which can be rewritten equivalently as
2

HrpV (T) = (—%AQ + %w%g + %wBLZ> U (7)=EV(7) (2.60)
0
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by resorting to the third component of the angular momentum operator.
There is

) 1 2 1/2 o\ 1/2
w= (wo + ZWB) =wp (1+b%) (2.61)
where
B
wp = 2 = 2wy (2.62)
mocC

denotes the cyclotron frequency, while b is a transformation parameter.
Using planar polar coordinates then gives the radial equation

h? (d2 1 d

—+— | F 2.
dr3 1o dro) (ro) + (2.63)

B 2m0

m?2 mo h
2.2
+ <2m:7"8 + 5 W F (ro) = (E - §m“’w3) F (rg)
where m, = 0,£1,+2,... is the magnetic quantum number. So all that
needs is the exact solution of the two dimensional isotropic oscillator (see
e.g. Kostelecky et al (1996)). Accordingly, the normalized wavefunction is
given by

2n,! 1/2 exp (imwap)F
)!

P T Fu(roslmel) (2:64)

Wy, (ro, 3 me) = (lw(

where

1 /0> ro\ ™! m 3
rem=ee (3 (2)) (2) e (3) e

One has n = n, and

I, = (i> v (2.66)

mow

where n,. = 0,1, 2, ... denotes the radial quantum number, whereas L;o‘) (z)
stands for the Laguerre-polynomial. The corresponding energy reads
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E = E, (my) = hwo [\/1+b2(|m¢| +2n, + 1)+bm4 (2.67)

which proceeds in accord with (2.61) and (2.63). The dimensionless radial
coordinate, say

r=— (2.68)

can also be used, in which case (2.63) exhibits the typical form

d? d
2 2 4 _ .2
" ar2 +T_7" +2(|m¥,| +2n, +1)r° —1r*| F(r) = m@l (r) . (2.69)

So far, the wavefunction (2.64) obeys the periodic boundary condition
\I’n (7'07<P§map) = \I’n (7'0;%0"'277;7”@) (270)

but an additional Aharonov-Bohm (AB) potential like (Aharonov and
Bohm (1959))

Dy
Ap=go Ay =A=0 (2.71)

can also be inserted into (2.60). Here ® 4 stands for the thin magnetic flux
confined along the Oz-axis. We can put, for convenience, ®4 = B4Py,
where &y = he/e denotes the magnetic flux quantum, while 84 is a com-
mensurability parameter. This amounts to replace m, by

My — My + Ba (2.72)
so that (2.70) becomes
U, (ro, ¢ + 2m;ma) = exp(i2784)V,, (10, o;ma) . (2.73)

One remarks that (2.73) looks like the 1D Bloch-theorem (2.10), which
opens the way to perform the identification

ka =2mB4 . (2.74)

Now the lattice spacing a has to be viewed as a length scale which is pro-
portional to a circumference.
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On the other hand the velocity can be established as
L LdE
~ hdk

where E = E(k) is the related band energy, which is reminiscent to the

(2.75)

parabolic energy dispersion law of the free particle. The corresponding
current contribution is then given by (see also Chakraborty et al (1994))
ev dE

I:——:

in accord with (2.74), which has the meaning of an equilibrium property at
T = 0. This equation serves to the derivation of the persistent current by
identifying £ with the energies of quantum ring potentials, as we shall see
later. The contribution of scattering states to the persistent current has
also been established (Akkermans et al (1991)).

It should also be mentioned that inserting the cyclotron frequency (2.62)
into (2.66) instead of w yields the so called magnetic length

he
I =1/ B (2.77)

which serves as a typical length scale for systems threaded by a magnetic
field. Competition effects between a and lp would then be involved for
systems on lattices pierced by a magnetic flux.

2.7 Quantum ring potentials
The displaced oscillator potential (Chakraborty et al (1994))
1
Vi(ro) = 5h(ro - Ry)? (2.78)

is a useful candidate to the theoretical description of narrow nanoscopic
semiconductor self-assembled rings for which the annular geometry ef-
fects are negligible. This potential exhibits a minimum at the ring radius
ro = Ro. However, the quantum ring potential (2.78) is not exactly solv-
able, so that we have to resort to numerical or approximation methods. In
contradistinction, the centrifugal “core” potential (Tan et al (1999))

. 1 R2\?
Vi (ro) = =k (ro - T—‘)) (2.79)
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can be exactly solved. This proceeds by inserting

>, MGWE o V2
mpr = (m(p + 12 R0> (2.80)
instead of |my| in (2.64) and (2.65), with the understanding that
exp (imyp) in (2.64) is preserved as it stands. In order to reproduce data
concerning actual GaAs-rings, selected numerical values like mg = m* =
0.067m., Ry = 800nm and k = 4.44210°meVnm? have to be considered
(Tan et al (1999)). The ring energy is then given by

EY = E,(mg) + kR? (2.81)

which works in conjunction with (2.67) and (2.80), where « stands for the
quantum numbers, i.e. o = {my,n,}.

Moreover, the AB potential (2.71) piercing the ring can also be super-
imposed. The corresponding energy is then given by

E) = hwg [\/1 + b2 (Mg + 20, + 1) + b(my, + ﬁA)} + kRj (2.82)
where

~ 2 mgwg 4 12
mr = <(m¢,+6A) + h2 R0> . (283)

Azimuthal corrections to the ring potential like (Magnusdottir et al (1999))
1 2
VRr(ro,¢) = 5’% cos(2¢)rg (2.84)

have also been considered.

2.8 Persistent currents and magnetizations

It can be readily verified that the derivative of the energy (2.82) with respect
to the magnetic field is given by

0 ~(a eh wB

5 mg + 2n, + 1) (2.85)

whereas the one with respect to ® 4 reads
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0 ~@  ew

0P, B T 2memp

wB -
[mw—I—ﬁA—i—me : (2.86)

Fixing the number of electrons then gives the zero-temperature magne-
tization

My = o B (2.87)

so that the total magnetization is given by the sum over states as (Tan et
al (1999))

M=) Mlp_g=Y M0 (Er— Ea) (2.88)

where now E, = E}(%a) and where 0 (z) denotes Heaviside’s step function
(0(z) =1for x > 0 and 0 (z) = 0 for z < 0). Furthermore, we can make
the identification £ = E}({"), in which case the persistent current such as
specified by (2.76) is given by

ew

wWB
= | 98 )
2Tmp My + Ba + 2w MR (2:89)

the total current being given again by the summation over states:
1= Ialp_g=Y 1.0 (Ep — Ea) (2.90)

It is understood that the summations in (2.88) and (2.90) have to be
performed by accounting for energies less than the Fermi-energy. Note that
such currents have been observed in GaAs/GaAlAs self-assembled rings
(Mailly et al (1993)). Next one sees that

_ huw 1
My = ml2mply — gm—oi (n + 5) (2.91)

in which the first term from the r.h.s. is the magnetization produced by a
current loop, whereas the second one represents a diamagnetic contribution.
Applying the virial theorem, it can be easily verified that the expectation
value of the squared radial coordinate with respect to the eigenfunction
characterizing (2.82) is given by
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<ri>=101(mp+2n, +1) (2.92)

in accord with (2.66). So the magnetization produced by the current loop
can be rewritten as
MR

M(loop) _ < 2 > —
“Ha m i mgr + 2nr + 1

(2.93)

which approaches m < 73 > as mp — oo.
Choosing as an example free electrons on the 1D ring one obtains the
number N, of electrons as

Pr

L
0/ dz / (2.94)

where L denotes the ring circumference. The Fermi momentum pp = hkp

EII\J

is given by Ep = p%/2my, as usual. Accordingly, there is

Lk
N, = £ (2.95)
T
so that specifying the number of electrons amounts to consider a fixed value
of the Fermi momentum.
Assuming that T' # 0, we have to consider the canonical partition func-
tion

Z = Zexp( kBT> (2.96)

for which the number of electrons is fixed. Inserting E, = E](%a) into (2.96),
one realizes that Z is an even periodic function of the AB magnetic flux
® 4 (Byers et al (1961)). The underlying background is the summation over
the magnetic quantum number form —oo to oo, which proceeds both for
T =0 and T # 0. This explains the appearance of AB-oscillations in the
magnetic flux dependence of thermodynamic properties. So, the T # 0
counterpart of the 7' = 0 magnetization (2.88) is given by

M(®,T) = ; aé; (-i‘“T> (2.97)
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where ® stands for the axial magnetic flux. Similarly, the temperature
dependent persistent current reads

1 5} E.

which is still a periodic, but an odd function of the magnetic flux ®. We
have to recognize that the derivation of temperature effects characterizing
(2.95) and (2.96) is a lengthy job, but ingredients needed are presented in
Appendix A in Cheung et al (1988). The influence of the electric field has
also been considered (Barticevic et al (2002)). Thermodynamic properties
relying on the grand canonical partition function are briefly discussed in
section 8.6.

2.9 The derivation of the total persistent current for elec-
trons on the 1D ring at T =0

Let us consider as a next example free electrons on the planar 1D ring
threaded by a magnetic flux ®. The energies are given by Schrédinger
equation

n? >

—md—w¢ () = EY (p) (2.99)

working in conjunction with the AB-type periodic boundary condition

¥ (p +2m) = exp (i275) & (¢9) (2.100)

where § = ®/®¢ and ¢ € [0,27]. Proceeding in this manner gives the
energy and the eigenfunction as

E=E, = % (n+p8)° (2.101)
and
1 .
¥ =1vn(p) = oz P (i (B+n)e) (2.102)
respectively, where n = 0,+1,42,... . The corresponding persistent cur-

rent is then given by
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I, = —N%IF (n+B) (2.103)

in accord with (2.76) and (2.95), where

€
IF = EUF . (2104)

The circumference is denoted by L = 27w Ry, whereas

_ hy
e

vp (2.105)
In order to derive the total persistent current at T'= 0 we have to apply
(2.90), which means that energies less than Er have to be selected. This
proceeds in terms of the inequalities (Cheung et al (1988))
N, N,
— 2 <n+p =S (2.106)
2 2
which produce in turn limitations which are sensitive to the parity of V.
Performing summations over n then gives the total persistent current versus
periodicity intervals as

L (8, N.) = ~21p(28 — ) e (2.107)
and
1(8,N.) = —d1pp et ] (2.108)

e

if N, is even (8 € [0,1]) and odd (8 € [-1/2,1/2]), respectively. The
corresponding (J-intervals can be joined together as
1 1+ (=DM 1 14 (=1)Ne

56[—5+ T 5t 1

(2.109)

where (—1)Me = +1.
Resorting to Fourier series (see also (8.133)-(8.135)) leads to the gener-
alized current
. 21 (Ne + 1)

1,(8.N.) = = i COS(ZZI“FL) sin(2710) (2.110)
¢ =1
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which proceeds in accord with (2.94). One sees that
Ig(ﬁ"’laNe) :Ig(ﬁyNe) (2111)

so that the oscillations characterizing the flux dependence of the total per-
sistent current exhibit the unit period. Furthermore, one has the summa-
tion formula (see 1.448.1 in Gradshteyn and Ryzhik (1965))

o0 1 iy .
52— averan (2222 ) (2112)

— l 1—pcosz

where now p = (—1)V¢ = £1. Accordingly

psin(273) )
1 — pcos(2n3)

2IFr(N. +1
I,(B,N.) = % arctan <

TiVe

(2.113)

which is valid for both even and odd N.-values. Note that in order to derive
(2.108) the integral

1
/xsin (ax)dx = —g cos (ax) + = sin (ax) (2.114)

has been used.
The flux dependence of the dimensionless current

1 N,
C =Cy(B,Ne) = 1y(B, Ne) (2.115)
Ir
is displayed in figures 2.2 and 2.3 for N, = 3 and N, = 4, respectively.
One sees that there is a 7 phase-difference in the oscillations characterizing
these currents.

2.10 Circular currents

In order to establish alternatively circular currents in planar systems
threaded by axial magnetic fields we can also resort to the current den-
sity

—  the e

J

2 —_—
= (wvw—wvw*)—?mwz: (2.116)

T 2myg m
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be

.51

Fig. 2.2 The flux dependence of Cy(3, Nc) for N. = 3. The sawtooth like os-
cillations displayed above are characterized by amplitudes having the mag-
nitude order of 1.32.

h 2
= - <_€v3rg¢ + 6—2) [l
2my mocC

where Z denotes the vector potential and ¢ = |¢)|arg1. Details concern-
ing this rather special device have been presented before (Ziman (1964)).
Choosing

—
A:

B x 7o+ (2.117)

DO | =
no
3
=
oN

we can account both for the influence of a transversal and homogeneous
magnetic field B as well as for the axial AB -flux ®4. The tangential
component characterizing (2.115) is then given by

ihe < L 1 Oy 1 81#*) e?

= — A, | 2.11
2myg ro dg ro Op moc ¥ [l ( 8)

Je

where
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Tr

0.59

| S}
=

Eata

Fig. 2.3 The flux dependence of Cy(3, Nc) for N. = 4. The sawtooth like os-
cillations displayed above are characterized by amplitudes having the mag-
nitude order of 1.24.

BT‘O (I)A
A = —" 2.11
® y * 277 (2.119)
Choosing
1 .
ES W exp (1my) ¥ (10) (2.120)

which is reminiscent to (2.64), one finds the circular current as (see also

Avishai et al (1993))

~—

o0

I, = /rodrojg") (ro) (2.121)
0

where

(@) oy — _ €l 2(m+Ba  eB
g (ro) - Ve (10)] (—TO o) (2.122)



40 Low-Dimensional Nanoscale Systems on Discrete Spaces

This serves as an alternative to (2.76).
The total current at T = 0 can then be established with the help of
(2.90). Inserting

[1bo (1"0)|2 = const.d (rg — Rp) (2.123)

we have to remarks that (2.120) reproduces the persistent current character-
izing the 1D ring such as given by (2.103) if const. = w/L and 8 = 4. This
indicates that the present current can be rescaled on dimensional grounds

as
7r~

I, — I, = 1, 2.124
YA (2121)

in which case the normalization of the wavefunction is safely preserved.



Chapter 3

Time Discretization Schemes

The unitary quantum mechanical evolution operator obeys the equation

HU () = i%U(t) (3.1)

in simplified units for which # = 1, which exhibits the well known solution
U (t) = exp (—iHt) (3.2)

on the continuous time, provided that the Hamiltonian H is both Hermitian
and independent of time. Considering a discrete space, amounts to replace
‘H by a discretized counterpart, as we shall see later in chapter 4. Assuming
a discrete time one should proceed similarly, now by replacing the usual
time derivative 9/0t by a discrete derivative. We emphasize that this rule
should be preserved even if the discrete time may look less fundamental
than the the idea of a discrete space. This results in evolution equations
proceeding on the discrete time, such as discussed in some more detail before
(Caldirola (1976), Bender et al (1985), Bender and Dunne (1988), Lorente
(1989)). Proofs have also been given that path integrals can be evaluated
safely in terms of a countable discrete time (Lee (1983)). Assuming the
time discretization ¢ = ne, where € denotes a sufficiently small time scale
and invoking, for convenience, (1.2), one then finds that (3.1) is subject to
the discretization

1
(Un+1 - Un) = iH (Un+1 + Un) (3-3)

o]

where U (ne) = U,,. In addition, the U,-wavefunction has been replaced by
(Un+1 + U,) /2, so as to make the discretization a little bit more elaborated.

41
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Such equations will then be exercised in practice in the sequel. Conversely,
taking the limits € — 0 and n — oo, but keeping ¢t = ne fixed, one sees that
(3.3) reproduces the continuous limit, i.e. (3.1), to O (52)—0rder. Moreover,

(3.3) exhibits the solution
1—iem\"
U, = [ —2= (3.4)
1+ 5eH

where Uy = 1, which reproduces again the continuous limit:
U, — exp (—itH) (3.5)

as son as € — 0 and n — oo. Interesting results are also revealed by the ¢-
deformation of the time evolution, as we shall see in the next sections. Such
results are still open for further applications. Moreover, the time discretiza-
tion can also be implemented in a close connection with the derivation of
dynamic localization conditions (see (6.84)).

3.1 Discretized time evolutions of coordinate and momen-
tum observables

An interesting class of time-dependent problems is the evolution of time-
dependent observables in the Heisenberg representation. Indeed, one has

A(t)=UT(t) AU (1) (3.6)
where A = A (0), so that the evolution equation

dA()
i = A1) K (3.7)

serves as a starting point for a subsequent discretization, too. In this con-
text we shall discuss in particular the discretized time evolution of dimen-
sionless and Hermitian coordinate (Q,) and momentum (P,) observables
in terms of time-independent Hamiltonians of hyperbolic and elliptic type.
The time discretized evolution equations can be introduced as

(QnJrl - Qn) - % [QnJrl + Qn,H] (38)

1
€

and
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) 1
E(PnJrl_Pn):_

> [Pasi + Po ] (3.9)

proceeding in accord with (3.3), such that

(Qn, Pn] =i (3.10)

irrespective of n.

3.2 Time independent Hamiltonians of hyperbolic type

Let us assume that the Hamiltonian H = H (X) is an analytic function of
X, where

X =Qob + PoQo = Qunbn + PrQy (3.11)
is Hermitian an independent of time, i.e. of n. One finds
[Qn, X*] = [(X +20)" - X*| Qu (3.12)

in accord with (3.10), where & is an integer. Similarly, one has

[P, X*] = {(X — %)k — X’C} P, (3.13)
so that
[Po, M (X)] = [H (X — 2i) — H (X)] P, (3.14)
and
[Qn, H(X)] = [H (X +2i) — H(X)]Qn - (3.15)

Then (3.8) and (3.9) become

L (Qui = Qu) = 5 (X 420~ (D) Quea +Q)  (310)
and

(Pot1 = Po) = 5 (H(X = 2i) = H (X)) (Pot1 + Pn) (3.17)

M | .
N =



44 Low-Dimensional Nanoscale Systems on Discrete Spaces

respectively. One sees that (3.16) and (3.17) are two-term recurrence rela-
tions, so that

1= Le[H(X +2i) —H(X)]
Ot = T (X v 2i) H (X (3.18)

and

1— te[H (X —2i) —H(X)]
1+ fe[H (X —2i) — H(X)]

Pojy = P, (3.19)

respectively. One realizes, even at this stage of our calculations, that X is
actually independent of n. Indeed, one has

1+ Ze[H (X —2i) — H (X))
1—Le[H (X —2i) —H(X)]

Q:L_Jrl - QnJrl - Qn (320)

so that

Qn+1Pn+1 = QnPn . (321)

Concerning the product P, @, one proceeds similarly, which shows in
turn that X is independent of n. Now it is obvious that the solution to the
discretized time evolution of the coordinate is given by (see Lorente (1989))

o (Yo
The continuous limit of Q, reads
Qn — exp (—it (H (X +2i) — H (X)) Qo (3.23)
if n — 0o and £ — 0, so that
Qn — exp (itH (X)) Qo exp (—itH (X)) (3.24)

by virtue of (3.15). In the case of the momentum we have just to repeat
the same steps.
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3.3 Time independent Hamiltonians of elliptic type

In this case the Hamiltonian is an analytic function of the time-independent,
dimensionless and Hermitian expression

y=P24+Q> . (3.25)

Now it is suitable to resort to boson annihilation and creation operators,
in which case

ap = % (Qn +iPy) (3.26)
and
0 = (Qu—iPy) (3.27)
V2
Accordingly, there is
y=anal +aay (3.28)
irrespective of n. Now one has
(9" = [0+ 2)" = ¢*] (3.29)
so that
o "] = —af [w+2)F - o] (3.30)

Inserting (3.26) and (3.27) into (3.8) and (3.9) yields

i 1
5 (anﬂ — an) = 5 [anJrl + an,H] (331)
and
) 1
3 (a1 —af) = 3 [a}, ) +a}, H] (3.32)

as one might expect.
This time (3.31) produces the two-term recurrence relation (Lorente
(1989))
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1—2e[H(y+2)—H(y)
1+ te[H(y+2

Anp41 =

v
|
X
=

g ey +2) — H(y)]
T - e [H (y +2) — H(y)]

On sees again that the product a;fa, is time-independent:

+ _ .+
Ay 10n+1 = Gy, Op

Moreover, one has the intertwining relation

by virtue of (3.29), which enables us to rewrite the r.h.s.

anH (y) =H(y+2)an

locating the a,-factor to the left. This also means that

+ +
On410, 1 = Qpdy,

which confirms the n-independence of y.

3.4 The derivation of matrix elements

Let us introduce Fock states |k) for which

and

ao |k) = Vk |k —1)

ag k) =VEk+1lk+1)

as usual. Then

so that

yIk) = (2k + 1) k)

(UH|k) =H2k+1)

(3.33)

(3.34)

(3.35)

(3.36)

of (3.33) by

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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On the other hand,(3.33) yields the solution

C(1-deHy+2)-HE)]\
an_<1+z€[H(y+2)—H(y)]> 0 (3:42)

in which case

(1 deH(2k+3) -HEk+1)])
<l|a"|k>_<1+25[H(2k+3)—7{(2k+1)]> (laglk) .  (3.43)

But
(Il ag |k) = V&1 k-1 (3.44)

so that both matrix elements (I|a, |k) and (I a; |k) are completely speci-
fied. Matrix elements of @),, and P, can also be easily obtained with the
help of (3.26) and (3.27).

In the case of Hamiltonians of hyperbolic type, one needs the eigenvalues
of the Hermitian X-operator such is given by (3.11). Using (3.26) and (3.27)
gives

X =~ <a§ - agz) (3.45)

but unfortunately, the Fock states are not eigenfunctions of this operator.
We then have to introduce a differential realization like a9 — d/d¢ and
ap — ¢ (Lorente (1989)). Then the X-eigenvalues, say 2p, are produced by
the equation

ki 2 =2 3.46
—z(d—@—<)wp<o— Pl Q) (3.46)

The corresponding eigenfunction gets expressed in terms of the parabolic
cylinder function (see e.g. Gradsteyn and Ryzhik (1965)) as

U (Q) = Dip1jo (V) (3.47)

so that the zero-time matrix elements are

+oo
(0 Qalo = [w© (<+ d%) by () dC (3.48)
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and
. +Oo d
(o Py |p/>:ﬁ_/ W2 (0) (c—d—p)w Qd. . (3.49)

The matrix element of the n-dependent coordinate is then given by

1— Ze(H(2p+2i) — H(2p))
1+ e (H(2p+ 2i) — H (2p))

(ol Qnlpr) = ( ) {p| Qo lp) (3.50)

in accord with (3.22). It is obvious that a similar relation is valid for the
momentum P,.

3.5 Finite difference Liouville-von Neumann equations and
“elementary” time scales

A finite difference formulation of the Liouville-von Neumann equation for
the density operator:

L pE+T)—p(t—1)
h 2T

= [H,p ()] (3.51)

has also been discussed by Bonifacio and Caldirola (1983a), where 7 rep-
resents a characteristic time scale of the system. This corresponds to a
symmetrization of the difference quotients introduced before by virtue of
(1.1) and (1.2). A similar symmetrization has also been used in terms of the
finite difference Schrédinger-equation (Bonifacio (1983b), Janussis (1984))

P+ -y (-7

ih
! 2T

= Hy (1) (3.52)

in which 7 plays the role of an “elementary” time scale. A such time scale re-
lies on several time-quantization ideas proposed before (see e.g. Pokrowski
(1928) and Beck (1929)) and especially on the ”chronon” hypothesis” for-
warded by Caldirola (1976). Moreover, accounting for discrete time ef-
fects results in certain corrections to the relativistic mass energy formula
(Wolf (1989)). Of course the “elementary” time can also be approached via
T = a/c, where a plays the role of an “elementary” length.
Equation (3.51) can be easily solved in terms of the matrix elements
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pum (1) = (n] p(t) |m) (3.53)
where |n) and |m) are non-degenerate energy eigenfunctions:
H|n) = E, |n) (3.54)

as usual. So, (3.51) becomes

Prm (E+7T) — prm (t — T) = —2iWnmT prm (t) (3.55)
where
1
Wam =5 (Bn = En) . (3.56)

The solution of (3.55) reads

Prm (£) = prm (0) exp (—knmt) (3.57)
where
exp (—kpmT) = —iTwnm £ /1 — w2, 72 . (3.58)
Putting
Fnm = Ynm -+ iUnm (3.59)

one finds further details by accounting for the continuous limit
Prm (£) = prm (0) exp (—iwpmt) . (3.60)

This shows that one should have v,,,, — 0 and vy, — Wnm as wpmT — 0.
Next, exp (—knmt) should be bounded as ¢ — oo, which means in turn
that v, > 0. In addition, we shall consider a rather reasonable ansatz,
namely that k,,, should be a continuous function of wy,, 7, which concerns
especially the points wy,,7 = +1.
First let us assume that |wy;,| 7 > 1. Then
e

v 5 59T (WnmT) (3.61)

whereas
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1
Yo = =10 [[wam| 7+ Vo2, 71| (3.62)
T
Complementarily, one obtains
and
1 .
Unm = — arcsin (|wpm | 7) (3.64)
T

if |wpm| T < 1.

One remarks that the influence of the characteristic time 7 concerns
not only the rescaling of the transition frequency wy,,, but of the real and
imaginary parts of k., ,too. We then have to realize that the discrete
description produces richer structures than the continuous one and this is
the reason why discretizations look both interesting and promising.

3.6 The g-exponential function approach to the g-
deformation of time evolution

Equation (3.2) shows that in order to perform the g-deformation of the
quantum-mechanical time evolution we have to introduce the g-exponential
functions, say

exp () — exp, (Bt) (3.65)

working in combination with appropriate g-derivatives (Ubriaco (1992)).
Choosing the Jackson-derivative, we have to account for the substitution

0
5 o\ (3.66)
which works in accord with (1.12). Then one deals with the g¢-deformed

exponential functions like

exp, (z) = Z T (3.67)
k=0 "Ha

in which case
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O exp, () = Bexp, (Bt) - (3.68)

Another realization such as

0 n(nfl)/Q‘,L.k
Eap, (x)=> 2 R (3.69)
k=0 q
can also be considered, so that
0\ Exp, (8t) = BEap, (Bqt) . (3.70)

Moreover, the symmetrized g-derivative chq) can also be invoked. Then
(3.67) and (3.68) get replaced by

eq(z) = — (3.71)
2 T

and
D{Ve, (Bt) = fBeq (Bt) (3.72)
respectively. Furthermore, the symmetrized counterpart of (3.70) reads
DL E, (Bt) = BE, (Bqt) (3.73)

where now
0 qn(n—l)/ka

Ey(x) =) ———— . (3.74)

= [%],!

We are ready to remark that the g-exponential functions introduced
above are able to exhibit non-classical properties by virtue of the inherent
non-additivity behavior with respect to the argument. Indeed, one has

exp, (z +y) # exp, () exp, (y) (3.75)

if ¢ # 1, which can be easily verified by using the a = 0 version of (1.21):

exp, (111) = ﬁ m . (3.76)

k=0
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Other details concerning g-exponential functions can be found in the liter-
ature (Nelson and Gartley (1994), MacAnally (1995)).

The next point of interest is the derivation of the g-deformed Baker-
Campbell-Hausdorf formula (see e.g. Ubriaco (1992), Chung (1993))

1
exp, (A) Bexp, , (—A) = B+ [4, B] + N [A, (A, B]q} + (377

e | [A’ {A, [AvB]qu} +...

0,

in which the general term looks like

TBCH) (g) = Tl {A, [A,...[A,B]qn_l}qn2...] 1 : (3.78)

The g-deformed commutator displayed above reads
[A,B],. = AB — ¢"BA (3.79)
so that

[4.14,8),] =[Al4B].] (3.80)

qm qn

This means in turn, that the ordering of g-commutators is irrelevant.
Equation (3.77) can be verified by performing g¢-difference Taylor-series
expansions of the function

f(A) = exp, (A) Bexp, /, (—AA) (3.81)

which works as follows

f<A>=f<o>+a§q>f<A>|Azo+ﬁa§q>2f<A>|A:o+--- C(382)

For this purpose we have to apply the derivatives
8\ exp, (AA) = Aexp, (AA) (3.83)

and
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0\ exp; /y (~AA) = —Aexp, ,, (~AAq) (3.84)

where

[[n]],

[[n]]14! = prICEYE (3.85)

Proceeding in conjunction with (1.13) yields the concrete results

f)=28B (3.86)
07 f (Nlry = [4. B] (3.87)
A" Nlaeo = [ A4, B, | (3.88)

and similarly to higher orders. In particular, we can put A = x and B =1,
in which case (3.77) becomes

exp, (z) expy/, (—z) =1 . (3.89)

This provides a useful solution to the inverse of the g-exponential function.
Of course,(3.77) works also in terms of other g-exponential functions, but in
this case we have to consider appropriate realizations of the g-commutator
instead of (3.79).

Having obtained the main ingredients, one realizes that the g¢-
deformation of (3.6) is an easy exercise. For this purpose we shall apply
the g-deformation of the evolution operator as

U(t) — U, (t) = equ(—%t'H) exp, /q(—%m) (3.90)

where ¢ is real, which satisfies unitarity requirements needed:

US(t)=U,'(t) (3.91)

by virtue of (3.89). Using (3.83) and (3.84) it can be easily verified that

0U,(1) = 2 (U,() + Uy (at)) (392)
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which leads to

iU (1) = T (U0 + Uy ) (3.93)

by Hermitian conjugation. The related g-deformed time evolution of an
observable is then given by

Ag(t) = UF (1) AQ0)U (1) (3.94)
so that
O Ag(t) = & (HAL(1) — Aglat)H) + (3.95)
U7 ()M, AO)]U,(0)

which exhibits certain similarities with (3.8). On sees that (3.95) reproduces
(3.7) as soon as ¢ — 1, as one might expect.
Using (3.77) leads to

exp1 o (STH)AL) exp, (—S1H) = AO) + LI AO)+ (3.96)
t\? 1
T <§> e I A ) +

Next, one obtains

equ(%tH)A(/) expy /q(—%m) — A0)+ %t[H, A0))+ (3.97)

it\? 1
" (5> [[2]]q![H’ [H, A(0)]g] + ...

with the understanding that similar formulae can be done for all non-zero
terms from the r.h.s. of (3.96). This shows that A,(¢) can be established
in an explicit manner by resorting to underlying non-zero commutators.
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3.7 Alternative realizations of discrete time evolutions and
stationary solutions

Alternative realizations to the discrete time evolution are able to be pro-
vided by the g¢-deformed formulae written down above by applying the
substitution

t—q" (3.98)

in which one assumes again that ¢ is real. Accordingly, the unitary time
evolution operator becomes

Ug (t) — Uq(") = exp, (—%q"')‘() expy /q (—%q"?‘() (3.99)
so that the unitarity condition becomes
(Ugm)* UM =1 . (3.100)
Then the discrete counterparts of (3.92) and (3.95) are given by

m (U§”+1> _ U§n>) = % (U§n+1> + U§”>) (3.101)

which relies on (3.3), and

(n+1) (n) . .
Ay~ - AT [rag) - ap+on] 4 L

+
(n+1) ()

(3.102)
respectively, where
Al = A, (q") . (3.103)
Of course, stationary solutions to (3.52):
Y (x) =9 (7, t) = exp (—iwt) ¢ (T) (3.104)
can also be easily done. Inserting (3.104) into (3.52) yields
h .
E = —sinwr (3.105)
T

where
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Ho(Z)=Ep(T) . (3.106)
Then (3.104) can be rewritten as (see also Caldirola (1976))
Y (7 ,t) = exp (—ZE arcsin (%)) or (T) (3.107)
T

where ¢ (7') = ¢ (7). However, this time the energy is subject to the
upper bound

|E| < E(max) —

RS

(3.108)

which is an immediate consequence of (3.105). We have to anticipate that
the discrete analog of the harmonic oscillator is characterized by the max-
imum energy

~~

1
B — iy, <N0 + 5) (3.109)

where now fuwg # 1, which proceeds in accord with (5.39) and (5.40). The
corresponding “chronon” is then given by
Ty
T = ——
T (2N0 + 1)
where Ty = 27/wy denotes the period of the oscillator and where Ny is a
fixed integer.

(3.110)



Chapter 4

Discrete Schrodinger Equations.
Typical Examples

Schrédinger equations on the discrete space can be readily established by re-
sorting to the discrete left- and right-hand derivatives written down before.
A first realization can be done by replacing the usual second-derivative
by its discrete counterpart VA = AV. This leads to the 1D discrete
Schrédinger-equation

—VAY (2) + Vi (2) ¢ (x) = Ex¢p (2) (4.1)

where Vi (z) stands for the usual potential and where x denotes the di-
mensionless discrete variable. This equation can be rewritten equivalently
as

—Y(z+1) = (z—1)+ V()Y (z) = EY (z) (4.2)

in accord with (1.5), where E = E; — 2. However, in many cases one deals
with a slightly modified form:

Hip(x) =@+ 1) +y (@ —1)+V (@) ¢ ()= E¢(z)  (43)
where V (z) = —Vi(z) and E' = —E. Hopping effects can also be included
into (4.2) and (4.3) by multiplying ¥,41 and ,_1 with hopping matrix

elements needed. We have to remark that the Hamiltonian characterizing
(4.2) can be rewritten in terms of translations as

H=- [exp (é%) + exp <—%>} + Vi (x) (4.4)
so that

57
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0
= —2cosh | — Vi 4.5
H cos <8x>+ 1 () (4.5)
or
H = —2cospop + Vi (z) (4.6)
where pop, = —i0/0z denotes again the dimensionless momentum operator.

Starting e.g. with (4.6) we can then account for the discrete coordinate at
the end of calculations. It is also clear that (4.5) can be easily generalized
to N space-dimensions as

N
0 -
=-2 h{— Vi 4.7
where 7 = (z1,%2,...,7x). The same concerns, of course, (4.6). Such

equations are produced specifically by tight binding models to the descrip-
tion of electrons on square, or other kind of lattices under the influence
of external fields. However, well-known examples from usual quantum
mechanics, such as the harmonic oscillator (Chabaud et al (1986)), the
Coulomb -potential (Gallinar (1984), Kvitsinsky (1992)), or the linear po-
tential (Gallinar and Mattis (1985)) are worthy of being mentioned, too.
Moreover, the so-called Maryland-potential has also been discussed in some
more detail (Kvitsinsky (1994), Simon (1985) and Grempel et al (1982)).
Such studies reveal quite interesting manifestations of space-discreteness.
The infinite square well has been discussed recently by Boykin and Klimeck
(2004) by accounting in some more detail for perfect confinement boundary
conditions. However a simplified description can also be readily done by
proceeding in a close connection with the usual description.

4.1 The isotropic harmonic oscillator on the lattice

The isotropic quantum harmonic oscillator on a cubic lattice is described
by the Hamiltonian

3
0 k 9
H= —QtH;CObh (8—%) + 3 ij (4.8)
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where ty is responsible for site independent hopping effects. The related
eigenvalue equation

HU(T) = £V (T) (4.9)

is of a special interest in semiconductor physics. The present wavefunction
separates as

3
v (7) = []¢ () (4.10)
j=1
in accord with the usual description. Accordingly, the energy reads

E=> E; (4.11)

=1

where the quotations are selfconsistently understood. So, (4.9) gets solved
in terms of the 1D eigenvalue problem

—tm cos pop () + §x2¢ () = EY(z) . (4.12)

Resorting, for convenience, to the Fourier-decomposition

+oo
Y () = / f(s)exp (isx)ds (4.13)
leads to the s-momentum representation equation
kd?f
—2tg cos(s) f(s) — 5 7s2 = Ef(s) (4.14)

with the understanding that a similar result would obtained by using sum-
mations over the Brillouin zone instead of (4.13). Both ¢ (z) and f (s)-
functions are assumed to be square integrable. One sees that (4.14) ex-
hibits the canonical form of the Mathieu-equation (Abramowitz and Stegun
(1972))

d*f

Tz T (apr —2qprcos2u) f=0 (4.15)
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via s = 2u,
8A
qn = __kH (4.16)
and
E
ay = 8? . (4.17)

On the other hand, the reciprocal lattice (Ashcroft and Mermin (1976)),
is characterized by the period T}, = 27, so that the admissible solutions
should satisfy the periodicity condition

fw)=7f(u+m) (4.18)

which works in accord with (2.47). At this point, we have to remind that
there exists a countable infinite set of real and distinct characteristic a -
values, say

an = a2, (qnr) (4.19)
where p =0,1,2,..., and

an = bap (qur) (4.20)
for p = 1,2,..., yielding even and odd periodic solutions of period ,

respectively. Accordingly, one has the Mathieu-wavefunctions

f(u) = N eea, (us qur) = > Az, cos (2nu) (4.21)
n=0
and
fu)= NQ(:)SGQp (usqnr) = Z By, sin (2nu) (4.22)
n=0

where the coefficients A, and B, are able to be established with the
help of three-term recurrence relations. The corresponding normalization
constants are denoted by Nz(:) and NQ(f).

Proceeding in this manner one finds the energy-eigenvalues
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k

E=E{ (qu) = 520 (1) (4.23)

and
E= E(b) = —kb 4.24

respectively, for which power series in gp; can be derived. So, one has the
limit

E — gpQ (4.25)

if gps — 0, which differs drastically from the behavior characterizing the
usual harmonic oscillator. However, there is

azp = bapr1 = =2 qu| +22p+ 1) Vl]gn| (4.26)

if |qM| > 1. Then
1
Ef()a) = —2AH + (p + 5) wovV tH (427)

where k = w?/2, which reproduces precisely the spectrum of the usual
harmonic oscillator if ¢y = 1. The real-space counterparts of the above
wavefunctions have also been discussed by Chabaud et al (1986). In other
words, the harmonic oscillator on the lattice produces energy eigenvalues
depending in a nontrivial manner on the qp;-parameter, which goes beyond
the capabilities of the usual harmonic oscillator on the usual line. Note that
the discrete harmonic oscillator has also been revisited recently by Aunola
(2003), by resorting again to the Mathieu-equation, which results in a new
solution expressed in terms of generalized Hermite-polynomials.

4.2 Hopping particle in a linear potential
The discrete Schrédinger equation describing a particle with charge g. and
hopping with a constant matrix element ¢y under the influence of an applied

electric field ?el = (£.1,0,0) is given by (Gallinar and Mattis (1985))

—ty (¢n+1 + ¢n—1) + Un¢n = Ewn (428)
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where
U,=Fn (4.29)
stands for a linear potential, while
F=—qa>0 . (4.30)

One realizes immediately that the discrete Hamiltonian characterizing
(4.28) is

0
=-2 h— 4.31
H i cos 8n—i—]-'n (4.31)

where  =n € Z. The continuous limit of (4.31) reads
d2
HCZ—tH@ + Fx — 2ty (4.32)

in which case the wavefunctions are expressed in terms of Airy-functions
(Abramowitz and Stegun (1972))

A ()= L (é/) (433)
s
o = () = i, (5) + v (5) (434)
where
L Bty —Fo) . (4.35)

5= 7}_2/%;[/3
However, such wavefunctions are not square integrable, which indicates that
there are no discrete energy levels.

On the other hand, the Bessel-functions of the first kind, say J, (z0),
satisfy the recurrence relation

LJW+LNW:%L%) (4.36)

in which case (4.28) exhibits the solution
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¢n = ¢n (ZO) = Jn—w (ZO) (437)

where
20 =22 (4.38)

0= 2S¢ .
and
FE

=n—-—w=n—-= . 4.39
V=n—w-=mn 7 ( )

For this purpose (4.28) has been converted into the momentum represen-
tation by resorting specifically to Fourier transforms. In contradistinction
to the Bessel functions of the second kind, the J, (zg) functions considered
above get favored as they are normalizable on the v -space. So far the quo-
tient E/F is not quantized in an explicit manner, but this question will be
clarified in section 6.12 by using summations over the first Brillouin zone
instead of Fourier transforms.

Next let us look, however, for a suitable boundary condition. For this
purpose we can insert an infinite high barrier into (4.28), such that U, is
replaced by ( Gallinar and Mathis (1985))

U, n=>0

o n<0 (4.40)

Un—>[7n={

This amounts to restrict the eigenvalue problem on the positive half-line.
We then have to account for the boundary condition g (29) = 0, in which
case the related energy eigenvalues are produced by the w = E/F -roots of
the equation

We are ready to derive an explicit, but crude approximation to (4.41), by
resorting to the leading term

Jy (2) = \/gcos (=- - g) +0 (%) (4.42)

of the asymptotic expansion of the Bessel-function as |z| — co. This yields
an unexpected “harmonic oscillator” approximation like
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4
E=E,, = (2n + ) F——tn (4.43)

in so far as the quotient ¢y /F exhibits sufficiently large values, where n'’
is an integer. Some further conversions are in order. Indeed, one has (see
e.g. Abramowitz and Stegun (1972))

_ (20/2)" exp (—izo) 1 ‘
gy (20) = T+ 1) M|v+ 2,2V +1,2iz (4.44)
where
= (a)y 2"
— 44
(a,c,2) ];:0 O (4.45)

denotes the Kummer-function . Then (4.41) leads to the eigenvalue condi-
tion

1 1 B 2Bty
M- Z1-Z ) =0 1.46
T(1— E/F) (2 FF Z]-") (4.46)

so that, in general, the energy-spectrum is generated by the poles of Gamma
function T' (1 — E/F), as well as by the zero’s of the Kummer’s function.
In the first case one obtains

FE
1-—==0,1,2,... 4.47
7 (447)

which leads to equally spaced energy levels like

— ) _—
E=EJ) =F(1+n) (4.48)
where ng = 0, 1,2, .... Further eigenvalues are generated by the equation
1 F 2FE ity
M=z—=1——,4i—= ) =0 4.49
(2 FooFE J—') (4.49)

but closed solutions to energies implied in this way are not available.
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4.3 The Coulomb potential on the Bethe-lattice

An interesting solvable discrete model is the Coulomb-potential on the
Bethe-lattice (Gallinar (1984)). This lattice is characterized by a central
point o surrounded in a hierarchical manner by sets of points like xECZ)J,
where j = 1,2,3,.... This latter number specifies the increasing complex-
ity of discrete structures, such that

Li=1,2,...,c(c—1)""" . (4.50)

The corresponding coordination parameter is denoted by ¢ > 2. This
means that any point of this lattice is surrounded by c¢ nearest neighbors.
The eigenvalue equation is now given by the discrete Schrodinger-equation

ij»lj = tHd}j*Llj—l + tijflxlj+1 + V}wj»lj = Eleﬁlj (4.51)

which relies on (4.3), where
v, =20 (4.52)

and ag > 0. We shall also consider that |Vj| = co, which makes the problem
well-defined on the positive discrete half-line, as shown in the previous sec-
tion. Equation (4.51) has also been solved by applying the Green-function
method, such as discussed before in terms of corresponding tight binding
Hamiltonians (Brinkmann and Rice (1970), Hubbard (1979)). This Green-
function exhibits the form

(-) Ny 1 .
G, (B —ie) = (5,14 oAU (4.53)

Then the energy eigenvalues rely, in general, both on the poles of the real
part

(-) N 1 .
ReG™ (B —ie) = (4, 1] P 17,45) (4.54)

as well as on the discrete scars of the Dirac delta function characterizing
the imaginary part of (4.53), i.e.

D; (E") = =ImG\ (B —ie) = (j, ;| 6 (B —H) |5,1;) . (4.55)
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This equation leads to the density of states per unit volume (see also
sections 6.2 and 8.4) by performing, of course, the sum over states. The
interesting point is that (4.53) can be handled in terms of the incomplete
beta-function, which results in an explicit derivation of the discrete singular
part of the density of states. Such issues lead to the energy eigenvalue

2
a
E’E—E:\/él(c—l)t%{—i—n—g (4.56)

exhibiting a rather special square-root behavior, where ng =75 =1,2,3,....
Note that such results have been obtained without resorting to the eigen-
function. One sees that

o2

E+2— Eg=-—% (4.57)

4ng
as ng — 00, which reproduces the discrete spectrum of the usual hydrogen
atom via tgy = 1 and ¢ = 2. In this latter case, the Bethe-lattice gets
identified with the discrete positive half-line.

4.4 The discrete s-wave description of the Coulomb-
problem

An alternative discrete analog of the s-wave (I = 0) Coulomb-problem
looking like

AV (z) + (E Y24 %) b () =0 (4.58)

has also been proposed by Kvitsinsky (1992). This works in accord with
(4.1), where z = 0,1,2,... denotes the dimensionless discrete radial coor-
dinate. Accordingly r = zag and ag = €%/ag, where ag denotes a suitable
length scale. One could eventually try to solve (4.58) in terms of (1.11),
i.e. with the help of hypergeometric type solutions. However, this fails to
work as one would have 7(x) = 0, in which case ag = A = 0 by virtue of
(1.77). We shall then start from the wavefunction-ansatz

Y (x) = xexp (i0z) L (x) (4.59)

working in combination with the energy-dispersion law
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E+2=E(k)=2(1— cosf) (4.60)

where § = kag, which is reminiscent to (4.104) in Freeman et al (1969).
Inserting (4.59) into (4.58) yields the discrete equation

exp (i0) (x+1)L(x + 1) +exp(—if) (x —1)L(x —1)+ (4.61)

+ (g —2xcosO) L (x) =0
which can be rewritten equivalently as

(x+1)L(x+1)+exp(—2i0)(x —1)L(x—1)+ (4.62)
+exp (—i0) (oo — 2z cosb) L (z) =0

On the other hand, the hypergeometric function
F (a) =2 Fy (a,b,c;§) (4.63)
obeys the discrete equation
a-1DF(a+1)+(c—a)F(a—1)+2a—c—(a—Db)E F(a) =0 (4.64)

in accord with (1.115), i.e. by virtue of Gauss’s relations for contiguous
hypergeometric functions. This relies on (4.62) via L (x) = F (a) and

a=-z+0 (4.65)

where 3 remains to be established.
Comparing (4.64) and (4.62) yields the matching conditions

a(—1)=(z—1)exp(—2i0) = (8 — (a+ 1)) exp (—2i0) (4.66)

c—a=pf—-a+1 (4.67)
and

20 —c—(a—b) ¢ =exp(—if) (ag — 2(8 —a)cosh) . (4.68)
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Equation (4.66) gives
a(§ —1+exp(—2i0)) = exp (—2ik) (6 —1) (4.69)

which can be readily satisfied in terms of the inter-connected relationships

& =1—exp(—2i0) (4.70)
and
s=1 (4.71)
in which case
c=2 . (4.72)

On the other hand, one obtains

. _iag
b=1itand (1 2sin0> (4.73)

by virtue of (4.68).
So we found that (4.58) exhibits the solution

Y (x) =zexp (i6)y F1 (—z+1,b,2;1 — exp (—2i6)) (4.74)

which is valid irrespective of E. Looking however, for bound-states we have
to realize that the square integrability of ¢ (x) is able to be fulfilled if

0 =0, =ik, (4.75)

in which K,, > 0, provided that the hypergeometric function becomes a
polynomial of degree n,., where n,, = 0,1,2,... plays again the role of the
radial quantum number. In this latter case, one should have b = —n, in
accord with (1.37), so that

u— 20 =n,V1+u? (4.76)

2

where

u =sinh () . (4.77)
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There is also an alternative to (4.76), namely a = 1 —x = —n,., but this
has a trivial meaning. The appropriate solution is then given by
(7)) 1

sinh (K,,) = 21 (4.78)

which produces the energy of the discrete s-wave Coulomb-system as

1/2

of

E=E, =21+ —2% _ (4.79)
4(n, +1)

in accord with (4.60) and (4.75). This result is similar to (4.56) derived

before. The continuous limit is then given by

of

Et2 - Es=-——2
S i+ 1)

(4.80)

which reproduces precisely the usual s-wave result.

One sees that (4.79) and (4.80) proceed in a close analogy with (4.56)
and (4.57). We have to realize that both (4.56) and (4.79) are interesting, as
they incorporate square-root energy contributions, which are almost typical
for relativistic energy descriptions. This latter interpretation is confirmed
by the energy-formula established within the relativistic quasipotential ap-
proach to the Coulomb-problem. Indeed, (4.107) reproduces identically
(4.79) as soon as [ = 0, which represents a rather remarkable agreement.

4.5 The Maryland class of potentials

The potential

a+ bz
V; = 4.81
(@) = 2 (451)
where z = ¢® has also been analyzed in some more detail (Kvitsinsky

(1994)). Here ¢ € C stands for an inherent deformation parameter produc-
ing the conversion of the second-order discrete equation like (4.3) into a
g-difference one. This potential is of special interest, as it is able to repro-
duce well-known potentials, such as the Maryland-model (Grempel et al
(1982), Bentosela et al (2003)), the exponential and Hulthén potentials,
for selected values of parameters a, b and ¢, as shown in Table 4.1. One has
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q = exp (—2mia) for the Maryland-model , whereas the ¢ = exp (—a) > 0
-in the case of exponential and Hulthén-potentials.

Table 4.1. Concrete realizations of the Maryland potential for selected
values of the parameters a, band c.

g EEID [ < [ V(@ I
exp (—2mia) | —iX\ | idexp (—2i0) | exp (—2i0) | Atan (waz + 0)
exp (—a) 0 A 0 Aexp (—azx)
exp (—a) 0 A -1 Aexp (—az) /(1 — exp (—ax))

One remarks that the wavefunction can be rewritten as

Y (z) = ¢ (q%) (4.82)

in which case (4.3) exhibits the g-difference form

(2) = By (2) = Eo (2) (4.83)

a -+ bz
v (qz) +v(2/q) + 5o

referred to above. The identification E}, = E is used just in connection
with (4.3). Multiplying (4.83) by 1 + cz, opens the way to use the power-
series expansion

p(2) =2 fa2" (4.84)
n=0

where fy # 0 and where ¢ is a positive parameter. This results in the
two-term recurrence relation

1
(b— CE+an+(7_1 + L) fn—l = <E—Cl _qn—,—(7 - anrU) fn

anrO'fl
(4.85)
where n = 0,1,2,... . Inserting n = 0, yields the energy-dependent rela-
tionship
1
E—a:q”—i—q—a (4.86)

which works in accord with the condition f_; = 0. Furthermore, one finds
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[T [(b— cE) + ¢ (¢ + 1/¢5+7)]
Fog1 = =2 fo . (4.87)
kl:[g [(qa + 1/qa) _ (q0+k+1 + 1/q0+k+1)]

This exhibits a polynomial solution, say

¢ (2) = Pr, (2) (4.88)

if

1
b—cE+c (q"°+‘7 + qn0+a> =0 . (4.89)

The degree of this polynomial is denoted by ng. In this case, the energy
comes from the algebraic equation

E-bt+\/(E-Y)% -4
gt = EVEZ ) (4.90)
E—a++/(E—a)’—4

provided that a # b/¢, which also means that it is enough to restrict our-
selves to the “+” sign. The g-dependence of the energy in (4.90) is displayed
in figure (4.1), for 0 < ¢ < 1, ng = 3 (left curve) and ny = 1 (right curve).
We have assumed, for instance, that a = 2, and b/c = 1. Both energies are
negative and increase with ¢ up to the upper bound E = —2. We can also
say that underlying ¢-values move to the right, when ng becomes larger.

Assuming that ng is not an integer, we have to resort, however, to non-
polynomial solutions. This leads us to rewrite (4.89) as

1
b—cE—i—c(qT—kq—T):O : (4.91)

This indicates that polynomial (non-polynomial) solutions are involved if
r=mng+ o0 (r # no+ o). A such discrimination looks reasonable, as the
difference r — o may be actually an integer, or not. In the latter case (4.85)
yields

fas1 ¢ +1/q" —q""7 —1/q""7

[ S VR e VP (4.92)
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7

Fig. 4.1 The ¢-dependence of the energy for b/c =1, a = 2, nop = 3 (right
curve) and ng =1 (left curve).

which relies on a hypergeometric function of the o F3-kind. Indeed, com-
paring (1.46) and (4.92) yields the identifications p; = 2, p2 = 1, v = —¢g,
01 =20+1, a3 =0 —r and as = g + r. So, the non-polynomial solution
reads

¥ (x) = ¥ —eg"t | g7 (4.93)
20+ 1
so that
o—r, 0+T
¥ (0) =5 F{? —eq | (4.94)
20 +1

Note that a boundary condition like
¥ (0)=0 (4.95)

which is reminiscent to (4.40), has also been proposed in order to derive
the energies characterizing even-parity states (Kvitsinsky (1994)).
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4.6 The relativistic quasipotential approach to the
Coulomb-problem

Besides Snyder’s space time discretization referred to before, further inter-
plays between relativity and space discreteness are provided by the relativis-
tic quasipotential description. Indeed, handling the relativistic two-body
problem on the Lobachevsky- -space, proofs have been given that a rela-
tivistic configuration space, say R = TR, can be introduced in a suitable
manner (Kadyshevsky et al (1968)). For this purpose the usual Fourier de-
compositions in terms of plane waves are replaced by novel decompositions
in terms of relativistic “plane waves” like

— 3 Pl Ry
R) =
C ( p < TTLQR
which corresponds to unitary representations of the Lorentz- group There

is RH = (R ]_%>) and p* = (po, p ), such that RFp, = poR — P - R and

po = (P2 +m2)/2. This means that R is the eigenvalue of a relativistic
radial coordinate operator such as

—1—(i/R)ymoR
) (4.96)

h 0
op =1— |pt——+1 4.
Rop =i {p 5+ } (4.97)
in which case
— —
RopC (5’, R) —R¢ (5’, R) . (4.98)

In this context the relativistic free particle Hamiltonian is given by the
finite difference operator

B (.0 2i 0 Amp 0
Hy = 2cosh <z§) + — sinh (Z('?r) 5 €XP < 87") (4.99)

where Ay, denotes the usual angular Laplacian, such that the eigenvalue
problem reads

Ho¢ (P, 7)) =2E,( (P, 7T) - (4.100)
There is E, = po, while

r=—=R (4.101)
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denotes the relativistic dimensionless coordinate.

The relativistic quasipotential description with a local potential is then
given by the difference equation (Kadyshevsky et al (1968), Freeman et al
(1969))

(H +V (1) oD (r) = 2B,080 (r) (4.102)
where
) g (0N 20 (0 L(l+]1) 0
Hy’ = 2cosh (z 67") + . sinh (z 67") + 2 exp | ig (4.103)

plays the role of the radial Hamiltonian, in which in general, V (r) =
V (r; Ep). For convenience, the spherical symmetry has been assumed. The
above equation, though being relativistic, is similar to a non-relativistic
Schrodinger-equation. In particular, the Coulomb-potential V' (r) = —ag /7
has been discussed by using the parametrization

E,=cosx, . (4.104)

Inserting (4.104) in (4.102), it has been found that the Coulomb-problem
is solvable in terms of the hypergeometric function 2Fy (a,b,c;z),. The
solution is then given by (Freeman et al (1969))

O (1) = C (1, xp) exp (—1rxp) (=)' F (a,b,¢;2) (4.105)

which proceeds up to a normalization factor, where

z = 2isinxpexp (—xp) (4.106)
o

=l+1-— 4.107

“ * 2sinh x, ( )

b=1+1—ir (4.108)

and

c=2+2 . (4.109)
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Such equations can be viewed, in several respects, as a [ # 0, generalization
of the ones presented in section 4.4. The Coulomb energy is then given by
the polynomial reduction

Qo

sinh x, = — (4.110)

which corresponds to (4.78), such that n =1,2,....
Furthermore, we have to consider that a = —n,, in which case the
principal quantum number is given by

n=mn,+0+1 (4.111)

as usual. This leads to the energy

a2 1/2
2E, = 2E{" = -2 (1 + 4—732) (4.112)

which reproduces (4.79) just by inserting { = 0. This agreement confirms,
once more again, our interpretation that the presence of the square-root in
the expression of the energy can be viewed as a well defined signature of a
relativistic background.

4.7 The infinite square well

Our last example in this chapter is the infinite square well proceeding on a
lattice with N sites. Using e.g. (4.3) yields the discrete equation

wn+1 + ¢n—1 = E/¢n (4113)

where n € (0, Ny), such that V,, = —oo for n ¢ (0, Ng). This produces the
zero boundary conditions

VYn=0 = Yp=n, =0 (4.114)
which have to be handled in terms of the ansatz
Yn = Csin(np) . (4.115)

The energy is then given by
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S

k
E' =2cosp = 2cos (%) (4.116)

where k is a positive integer, which corresponds to (11) in Boykin and
Klimeck (2004). The normalization

Ngy—1

ST wal? =1 (4.117)
n=0
can also be invoked, in which case

o = 2 g (kT
UV =, = Nssm(nNS) . (4.118)

The present energy exhibits the form
S

k
B =EY =2 F = 4sin? <nﬁw> (4.119)

in accord with (4.1), so that Ey € (0,4].

4.8 Other discrete systems
Other discrete systems such as produced e.g. by the selected wavefunction

P\_’_ (AQ _q)1/2}”_ [)\_ ()\2 _q)1/2}n
2(\ — )"

Pq (n,A) = (4.120)

which exhibits the limit
pq (n,A) — (23)" (4.121)
as ¢ — 0, can also be shortly mentioned. This satisfies the discrete equation
©q (N +1,0) + qpq (n —1,0) = 2Xp, (n, \) (4.122)
which has been studied before in connection with the inverse scattering

method (Karlo et al (1995)). This latter equation generalizes (4.113) to-
wards ¢ # 1. Proofs have also been given that the discrete versions of the
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Korteweg- de Vries, sine-Gordon and Liouville equations are able to rely
on the discrete Schrédinger equation

Y(n+2)+Vn)(n+1) = p(n) (4.123)
where V' (n) plays the role of the potential (Boiti et al (2003)). One sees
that (B.14) reproduces the above equation via a,4+1 = —1, d,41 = A and

V(in)=E+vp41 . (4.124)

A similar inter-connection can also be established with (5.119).
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Chapter 5

Discrete Analogs and Lie-Algebraic
Discretizations. Realizations of
Heisenberg-Weyl Algebras

Now we look for a more general and deeper understanding of tight bind-
ing equations from the mathematical point of view. So far the discrete
Schrédinger-equations discussed in the previous chapter are expressed by
typical superpositions between the kinetic-energy and the potential, as
usual. However, there are discrete formulations working in terms of or-
thogonal polynomials of the discrete variable which go beyond transparent
superpositions referred to above. In this latter context one deals with dis-
crete analogs of quantum-mechanical systems. We shall then discuss dis-
crete analogs of the harmonic oscillator (Lorente (2001b), Atakishiyev and
Suslov (1990)) and of the Coulomb-system (Lorente (2001b). The study
of algebraic symmetries plays also an important role as it serves for ex-
plicit investigations of spectral structures, too. However, there are other
mathematical developments deserving further attention. This concerns dis-
crete realizations of the Heisenberg-Weyl commutation relation (Zhedanov
(1993)) HR = qRH, where e.g. 0 < ¢ < 1, which arises in the theory
of the Heisenberg-Weyl group (Boon (1972) ), or in the description of the
g-deformed algebras (Faddeev et al (1990), Majid (1990), Manin (1988)).
It should also be mentioned that difference operator realizations of both
SL(N) and SLy (N) groups have been discussed in some more detail be-
fore (Miller (1969), Miller (1970), Floreanini and Vinet (1995a), Floreanini
and Vinet (1995b), Shafiekhani (1994), Vilenkin and Klimyk (1992)).

On the other hand studies in the general theory of integrable systems
have been done by resorting to the Bethe-ansatz method (Gaudin (1983),
Faddeev et al (1995b), Korepin et al (1992)). Concrete quantum-mechanical
manifestations of this latter method will then be presented in Appendix B.

79
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5.1 Lie algebraic approach to the discretization of differen-
tial equations

A theoretical understanding of difference equations, their solvability in-
cluded, is able to be expressed, interestingly enough, in terms of algebraic
attributes of d+ operators introduced in section 1.1. Indeed, the differ-
ence operators defined in accord with (1.1) and (1.2) are able to produce a
realization of the Heisenberg algebra

[A,B] =1 (5.1)
A=3d, (5.2)

and
B=x(l—ab_) (5.3)

in which case

ABf (z) = f (x) + 26— f (x) (5.4)

and
BAf(z) =26 f(z) . (5.5)

The algebraic attributes referred to above are provided by the action of
difference operators on quasi-monomials like (Smirnov and Turbiner (1995))

I'(z/a+1)

2D = g (z —a) (x — 2a) - (x — na) = 5n+1r(x/a—n)

(5.6)

n+1

where (1) = z, so that z("t) — ¢ if a — 0. So, it can be easily verified

that

Az = a1 (5.7)

Bz = g+l (5.8)
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as well as (5.1), can be viewed as well-defined difference counterparts of the
continuous relationships

d
Ex” =na"! (5.9)
x " ="} (5.10)
and
d
— =1 5.11
] (5.11)
respectively.

Under such circumstances we are ready to say that the difference coun-
terpart of the second-order linear differential operator L [d/dx, z], for which

L {%,x} o (z) = By (z) (5.12)

where L is synonymous with the Hamiltonian given by
L[A,Bl¢(B)[0) = E¢(B)[0) . (5.13)

The vacuum state is defined via A |0) = 0, as usual. Using in an explicit
manner the z-representation, yields

(x| A0y = Az f () =0 (5.14)
where (z| 0) = f (z) and A = A,. This means that
[z +a)=f(z) (5.15)
in accord with (5.2). Leaving aside the study of such periodic functions,
we shall make the simplifying identification f () = 1. Then the function
B™|0) can be handled as follows

(x| B*|0) = B f (z) = 2™ (5.16)

which indicates that the continuous polynomial
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p(x)=> cpat (5.17)
is replaced by
Fx)=> ca® . (5.18)
Accordingly, the difference analog of (5.12) is
L[A,B|¢(z) = Eg (x) (5.19)

which shows that the original eigenvalue is preserved. In other words,
the Lie algebraic approach to the discretization done above exhibits the
isospectral property, too.

5.2 Describing exactly and quasi-exactly solvable systems
It is well known that the dynamical symmetry characterizing exactly solv-

able systems is done by the SL(2)-group (Debergh et al (2002), Turbiner
(1992)). In the present case, the generators of this algebra are given by

JF =B*A—-nB (5.20)
J-=A (5.21)

and
JO=BA - g (5.22)

where n denotes a non-negative integer. Thus, one has
[J9, J5] = £JF (5.23)
and
[JF g, ] =-2J0 . (5.24)

The Hamiltonian characterizing exactly solvable systems is given by a
cubic polynomial in the sole generators J° = J§ and J~ = J; only. This
polynomial reads
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1
Lps|B,Al = A,J°° (J— + g) + A JO T+ (5.25)

+ AT+ Ay T + As

where A; (i =1,2,...,5) are suitable coefficients. Accordingly, one obtains
the second-order difference equation (Smirnov and Turbiner (1995))
Ay Ay A
<7+ﬁ+5—3+x Y (x+0)+ (5.26)

A A1 AQ A3 Al 2
+<A5 5+(52 252+5>x 53x>¢(x)+

A Ay A A
—l—(— (6—21—6—22+73>x+5—;x2>¢(x—5)=E¢(x)

where
1
and n = 0,1,2,... . One sees that the underlying Hamiltonian is of a

hypergeometric type (Nikiforov, Suslov and Uvarov (1991), Smirnov and
Turbiner (1995))
d d? d

Les| o] @@ fz+ Q@ g +Q  62)

where the Qg (z) polynomials (k = 1,2,3) are of the k' -order. This
corresponds to (1.11), so that mutual identifications of coefficients can be
easily done.

In the case of quasi-exactly solvable systems only a finite amount of poly-
nomial eigenfunctions are able to be established (Shifman (1989a), Turbiner
and Ushveridze (1987), Ushveridze (1994)). In this case, the Hamiltonian
is expressed by the n-dependent superposition

1
Lops [B. Al = Ag (J;7 +6J0J0) + A1 JTY (Jn + g) + (5.29)

+A2J°0 4+ AsJ? + AyJ, + As

where the A;’s (¢ = 1,2,...,6) are new pertinent coefficients. Further
developments of such issues, like quantum-group SL4(2) -symmetries will
be discussed in sections 9.4 and 10.2. However, we have to say that there
are quasi-exactly solvable Hamiltonians which do not exhibit the SL(2)
-symmetry displayed above (Jatkar et al (1989)).
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5.3 The discrete analog of the harmonic oscillator

A difference analog of the harmonic oscillator has been discussed in terms
of Krawtchouk polynomials by Atakishiyev and Suslov (1990), Atakishiyev
and Wolf (1997) as well as by Lorente (2001b). The Hamiltonian is given
by

H— —% {a () exp <—%) +a(—a)exp (%)] 4 % (No+1) , (5.30)

so that
1 1 1
My () = 50 (@) (@ — 1) = 30 (~2) @+ 1)+ 5 (No+ 1) v (2) =
(5.31)
= By ()
where

w) = (re) (R-ev1) 52

Introducing a further operator like

Jo = —% [a (x) exp <—%) —a(—z)exp (%)] (5.33)
one remarks that one obtains a realization of the SO (3)-group
[Jjs Ju] = €jmdi (5.34)
in terms of the identifications
=z (5.35)
and
1
Js=H — B (No+1) (5.36)

where the [-summation is implicitly understood.. The Casimir-operator can
also be easily calculated. One has
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Co=Ji+J3+Ji=1(1+1) (5.37)

in which I = Ny/2. This shows that the irreducible representations are
characterized by the Ny + 1-dimension.
Next, we have to invoke the standard eigenvalue equation

J3|l,m) = m|l,m) (5.38)
where m = —I, -1+ 1,...,1. This shows that oscillator energies are pro-
duced by

H‘%,m>: <n+%) ’%,m> (5.39)
where now
n=%+m20,1,...7N0 . (5.40)

One sees, of course, that now n is bounded from above. A such limi-
tation can be viewed as a typical manifestation of space-discreteness (see
also Kehagias and Zoupanos (1994)).

The corresponding eigenfunction can be established in terms of normal-
ized Krawtchouk-functions (Lorente (2001a)):

n!(Ng —n)! prghNo—=
K® (z, No) :\/ ((p(;)n ) p (No_x)!k,(f) (z, No) (5.41)

where p+¢ =1 (p > 0 and ¢ > 0) and where e (z, No) is the Krawtchouk-
polynomial (Nikiforov, Suslov and Uvarov (1991), Atakishiyev and Suslov
(1990), Lorente (2001b)), for which main formulae have been presented in
the Appendix A. This function is normalized as

No+1
3" KD (2, No) K (2, No) = burn - (5.42)
=0

Indeed, the shifted Krawtchouk-function

Y (x) = KP) <n + % N0> (5.43)
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obeys the equation (see also equation (NK1) in Lorente (2001a))

—%a(x) n (z—1) — %a(—x) o (24 1) = mipn (2) (5.44)

if p = ¢ = 1/2, which reproduces identically (5.31) in terms of (5.40). For
the sake of illustration some concrete expressions of shifted Krawtchouk

polynomials :

o=/ _ /2 No

kn =k, (ZC, N()) =k, x + 5 Nop (545)
are presented herewith. So, one has Eo = 1, El = z and Eg =

(2% — No/4) /2, whereas (Atakishiyev and Wolf (1997))

N
ks = gila® — 7 (3No — 2) ] (5.46)
Te 2t~ LNy — e+ 2N (v — 2 5.47
1= gle" = 5 BNo = 4)2® + L No (No — 2)] (5.47)
and
~ 1 5 5 3 1 2
k"’zﬁ[x —§(N0—2)x +1—6(15N0—50N0+24)x] . (5.48)

For other details the original paper by Krawtchouk (1929) can be recom-
mended.

The classical limit of (5.31) can also be readily done with the help of
the Ny — oo-limit. One finds

No+1 1d?y () 222 1
N _- -~
2 2 da? No 2

Hyp (z) Y (z) (5.49)

which shows that the x-coordinate can be rescaled as

1/4
x:’yC:(W) ¢ %g. (5.50)

So, the leading classical equation characterizing this Ny — oco-limit is

1d%)(Q)
2 d¢?

+380(0) = (n + %) (Q) (5.51)
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but now n ceases to be bounded from above (n = 0,1,2,...). It is clear
that 1 (¢) stands for the classical limit of ¢ (). This reproduces precisely
the eigenvalue equation of the one dimensional 1D harmonic oscillator , this
time in terms of the (-coordinate needed. The corresponding eigenfunctions
are the well known Hermite-Gauss functions (Fligge (1971)).

We can then conclude that the Hamiltonian (5.30) plays actually the
role of a discrete analog of the harmonic oscillator . The interesting point
is that the harmonic potential is included in an inherent manner into the
kinetic energy. This suggests that the harmonic oscillator on the discrete
space exhibits some of the attributes characterizing a “pure” gauge field.
In addition, we have to realize that a difference equation is a quite complex
entity, as it is able to produce, besides (5.51), an infinite set of higher-
derivative equations. However, there are reasons to say these latter equa-
tions have to be viewed as being irrelevant. We have also to remark that
the limitation concerning the number of admissible levels such as done by
(5.40) can be viewed as being similar to the selection of energies less than
the Fermi-one in the summation over states at 7' = 0 (see also section 2.8).
In this context there are reasons to say that the 1D harmonic oscillator on
the lattice exhibits attributes characterizing specifically fermionic systems
at T = 0.

5.4 Applying the factorization method

The discrete equation characterizing the Krawtchouk-polynomials

[2(q — 1) 4+ Nopl kP (& + 1, No) + qzk®) (z — 1, No)+ (5.52)

+[n — Nop — 2(q — p)| kP (2, No) =0
can be rewritten, of course, as a Hamiltonian eigenvalue equation as

HEWP) (2, No) = [#(q — 1) + Nopexp(d/dx) +ng — x(q —p)+  (5.53)

+qx exp(—@/ax)]k,(lp) (x, No) = p(No — n)kﬁf’) (z, No)

A such Hamiltonian can be factorized in terms of raising and lowering
operators (Lorente (2001a), Lorente (2001b)), which proceeds in a close
analogy with the standard factorization method discussed long ago by Dar-
boux (1889) and later by Infeld and Hull (1951). The interesting point is
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that this latter method can be generalized towards establishing a Lie-theory
description of both difference (Miller (1969), Miller (1972)) and ¢-difference
(Miller (1970)) equations.

First we have to recall that the raising operator is produced in terms
of the V-operator , such as established before for discrete polynomials, as
shown in (A.18) . The lowering operator can then be established with the
help of (A.15). Indeed, one obtains

[qzV + (No — n)p — a]kP) (2, No) = —(n + kL) (w, No)  (5.54)

by virtue of (A.18), which shows that the raising operator can be defined
as

L(’L)(x,n)kflp) (x,No) = [—qzV — (No — p) + x]kff’) (z,No) . (5.55)
On the other hand, one has the recurrence relation

kP (, No) = (n + D)k, (z, No)+ (556)

[p(No — n) + nglk? (x, No) + pa(No — n + 1)k, (x, No)
in accord with (A.15). Inserting (5.56) into (5.55) yields

L) (z,n)kP) (2, No) = [qzV — qn]kP) (2, Ng) = (5.57)

= pa(No — n+ D)k, (z, No)
Under such circumstances one obtains
L) (@,n — 1)L (2, n)kP) (&, No) = pg(No — n+ 1)kP) (x, Ng)  (5.58)
and

L) (z,n — 1)L (2, n)kP) (2, Ng) = (5.59)

= (pq)(n + 1)(No — n)kP) (z, No)

It is then clear that the Hamiltonian can be factorized as

1
——— 1 (+) =
H ol 1)L (x,n+ 1)LV (z,n) (5.60)
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No—n ;)

= - ° = 1L
gn(No —n+1) (z,n = 1) (z,m)

Starting from L(*)(m,O)k(()p) (z,Np) = 0, i.e. from k(()p) (x,Np) = 1, one
obtains the eigenfunction

n—1
1
B (@, No) = — T] L (@, Ok (@, No) (5.61)
T =0

which reproduces (5.45) via p = 1/2 and © — x + Np/2. One proceeds
similarly in the case of Krawtchouk functions (Lorente (2001b)), as already
indicated by (A.22) and (A.23).

5.5 The discrete analog of the radial Coulomb-problem

Now we would like to us this opportunity in order to generalize the discrete
analog of the radial Coulomb-problem , such as proposed recently in terms
of normalized Meixner-functions (Lorente (2001b)). Indeed, the discrete
equation of the Meixner-polynomials is given by (Nikiforov, Suslov and
Uvarov (1991))

iy +2)miH (4 1) + 2m$ (- 1) + (5.62)

(0 —np =y — (L4 @) m ™ (2) = 0

On the other hand, the normalized Meixner-function reads

MO () = Y2 iy (g (5.63)

_ \/u”*””l“ (y+2)(1-p)’ mC (z)
nT(NT(z+1) (), ™

which proceeds in accord with (A.14). This produces the discrete equation

pe D)+ )M (2 +1) + Ve ( + 2 = DM (@ = 1) +

(5.64)

+(n—np— py — (14 p) M (z) =0
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for which the classical limit can be established via = p/e and p =1 —e.
So, one gets faced with the equation

? —~ d ~
P M0 )+ p BT () + (5.65)

2
N p(Hz)_ﬂj_ﬁ AT () = 0
2 4 4 "

in which the p-dependence of M,(ﬁ’l) (p) is selfconsistently understood.
Now, the point is that (5.65) should be compared with the N-dimensional
form of the classical radial Coulomb-problem, i.e. with (Nieto (1979))

2 2

d d 0
R n - 1) p— n - = -2 n — .
p dp2R + (N )pdpR + [Alp 1 I(I+N )} R, =0 (5.66)

in which n = n, stands for the radial quantum number, whereas
Ra(p) € {L2(0,00),p"1dp} . (5.67)

The principal quantum number reads as A\; = [ + n, + (N — 1)/2.
Here, we also consider that the Coulomb-problem concerns the attractive
—e?/r potential irrespective of N. Comparing (5.65) and (5.67), we have
to perform the identifications N = 2 and

y=20+1=2|m|+1 . (5.68)

Now the principal quantum number reads

1 13
whereas the radial wavefunction has the form
MD(p) = BRI (p) = Crpl™lexp (<5) L&D (o) (5.70)

where LS?J’“”' (p) denotes the related Laguerre-polynomial. The normaliza-
tion constant is denoted by Cy = Ci(I, N), so that this time C; = C(|
m |,2). We can proceed further towards selecting N = 3 by rescaling the
normalized Meixner-polynomial as
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MO (@) = MO (@) = VaM)™ () (5.71)

where n = n, and m = m,,. Inserting (5.71) into (5.64) yields the modified
discrete equation

1
Vi (y+ )M (@ +1) + 2 MMS’;‘) (z—1)+ (5.72)

+(n—pn—py —z(1+p) MUY (@) =0

which produces the classical limit

2~ P2 o
—M;”;’<p>+<f’<"+§)—pz—T) () =0 . (5.73)

This generates in turn the reduced radial equation for the N-dimensional
Coulomb-problem :

d? p? N-1 N-3
2_ —_—— — =
i (p) + ()\1/) 1 1+ 5 <l+ 5 )) on (p) =0 (5.74)

where N = 3, such that

on (p) = pN 2R, (p) € {L2(0,00) , dp} (5.75)
y=2(+1) (5.76)

and
M=ntl+l=n, +1+1 (5.77)

as usual. We can then say, that the discrete analog of the three dimensional
(reduced) radial Coulomb-problem is given by (5.72). A similar result has
been obtained before by starting from the normalized Meixner-function
(Lorente (2001b))

ME™ (@) = M (@) = Va2 MO (@) (5.78)

instead of (5.71). Now we are ready to say that the discrete analog of (5.66)
is done by the rescaled Meixner-function



92 Low-Dimensional Nanoscale Systems on Discrete Spaces
MO (2) = MO (z) = C=N2pp0om) (1) (5.79)

The continuous limit of the discrete equation characterizing MG (z)
reproduces (5.66) via

y=2l+N -1 (5.80)
and

N-1
)\1:n+%:l+n+T . (5.81)

On the other hand one has the normalization

Nt = D MG (2) MO (@ ZM“" ) M ()
z=0
(5.82)

by virtue of (5.79). We shall then assume that the continuous limit
Ra(p) = M) (5.83)
is generated by virtue of the normalization
Ny — / MY @OMTD (0o 1dp = 6w (5:89)
as indicated by (5.67). One would then have
Rulp) = BD(p) = Cipl exp (=5 ) LEH) (o) (5.85)

where L =1+ (N — 2)/2 and where the normalization constant reads

B B F'n+1)
Gi=GlN) = \/2)\1I‘(2l +N+n-1) ° (5.86)
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5.6 The discrete analog of the isotropic harmonic oscillator

It is well known that (5.66) can be converted into the one characterizing the
isotropic harmonic oscillator by performing the substitution (Kostelecky et
al (1985), Kostelecky and Russell (1996))

p=r2 . (5.87)

This proceeds in conjunction with the matching conditions

lo  Np—2
I, Ny—1

2 (5.88)

where [; = [ and N; = N, such that by now the subscript “2” concerns the
isotropic oscillator implemented in this manner. Counting the solutions,
there is a correspondence from on to half. However, more general maps
between the solutions of initial and converted systems can also be consid-
ered, as indicated e.g. by (2.12) in Kostelecky et al (1985). Now (5.66) is
converted into the radial equation

d2
7”2

d
S BE (1) + (N2 = e R (r) + (5.89)

+[20r? =1t =l (o + N2 = 2)] R (r) =0

characterizing an isotropic harmonic oscillator in Ny space-dimensions.
Now one has

RP (r) =R (r?) € {L2(0,00) ,r"*"dr} (5.90)

which shows, however, that R (r) should be rescaled by a 1/r-factor. The
principal quantum number is given by

N,
)\2:2)\1:72+2n:lg+2n+72 (5.91)
whereas
N.
YEn=m=ht (5.92)

This means in turn that (5.89) is produced, to second e-order, by the
continuous limit of the rescaled Meixner-function
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MOseill) (1) — (2= Na)/4 2 +Na/2) () (5.93)
where now
2
r
_r 5.94
7=~ (5.94)

Now the continuous limit of the rescaled Meixner-function
RO (r) = (D) (r?) (5.95)
is normalized from the very beginning as
RO (r) € {Ly(0,00), r™>"dr} . (5.96)

Indeed, in the present case (5.84) is replaced by
Nt — /Sﬁ(%” YD (1) N2y = 6,0, (5.97)

which leads in turn to (5.96). In addition, one has the nontrivial invariance
property

MO () = M) () = MG () (5.98)

which proceeds in accord with (5.88) and (5.92). In other words, we found
that duality partners just referred to above exhibit the same discrete analog.
It should also be noted that

R%Oscill) (r) = QR,@ (r) (5.99)
Ch
where
2T (n, + 1)
Cy = Cy (I3, No) = } 5.100
2 2 (12, V2) \/F(12+HT+N2/2) ( :

In particular, the discrete analog of (2.68), i.e. of the dimensionless
radial equation characterizing the 2D quantum dot potential kr2/2 is given
by (5.93) under the substitutions No = 2 and ly = |m/|. This leads to the
Meixner-function

MT(LQD) (z) = Mé'm‘“’“) (z) (5.101)

Wherex:ﬂ/a,m:m@,n:nr and p=1-—¢e.
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5.7 Realizations of Heisenberg-Weyl commutation relations

Our goal is to obtain informations concerning R and H just by handling
the commutation relation

HR = qRH (5.102)

in an algebraic manner. For this purpose let us assume that the H -and
R-operators in (5.102) are tridiagonal:

Hd}n = anJrlwnJrl + bn’@[}n + Cannfl (5103)

and

an - dn+1'¢n+1 + gnwn + rn¢n—1 (5104)

where all the coefficients are real, such that a,, # 0 and d,,r,, # 0. The H-
operator, which plays the role of the Hamiltonian, is Hermitian, as indicated
by (5.103). A third operator, say L = R, can also be introduced, in which
case

Lwn = Tn+1¢n+1 + gnwn + dnd}nfl . (5105)

The operators H, R and L can then be viewed as generators of an SL,(2)-
group (Floreanini and Vinet (1995a), Floreanini and Vinet (1995Db)).

Inserting (5.103) and (5.104) into (5.102) yields three kinds of matching
conditions by equating the coefficients of ¥, 12, ¥,4+1 and 1, respectively
(Zhedanov (1993)). First one has

Ani1dn = qandyiq (5.106)
and
Qp_1Tn = QQnTp_1 - (5.107)
This yields the solution
dy = clz—z (5.108)

and
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T = C2q"an (5.109)

where ¢ and co are arbitrary real constants. In the second case we have to
handle the matching conditions

C1
W(anrl - qbn) = 49n+1 — gn (5110)
and
2q" by — @bnt1) = Q90 — Gni1 - (5.111)

This shows that the difference
(1+q)gn — (:—i + Czqn+1> bp =c3 (5.112)

is independent of n. We then find the coefficient b,, as

by = —cynt e (5.113)
Wy Wp—1
in which
fo= 2 4 epqmt (5.114)
and
Wy, = g—i — caq™t? (5.115)

where ¢4 is a further constant. In the third case one obtains the inter-
connection

1
vn“aiﬂ — vn,lai = Z‘f‘—l (fnbi + 03bn) (5.116)

in which this time

oy = L gttt (5.117)

n

Having established b,, such as given by (5.113), we then obtain
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bnbnf n n—
a, = LWnttn—2 F G (5.118)
(q + 1) UnUn—1

by virtue of (5.116), where ¢5 is an additional constant. Thus (5.102) can
be solved in terms of tridiagonal representations, which results in a general
solution depending on five ¢;-parameters (i =1 — 5).

Now a discrete Schrédinger-equation like

Hd}n = CLnJrlwnJrl + bn'@[}n + Cannfl = Ewn (5119)

can be discussed in connection with (5.113), (5.114) and (5.118). Related
potentials would then proceed in terms of typical g-dependent functions f,,
v, and w, quoted above. Moreover, the wavefunction

p™ = R™, (5.120)
exhibits the eigenvalue ¢ E,,:
Hopl™ = g™ E,ol™ (5.121)

We then have to account for the orthogonality relation

(tn] sDEJ”’> =0 (5.122)

which agrees with the present selection of real ¢ # 1 -values. On the other
hand both RR* and R™ R are quadratic forms in H like (Zhedanov (1993))

RRT =¢H? +nH + ¢ (5.123)
and
RTR = ¢¢*H? +ngH + ¢ (5.124)
where
¢=92 (5.125)
q
— (5.126)
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and
2
¢= L%/Qq (5.127)
(¢+1)
One would then obtain
(D] D) = (€* B2 + ngBn +C) (Yl ) (5.128)

by virtue of (5.124), in which case the energy eigenvalues can be written
down in an explicit manner as

4€

E:E(i):% 14+ HF(l_CI)] (5.129)

provided that
4
ﬁz%@bn (5.130)

where
(¢n] ¥n)
<<p511)‘ @53)><

So, we have to realize that g-deformed algebraic structures incorporate
a lot of new information, which is useful for applications in several areas
(see also (9.102), or (10.126)).

(=Tp= (5.131)



Chapter 6

Hopping Hamiltonians. Electrons in
Electric Field

The tight binding models are almost familiar in solid state physics (Ashcroft
and Mermin (1976)). They are described specifically by so called hopping
Hamiltonians , the simplest version of which looks like

H=—ty Z (a;trlai + afaiﬂ) (6.1)

where ty stands for a site independent hopping parameter and where a:r
(a;) creates (annihilates) a particle, e.g. an electron, at site i. For conve-
nience, we shall assume the familiar commutation relation [a;, a;r] = 0i4,
though the influence of fermionic anticommutator-counterparts can be dis-
cussed in a similar manner. Hoppings such as addressed in (6.1) are NN
effects, but refinements concerning the insertion of next nearest neighbor
terms can be easily done. In this section we shall then discuss some typical
solutions and particular realizations of such interesting Hamiltonians.

The 1D discrete tight binding model with NN interaction such as done

by the second-order discrete equation

tn¢n+1 =+ t2—1¢n—1 + Vnwn = Ewn (62)

has received much attention (Sokoloff (1985), Gredeskul et al (1997)). Here
n is the site index, V,, is the n site potential and ¢,, is the hopping in-
tegral. Putting ¢, = ¢} _; = —ty, yields time-independent discretized
Schrodinger equations, as considered before in sections 4.1, 4.2 and 4.3.
Systems for which V,, is random (Anderson (1958)), aperiodic (Sil et al
(1993), Lindquist and Riklund (1998)), or quasiperiodic (Ostlund and Pan-
dit (1984), Aubry and Andre (1980)) have been discussed before in some
more detail, but periodic V,,-potentials (Harper (1955), Rauh (1975), Wan-
nier (1975), Obermair and Wannier (1976), Hofstadter (1976)) are of special

99
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interest. If ¢, =t;_; = tp and V,, = 0 one deals with a free particle with
the extended wavefunction

Y, = exp (i0n) (6.3)
and the energy
E = E (k) =2tpcosf (6.4)

where 6 = ka. A similar 6-dependence has been invoked before in connec-
tion with the energy-band description bearing on (2.24). However, there is
a common practice to use the dimensionless k-quotation instead of . One
then says that units for which a = 1 are used. Under the influence of dis-
ordered potentials the wavefunction becomes localized (Anderson (1958)),
but the same happens in periodic or quasiperiodic potentials for sufficiently
large values of underlying gap-like parameters (Ostlund and Pandit (1984),
Aubry and Andre (1980)). Besides the explicit presence of the V,,-potential,
we have also to keep in mind the fact that additional interactions are able
to be incorporated into the ¢,, and ¢} _; -coeflicients.

One realizes that (6.2) is produced by the two-dimensional (2D) Hamil-
tonian (Anderson (1958))

H=2 Vil l+ > tisli) (] (6.5)

ji—jl=1

where the |i)’s are localized orthonormalized Wannier-states for which
(Nenciu (1991))

(i ) =5y (6.6)
Then the Hamiltonian
H= D (Vi) (il + i i) G+ 1]+t i+ 1) () (6.7)
is Hermitian if
g1, = tisit (6.8)

and V;* = V. Starting from the eigenvalue equation
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H|p) = E'|¢) (6.9)

and using the

) =>_ Culn) (6.10)

reproduces (6.2) via

(n|H|Y) = Hnthn = E'thy, (6.11)
and ¥, = C},, such that
th = tnnt1 = tyg1n (6.12)
and
tn1 =tn—1n =1t5 1 - (6.13)

It should be noted, however, that Hamiltonians such as done by (6.7)
can also be solved with the help of a continued fraction representation of
corresponding Green-functions (Hubbard (1979)). Moreover, proofs have
also been given that similar Hamiltonians are also responsible for the de-
scription of neutral atoms on 2D optical lattices (Jaksch and Zoller (2003),
Ruuska and Térmé (2004)).

6.1 Periodic and fixed boundary conditions

Let us specify in some more detail the normalized wavefunction (6.10) as

N
) = 1 (k) = —== 3 exp (iknK) n) (6.14)

VN &

where now k is an integer expressing the mode-number and where K rep-
resents an additional k-independent parameter. The number of sites is
denoted by Ng. Then the above wavefunction is periodic with period Ny if

(n] ¥) = (n+ Ny| ¢) (6.15)



102 Low-Dimensional Nanoscale Systems on Discrete Spaces

in which case
exp (ik (n + Ns) K) = exp (tknK) . (6.16)
The appropriate solution is K = 27/N, which can be readily used in order

to establish the energy. Indeed, choosing again ¢, =t _; = to and V;, = 1},
one finds the eigenvalue

ok
E’:Ep(k):VO—i—Qtocos(;\;

S

) (6.17)

which relies on (4.116) and which is of interest in the description of excitons
(Knox (1963)).

In the case of fixed boundary conditions , it is suitable to represent the
normalized wavefunction as

lp) ”N 1 Zbln (knK)|n) (6.18)

which differs, of course, from (6.14) in several respects. Now, one has

(n|p) = N1 sin (knK) (6.19)
so that fixed boundary conditions like
(0 ]p) = (Ns+1]p) (6.20)
are now fulfilled if
T
= 6.21
N;+1 ( )
In consequence, (6.17) gets replaced by
E' = B (k) = Vo + 21o cos [ —% (6.22)
=Lkr(k)=W 0 N.+1 . .

Comparing (6.17) and (6.22), one sees immediately, that sensitivity de-
grees with respect to boundary conditions are increasingly lost for larger
Ns-values.
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6.2 Density of states and Lyapunov exponents

The density of states (DOS) plays an important role in the derivation of
partition functions with the help of integrals over energies. More exactly,
a sum over states is converted into the integral

> e)= [agg(e) s E) (6.23)
{a}

where g (E) stands for the DOS just referred to above. To this aim we shall
begin by applying, up to subsequent rescaling factors, the formula

_ % (‘% )1 (6.24)

representing the 1D limit of the well-known 3D1 DOS-formula which is
familiar in solid state physics. Using e.g. (6.17), and rescaling the r.h.s. of
(6.24) by 27 /Ny gives

—1/2
g(E) = 737\;8 % = 2;—750 (1 - (E%tg/‘)» / (6.25)
so that the integrated DOS becomes
E
n(B)= [ 9(B)E = - (E)", (6.26)
—5t,
for Vy = 0, where
- 1 E 2k
n(FE) = — arccos <2_t0> =N (6.27)

expresses the indefinite version of the integrated DOS.
On the other hand, the Lyapunov exponent characterizing a second-
order discrete equation , can be defined as

1anrl

v(F)= lim Z In

R Nk (6.28)

such as indicated by similar expressions proposed before by Luck (1989)
and Ott (1994). We shall then obtain
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v (E) = Z2Z7Vrk (6.29)
by virtue of (6.16), so that
vo=Re (E) =0 (6.30)
and (see also Thouless (1983a))
Im~(E)=—-mn(E) . (6.31)

Thus, we found that —m times the indefinite version of the integrated
DOS yields the imaginary part of the Lyapunov exponent . A such result
looks intriguing, because the DOS is a well defined quantum-mechanical
concept, whereas the Lyapunov exponent concerns the large time behavior
of nonlinear oscillations in dynamical systems. The understanding is the
iterative mapping background of (6.28). Indeed, introducing the quotient

1anrl
R, = 6.32
o (632

one finds that (6.2) is converted, in general, into

o,
n 6.33
R (6.33)

th Ry = (E—=V,) —

i.e. into a classical iterative mapping problem (Izrailev et al (1998); Halburd
(2005)). Thus, two seemingly unrelated quantities becomes inter-related if
one resorts to suitable conversions, now to the one produced by (6.32). It
is understood that in more general cases, one has vy (E) # 0, which plays
an important role in the definition of localized states (Aubry and Andre
(1980), Sokoloff (1981), Thouless (1983a), Willkinson and Austin (1994)).
Moreover, there are reasons to say that a zero Lyapunov exponent such
as done by (6.30) serves as a criterion to the identification of integrable
dynamical systems, too (Ramaswamy (2002)).

In general, the evaluation of Lyapunov exponents is not an easy matter
(Eckmann and Ruelle (1985), Rangarajan et al (1998)). In this respect
suitable approximations, the “coherent potential approximation” included
(Avgin (2002)), are useful, but dispersion relations relying on analytic func-
tions can also be considered. One would then have (see e.g. (1.6.10) and
(1.6.11) in Nussenzweig (1972))
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“+o0
(B
v (E) = —P / ]Z,(_ édE’ (6.34)
in accord with (6.30), so that
V)
n
= | 2 gE .
v (E) /E,_E_Z.6 (6.35)

where ¢ — 0. Performing the integration by parts and neglecting surface
terms, yields

+oo
v(E —ig) = / In(E' — E)g(E")dE' (6.36)

which is equivalent to the Thouless-formula (Thouless (1972)). Differenti-
ating two times (5.37) one finds immediately that

+oo
*~(E) g(E) ,
1 - / B <0 (6.37)

— 00

so that v (E) = v (E — ie) is a concave function irrespective of E (Aubry
and Andre (1980)).

6.3 The localization length: an illustrative example

Let us consider, as an illustrative exercise, the simplified DOS configuration

1/2, Ee[-A—1,-AJU[A A +1]

0, otherwise (6.38)

D(E):{

where A has the meaning of a gap parameter. Indeed, (6.38) describes two
identical bands separated by a gap having the width 2A. Using (6.36) gives

In (E’2 - E2) dE’ (6.39)

2
5
I
vl
_|_
N =
D\E
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by virtue of (6.38), so that

7(E):ig+(A+1)1n(A+1)—A1nA—1+ (6.40)
E
EA e
B Aranh AT

Assuming small F-values, such as |F| < A, one finds the leading approxi-
mation

1
~ (E) =~ (E) :ig+1nA+Z (6.41)

if A > 1. This indicates that the present localization length exhibits a
maximum at A = 1. The existence of this length can be viewed as a
signature of an insulator phase, in which case L., 2 1/In A (Aubry and
Andre (1980), Thouless (1983a)) if A > 1. Several details concerning such
problems have also been discussed (Kroon et al (2002), Quieroz (2002)).

On the other hand, the asymptotic behavior of the localized state can
be specified as follows

v = f e (-5 (6.42)

where f (z) is in general a randomly varying function. Then the localiza-
tion length can be identified with the exponential decay length A displayed
above. Other fingerprints of the localization can be found in the inverse
participation number, i.e. in the second moment of the probability density

=L@ (6:43)

where the wavefunction is assumed to be normalized to unity. This repro-
duces the volume of the system

P, =V =N (6.44)
in the case of plane waves, but in general
limp, oo Py = LT (6.45)

where d* expresses the fractal dimensionality of the system. One has d* <
N for extended states, but d* vanishes if the state is localized (Kramer and
MacKinnon (1993)). Weak localization effects have also their own interest
(Akkermans and Montambaux (2004)).
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6.4 Delocalization effects

Proofs have been given that under the influence of long-range correlated
disorder, the Anderson theory of localization (Anderson, 1958), which pre-
dicts an insulating behavior for 2D electron systems with weak disorder,
fails to be valid. Indeed, in this latter case the spectral density

No/2

S(k) = z:: V; cos (%’ + <1>¢> (6.46)

of the one site energies in (6.7) is able to exhibit a power-like behavior

S(k) ~ kia (6.47)
such that o > 2 (De Moura and Lyra (1998)), where now the number of sites
Ny is even. The random phases @, € [0, 27] displayed above are assumed to
be independent. Then there are delocalization effects, as indicated by the
zero-value of the Lyapunov exponent. This proceeds within a finite range
of energies centered around £ = 0. We then have to account for a metal-
insulator transition, which invalidates scaling predictions mentioned above
(Abrahams et al (1979)). Accordingly, a metallic temperature dependence
has been observed in several systems like Si metal-oxide semiconductor field
effect transistors (Kravchenko et al (1994)), as well as in many other 2D
carrier systems like n-AlAs (Papadakis et al (1998)), n-GaAs (Hanein et
al (1998)), or n-Si/SiGe (Lai et al (2005)).

Delocalization effects are also able to be produced by correlated impuri-
ties in 2D non-interacting electron systems (Hilke (2003)). For this purpose
a tight-binding Anderson-model in two dimensions like

Yip1j +Vi—1; + Y -1 = (B = Vi), (6.48)

has been used. One would then obtain the extended wavefunction
l
Y = cos(§7r) exp(iky) (6.49)

and the energy E = 2cosk if Vo; ; = 0, while the V41 ;s are still assumed
to be random.

Interplays between delocalization effects relying on the long-range cor-
related disorder and the dynamic localization implied by the presence of an
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electric field £ have also been considered (Dominguez-Adame et al (2003)).
For this purpose one resorts to a discrete Hamiltonian like

No No—1
H=> (Vim—meaa) |m) (m|+to »_ (Im) (m+ 1|+|m + 1) (m|) (6.50)

where N is again even and where V; proceeds in accord with (6.46) and
(6.47).

6.5 The influence of a time dependent electric field

The influence of a time dependent electric field, say & = E(t) =
hEp f(t)/ea, on a charged particle moving on an infinite 1D lattice is of
a special interest (Zhu et al (1999), Suqing et al (2003)). Such systems
serve as a reasonable quantum-mechanical model of an 1D nanoconduc-
tor. The Hamiltonian (6.50) can be readily generalized towards an infinite
lattice (—oo < i < 00), whereas the time-dependent version of (6.10) reads

W) >= > Cwlt)|m> . (6.51)
This yields the time dependent discrete Schrodinger-equation

dC.,(t)
dt

i = V(Crnia(t) + Cr1(t)) = mEp f (1) O () (6.52)
by virtue of the time dependent counterpart H |1)) = ihd |¢)) /Ot of (6.9),
where now V,,, = 0 and g = AV. So far one deals with an electron with
the electric charge —e < 0, but other charged particles can be treated in a
similar manner. Accounting for the continuous limit of (6.52), shows that
t has the meaning of a time variable, but with the reversed sign. We can
assume, for convenience, that £p/w > 0. We would like to stress that (6.52)
can be exactly solved for an arbitrary time modulation f(¢) (Dunlap and
Kenkre (1986)). In particular, a monochromatic field like f(t) = cos(wt)
has been considered. The interesting finding in this latter reference is that
there is a dynamic localization if the quotient £ /w is a zero of the Bessel
function of order zero Jy(z), i.e. if

Jo (Epjw) =0 . (6.53)
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The fingerprint of this remarkable localization is the periodic return of the
particle to the initially occupied site. Note that the field amplitude £ looks
like the frequency of Bloch oscillations predicted long ago (Bloch (1928);
Citrin (2004)). Under such conditions the mean square displacement (MSD)

<m?>= i m?|Co () (6.54)

m=—0oQ

remains bounded in time, which serves as a useful criterion for dynamic
localization. However, we have to say that such localization effects get ruled
out within the continuous limit of (6.52), as shown before (Guedes (2001)).
Moreover, such effects are related to the band collapse of a quasienergy
miniband (Holthaus (1992); Suqing et al (2003)). In addition, it has been
found that (6.52) is of interest in the study of harmonic generation by 1D
conductors (Pronin et al (1994), Zhao et al (1997)). The quotient Ep/w
displayed above is then responsible for the maximum number of higher
harmonics. Moreover, the dynamic localization such as discussed by Dunlap
and Kenkre has been unambiguously confirmed in linear optical absorbtion
spectra (Madureira et al (2004)). Accordingly there are firm supports to
consider (6.53) as a valuable starting point towards further generalizations,
as we shall see later. The influence of both electric and magnetic fields
on the dynamic localization of charged particles has also been discussed
(Nazareno and Brito (2001); Torres and Kunold (2004)), but such results
are rather numerical.
Now we would like to show that an alternative wavefunction like

CW(t) = exp (%m(%ﬁpn - m) Jm(T) (6.55)

can be accounted for in so far as one resorts to admissible time realizations,
i.e. to a suitable time discretization (Papp (2006)). Here J,,(z) denotes the
Bessel function of the first kind and of order m. In addition, the complex
conjugation of (6.52) gives C, (t) = exp(imm)C_,,(t), which is in accord
with (6.55). Note that Bessel functions of the first kind have also been used
before in the description of bound states produced by constant electric fields
on the lattice, as shown by (4.36) and (4.40). Now one has

P —T(t) = %‘/@ sin(En) (6.56)

and
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/tf ! _/f . (6.57)
0 —t

For this purpose one resorts to the discrete Fourier transform

G (1) = % S o (t) exp (—imk) (6.58)
in which case (6.52) leads to
<§t+2Vlcos( Y+ ERS(F) 8)Ck() . (6.59)

It is understood that for macroscopically large systems the momentum can
be treated as a continuous variable.

At this point let us introduce an alternative separated integration in
terms of

T=7(t)=k+Epn(t) (6.60)

instead of t. This amounts to replace Cy (t) by C(s,7), where s = t.
Accordingly, there is

20V cos (T — Erm)

d
- =_—__ .61
dTC (s,7) e, 115 C (s,7) (6.61)
which yields, for the moment, the solution
4V
C (s,7) = cpexp (—#(8) sin % cos ( - %)) . (6.62)

where ¢y is an integration constant. Combining (6.58) and (6.62) then leads
to the alternative wavefunction, i.e. to (6.55), by invoking the rescaling
Er — 2Er. Indeed, applying this rescaling (see also section 6.8) yields the
wavefunction

CW(t) = % Z exp (imk — T cos(k — Ern)) (6.63)

k=—c
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in accord with (6.58), in which ¢y = 1/27. This produces in turn (6.55) by
virtue of the generating function of the Bessel-functions (see (8.511.4) in
Gradshteyn and Ryzhik (1965))

o0

exp(izcosp) = Z i" I (2) exp(imyp) . (6.64)

m=—0o0

One sees that (6.55) obeys the initial condition
Cm(0) = bm,0 (6.65)

which means, of course, that the initially occupied site is m = 0. It is
understood again that the k-summation in (6.63) can be replaced by a
related summation over the first Brillouin zone.

6.6 Discretized time and dynamic localization

Using the recurrence relation for the Bessel functions

2dilsz(z) T 1(2) = T (2) (6.66)

as well as (6.56), it can be easily verified that (6.55) satisfies (6.52) if
sin(Epn(t)) =€ — 0 (6.67)

where £p # 0, which results in a nontrivial time discretization. It is clear
that (6.55) leads to the actual field-free solution:

Con(t) — CO(t) = exp(—imm/2) T (2tV) (6.68)

if & — 0. The time grid, say ¢t = t,, implemented in this manner can be
established as

Ern(ty) = (n+e)m (6.69)

where e = (—1)"¢’/m and where n is an integer. Correspondingly, the MSD
exhibits the limit
= r2(t) T2t
<m®>= > m’IL(I() = ) _ ()

m=—0oQ

(6.70)
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for t — t4, which proceeds in accord with the n = 1 form of (8.536.2) in
Gradshteyn and Ryzhik (1965). The symmetry condition

Jom(2) = (=)™ T (2) (6.71)

has also been invoked. Furthermore, there is

I(tg) = 5F v fl(i )m (6.72)
g
whereas f(ty) exhibits the form
w2 1/2
flty) = |1 - 5—2(n+ g)?m? (6.73)

in the special case of a cosinusoidal modulation f(¢) = cos(wt). Accordingly,
the MSD becomes

1 212
5FQ(fg) = g—zfn(a,u) (6.74)
F
where u = £p /w and
2.2
fale,u) = an (6.75)

1—(n+e)?n?/u?

Now we have to realize that the characteristic function just displayed
above is able to exhibit non-zero finite values like

2
fule,u) = o (6.76)
if
1—(n+e)*n?/u? = Cye? (6.77)
and
2k _ n?m? (6.78)

where Cy is a positive parameter. One remarks that inserting (6.78) into
(6.73) yields f(ty) = 0, which can be viewed as an effective field free condi-
tion. Needless to say that a such idea is appealing from a theoretical point
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of view. At this point we have to say that bounded MSD-values just writ-
ten down above are responsible for the onset of the dynamic localization,
which proceeds in terms of (6.78). One would then have

e2(1+ Cygn?) = —2en (6.79)

so that the small e-parameter relying on (6.69) reads

2n
€= TicgpE (6.80)
Accordingly, there is ¢ > 0 (¢ < 0) if n < 0 (n > 0), in which case
e — 0 if |n| — oco. Moreover, inserting Cq = 1 shows that |¢| decreases
monotonically with |n|, such that |¢| € [0,1] for |n| € [1,00). Equations
(6.78) and (6.80) show that dynamic localization effects are able to be pro-
duced if the ratio £p/w is centered, within small strips, around an integer
multiple of 7. We have to recognize, of course, that the accuracy degrees
of this description get enhanced for larger |n|-values. This corresponds to
the strong field limit, and more exactly to large values of the ratio Ep/w.
Accordingly, the strip-widths, i.e. the |¢|-magnitudes, become vanishingly
small. Moreover, the leading approximation characterizing the large order
zeros of Jy (t) is given by 2, = 7w (m —1/4) = mm. In this context, the
present approach can also be viewed as a strong field manifestation of the
one done by Dunlap and Kenkre (1986). Conversely, inserting m — 1/4
instead of m results in an improved approximation.
One realizes that the MSD exhibits the limit

2

1%
<m®>— 2’ — (6.81)
Ep

if t — t4, where n? > 1 and
Ci=1 . (6.82)

Equation (6.81) shows that the t,’s are able to be interpreted, at least
qualitatively, as the periodic return times of the particle to the initially
occupied site. Combining (6.69) and (6.78) yields

sin(wty) = sgn(n) (6.83)

so that the € = 0 representation of such discretized time-intervals reads
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t, = 2;” (n + isgn(n)) (6.84)

Equation (6.84) shows that the oscillation period has the meaning of an
elementary time interval.

In other words we found a reasonable strong field limit alternative to
the usual wavefunction working definitely on the continuous time. The
present wavefunction has been established, of course, by considering a pre-
established phase, namely m(Epn(t) — 7/2). Indeed, this phase behaves
safely under complex conjugation, whereas the field free limit proceeds in
accord with (6.68). In addition, the time derivative of this phase compen-
sates precisely the potential energy term in (6.52). This alternative is able
to provide leading forms of generalized dynamical localization conditions ,
now by proceeding in conjunction with the implementation of a nontrivial
time discretization (Papp (2006)). We can emphasize that such solutions
exhibit certain similarities with the so called conditionally exactly solvable
problems (see de Souza Dutra (1993)). Of course, in the present case, the
former parameter fixing gets replaced by the dynamic localization condition
(DLC) working in conjunction with the time discretization.

6.7 Extrapolations towards more general modulations

Eliminating ¢, between
sin (Ern (tg)) =0 (6.85)

which is responsible for the € = 0 -limit of (6.64) and the effective field free
condition

f(tg) =0 (6.86)

working on the time grid, provides a rather efficient proposal to the ex-
trapolation of the strong field dynamic localization condition (DLC) (6.78)
towards more general modulations of the time dependent electric field (Papp
(2006)). On could emphasize, at least tentatively, that the reasoning be-
hind this proposal is the effective field-free behavior, which can be viewed
as being reminiscent to the “asymptotic” freedom behaviour characterizing
high-energy descriptions in field theory. A such behavior has been checked



Hopping Hamiltonians. Electrons in Electric Field 115

above by the interplay between (6.84) and (6.85) when f(t) = cos(wt), but
the incorporation of more general cases is in order. Keeping in mind that
further refinements and/or explanations remain desirable, we shall then
apply (6.85) and (6.86) to other signals, which results in the derivation of
useful but leading approximations to DLC’s one looks for.

For this purpose let us consider, as an exercise, a more general signal
like

f(t) = f1(t) = cos(wt) + Ag cos(2wt) (6.87)

where Ay is a positive parameter. Combining (6.87) with (6.85) and (6.86)
then gives the DLC

% = TL7TF1(A0) (688)

working within the strong field limit needed, where

[1 +((1+8a2)"% - 1)/4} -

F1(Ag) = AgV8 (6.89)
[4A2 — 1+ (1+8A2)1/2]"/?
and
1 2\1/2
cos(wty) = g5 [(1 +8AZ)/2 1} . (6.90)

Now F;(Ag) decreases monotonically with Ag, such that F5(Ag) € (0, 1] for
Ap € [0,00). In particular, (6.88) reproduces the DLC characterizing the
cosinusoidal modulation as soon as Ag — 0. One realizes that such results
are able to serve as quickly tractable strong field limit approximations to
more exact but heavily accessible DLC’s. It is also clear that (6.88) works
irrespective of the sign of £ provided that w > 0 and sgn(Ep) = sgn(n).
Other cases deserving further attention are presented in section 6.11. It
should be stressed again that (6.85) and (6.86) stand for quickly tractable
but useful approximations to DLC’s for time-periodic modulations can be
readily done by resorting to zero time-averages of persistent currents in
L-ring circuits, as we shall see later (see (10.141)).

It should be stressed again that (6.85) and (6.86) stand for quickly
tractable, but useful approximation to DLC’s. However refinements con-
cerning DLC’s for time periodic modulations can be readily done by re-
sorting to zero time-averages of persistent currents in L-ring circuits, as we
shall see later (see (10.141)).
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6.8 The derivation of the exact wavefunction revisited

Next we find it useful to present some details concerning the derivation of
the exact wavefunction (Dunlap and Kenkre (1986))

O (8) = (=N Jm (2V | Z]) (6.91)
characterizing (6.52). One has
Z=U(t)+iV(t) = exp(i€pn(t))Z1(t) (6.92)
where
Zi(t) = / dt’ exp (—iCe (') (6.93)
and \? = —Z/Z*. This shows that the present description depends specif-
ically on the 7 (¢) -function. Inserting dr = Erf (s) ds into (6.61) yields
Ch, (t) = Ci (0) exp (=2iV (cos kU (t) — sin kV (£))) (6.94)

by performing the s -integration under a fixed 7 -value, i.e. under 7 (s) =
7(0). This amounts to consider the back transformation (see also (A.3) in
Dunlap and Kenkre (1986))

k—k =k+&m(t) (6.95)

where by now s = t. Next we have to account for the Graf’s addition
theorem (see e.g. (8.530) in Gradshteyn and Ryzhik (1965))

i T (2UV) Joyr (2VV) = X, (2V | Z]) (6.96)

as well as for the “sine” counterpart

exp (izsin ) Z JIm (2) exp (imep) (6.97)

m=—0oQ

of (6.64). One would then obtain the relationship
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Con ()= D Cong (0) exp (—ip (m +v) 7 ()) X', 2V |Z]) , (6.98)

v=—00
which leads to the wavefunction

1 m

Cm (t) = <_X> Im 2V 1Z)) (6.99)
by virtue of the initial condition Cp,4, (0) = 0m+r0. So far (6.99) fails,
however, to satisfy (6.52). We then have to supplement the back transfor-
mation (6.95) by the rescaling

Er — —€F (6.100)

which yields in turn the exact wavefunction (6.91). We can then say that
(6.100) has the meaning of a symmetry restoring condition. This means
that a similar reasoning should concern the rescaling £ — 2EF used before
in the derivation of (6.63).

What remains is to show in an explicit manner that the wavefunction
(6.91) is actually an exact solution of (6.52). Indeed, one has

d Z+ 7"
Z_+

- = - 101
dt | 2|7 (6.101)
so that
L () = o (24 Z°) (Tt (1) — T (1)) (6.102)
dt m — 9 |Z| m—1 m—+1 .
by virtue of (6.66), where z = 2V |Z|. Further there is
My (t) =V |Z] (Jm=1 (t) + T+ (t)) (6.103)
in accord with (4.35), whereas
Z
A=i— 6.104
1d A
~— =1Epf(t) (6.105)
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and
d m m 1
7 (=A)" =m(=\) X (6.106)
Accounting for (6.101)-(6.106), it can be readily verified that
Chn (t) = O (1) (6.107)

fulfils precisely (6.52), as one might expect.

6.9 Time discretization approach to the minimum of the
MSD

Further theoretical supports to the time discretization presented before are
provided by the time minimization of the MSD

o0

2
(m?), = 3 m? ‘cf,’;) (t)‘ = ov2|z)? (6.108)
characterizing the exact wavefunction (6.91).
First one has
t t
|Z)? = /dt’ / dt" exp (—iEp (n (') —n (")) (6.109)
0 0
by virtue of (6.92), so that
d
— (m?) =4V?D, (t) (6.110)

dt

where

Dy (1) = cos (Ern (1) / 4’ cos (Epm (1)) +sin (Epn (1)) / dt’ sin (Epn (1)
0 0

(6.111)
Resorting to the time grid ¢ = ¢, implemented by (6.85), shows that

D, (ty) =0 (6.112)
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as soon as

/dt’ cos(Epn (') =0 . (6.113)
0

We then have to realize that (6.85) and (6.113) are responsible for the
strong field limit of the DLC and for the exact one, respectively. Indeed,
coming back to f () = cos (wt) one finds that (6.113) leads to

(2n+1) 5 Jo <5F) =0 (6.114)

which produces in turn the exact DLC (6.53). This proceeds by virtue of
the relationship

3 (%) Jaows(Bns)

where

@g:‘*’tg:@n‘f'l)z

5 (6.116)

comes from (6.84). For convenience, it has been assumed that sgn (n) = 1.

Differentiating once more again the MSD yields
d2
-3 (m*) =4V?[1—Erf(t) G, (1)) (6.117)

where

¢ ¢
G, (t) = cos (Epn (T /dt sin (Epn (t'))—sin (Epn (t /dt cos (Ern (1))
0 0

(6.118)
Inserting ¢t = t, gives

d2
T (m), | =4vi>0 (6.119)

t=tgy

which shows that the present extremal condition leads to a minimum. It is
clear that the MSD-minimum established in this manner reads
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tg

(m2)™) = 92 / dt’ sin (Epn (1)) (6.120)

I
0

in which case the pertinent DLC is produced by the interplay between
(6.85) and (6.113). It is clear that the square root of the MSD-minimum
displayed in (6.120) plays the role of a non-zero minimum uncertainty in
the discrete position.

6.10 Other methods to the derivation of the DLC

Other methods to the derivation of the DLC have also been proposed. To

this aim we have to remark that Z in (6.92) can be replaced automatically
by

Zi(t) = /dt/ exp (—iEpn (t)) (6.121)
0

because |Z| = |Z1]. Then the MSD exhibits the form
(m?®) =2V?Z, (t) Z7 (t) (6.122)

in accord with (6.108). The starting point towards establishing further
descriptions is the ansatz

Z1(t) =t + Q2 (1) (6.123)

in which @1 is independent of time, whereas Q2 (t) oscillates with time.
This means that the MSD remains bounded in time if (Suqing et al (2003))

Q1=0 (6.124)

which is synonymous with the DLC.
Considering as an example a time dependent electric field like

E (t) = Eo + E1 cos (wit) + Es cos (wat) (6.125)

yields the field modulation
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wB

f@)= . + cos (wit) + A cos (wat) (6.126)
F

where By = AFE;, wg = eaFy/h is the usual Bloch-frequency, whereas
Er = Erea/h. Accordingly, there is

E(t) = %&f (t) (6.127)

in which case
Erm (t) = wpt + aq sin (w1t) + ag sin (wat) (6.128)

is obtained by virtue of (6.57). It is clear that ag = wp/Er, a1 = Er/un
and ag = Afp/wy . Using (6.97), it is an easy exercise to verify that

o0 oo

A (t) = Z Z Im (041) Jn (042) exp (—iQm,n)

m=—00 Nn=—00

sin (Qm nt)

m,n

(6.129)

where

1
Qo = 3 (wp + mwy +nwa) . (6.130)
Next we have to realize that the discrimination of the linear term in
(6.123) can be done by restricting the sum in (6.129) to the contributions
for which €,,, — 0. This gives

Q1 = Q1 (ap,a1,a2) = Z Z (Jm (a1) Jn (0‘2)|Qm,n:0) (6.131)

m=—o0 nN=—0o0

which looks, however, quite involved.

Further, let us assume that wg = 0 and ws/w; = p/q, where p and ¢
are mutually prime integers. Then €, , = 0 has the roots m = pl and
n = —ql, where [ is again an integer. This gives the result (Suqing et al
(2003))

Q1= Q1" = Jo (1) Jo (az) + Y Tyt () Tt (a2) [(=1)" + (=17
=1
(6.132)
which stands for a particular realization of (6.131). Moreover, there is
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Q' = QO (ay, A) = Jo (an) o <%a1) +2) T (o) Ja (%m)

1=1
(6.133)
if p =2 and ¢ = 1. This means that the “exact” but involved counterpart
of the DLC (6.88) is given by

O (a1,A) =0 (6.134)

but a such equation remains again too hardly tractable to be useful for
explicit calculations in practice. We then have to resort to numerical meth-
ods, but explicit summations in (6.132) and (6.133) remain, if at all, to be
done. In addition, there are reasons to say that the ansatz (6.123) is not

generally valid, as there are systems characterized e.g. by a cubic growth
of the MSD (Hufnagel et al (2001)).

6.11 Rectangular wave fields and other generalizations

Our next task is to discuss the localization attributes characterizing a pe-
riodic rectangular wave field like

Er, te(0,T/2)
()= {_;;’ te (T/2T) (6.135)

where E (t) = £ (t) W/ea, such that € (t) = £ (t+ T). A modified version
of (6.135) has also been discussed before (Zhu et al (1999)). The above
field exhibits sign-change discontinuities of the first kind at

T

t =tagis = ndis§ (6.136)
where ng;s is an arbitrary integer, while T" denotes the period measured
in units of i/W. Equation (6.136) relies on the “exact” area quantization
condition proposed before (Dignam and de Sterke (2002)). This means
that the total area under the & (t)-curve between two discontinuities en-
compassing an integer number of periods should be an integral multiple of
2. Now, the total area for one period is zero, which indicates that we have
to consider reasonably a half period. One would then obtain the area

T

m
—_ = —_ = 2 a 1
& 5 Epw Na™ (6.137)
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when the discontinuities are located at ng;s = 0 and ng;s = 1, where n, is
a non-zero integer.

One realizes that the periodic function characterizing (6.135) is given
by the Fourier-series

£i) = % Z sin (2n + 1) wt (6.138)

so that £ (t) = Epf (), as usual. This gives

4 |72 Xcos(2n41)wt
t)=— | — — —_— 6.139
(] P PR T 130
in accord with (6.57). Applying (6.85) and (6.86) one finds
2
wty = —ﬂ-tg =n'm . (6.140)
T
which leads to a DLC like
Er
— = . 6.141
Ty (6.141)
if n’ is an odd integer. The series
oo 2
— 6.142
Z: 2n + 1 8 ( )

has also been used. Now it is clear that (6.141) reproduces precisely (6.137)
as soon as n = 2n,, which means that we have to account for even real-
izations of n in (6.69). Accordingly, the periodicity of the modulation gets
accounted for, too. This provides further theoretical supports favoring the
accuracy attributes of the present approach to the derivation of DLC’s.
The above results can be readily generalized towards the modulation

f)=fult Z bany1sin ((2n + 1) wt) (6.143)
n=0

where £(t) = Epf (t), w = 2n/T and f1 (t) = f1 (t+T). Now (6.140) is
preserved, in which case the DLC reads
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2EF = boni1
wo o= 2n+1

= nm (6.144)

instead of (6.141), where the n’ -values needed are again odd integers.
Proceeding in a similar manner one finds that the DLC’s characterizing
the modulations

F(t) = fat) =D bop sin (2nwt) (6.145)
n=1
and
Ft) = fs(t) = bans1cos((2n+ 1) wt) (6.146)
n=0

are given by

SF = b4m+2
w = 2m+1

=n7 (6.147)

and

EF ~— m bam+1 "
£ Z 1~ = (=1)" nw = +nw (6.148)

respectively, which may be useful in several respects. The time grid reads
wty = (2n’+1)m/2 in both cases. We can assume, without loss of generality,
that n/ in (6.148) is an even integer.

Besides the area quantization condition mentioned above, the “exact”
dynamic localization proceeds in terms of a further condition like (Dignam
and Sterke (2002), Domachuk et al (2002), Wan et al (2004))

T
T) = / exp (—ipEpn (1)) dt = 0 (6.149)
0

where p is a non-zero integer and where T' denotes the period characterizing
the f (¢t) modulation. The “exact” dynamic localization would then occur
only when 3, (T') = 0 for all p’s, which is unlikely to be fulfilled in practice.
Inserting e.g. f (f) = cos (wt) into (6.149) gives G, (T') = T'Jo (p€r/w) =0,
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which shows that the “exact” description in the sense just referred to above
is not possible. Related approximate versions to the dynamic localization
have also been proposed. However, such approximations are too involved
and concern again a rather restricted class of modulations only (Domachuk
et al (2002)).

6.12 Wannier-Stark ladders

In a constant electric field the stationary version of (6.52) is given by
1% (Cm+1 + Cm—l) - mérC,, = EC,, (6.150)

in which case the dimensionfull energy is given, up to the sign, by Ey = hE.
This equation has also been discussed from a standard quantum-mechanical
point of view in section 4.2, as indicated by (4.28)-(4.40). The present
quotations rely on the ones used in section 4.2 via & = F, V =ty and
Cim = Y. Now one looks for a suitable solution like

Con = /dkexp (imk) C (k) (6.151)

—T

where this time the integral runs over the first Brillouin zone instead of
k € (—o00,00). The dimensionless wave number is denoted by k, so that
k € [—m, 7). Inserting (6.153) into (6.152) yields the first-order differential
equation

d ~ 2V E
— InC (k) = = cosk — — 6.152
7 e nC (k) z5 cos £, ( )
which is the stationary counterpart of (6.59). Equation (6.154) can be
immediately integrated as

~ ~ E 2V

C(k)=C(0)exp |i| =—k— =—sink . (6.153)
Er Er

Next we have to apply (6.97), in which case the solution one looks for

is given by

Cr = 21C (0) Ty /1 (g) (6.154)
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which works in conjunction with the orthogonality condition
> expik(m+m' + E/Ep) = s —m-pjen - (6.155)
k=—m

For this purpose the quotient F/Er must be an integer, which is responsible
in turn for the implementation of equally spaced energy levels like

E=F,=nfr =nwp (6.156)

where n = 0,41, 42, ... . One sees that (6.158) produces an actual gener-
alization of (4.46). On the other hand, one has the orthogonality property
(see e.g. Wacker (1998))

> Tmin (2) I (2) = 6k (6.157)

where z is real. Inserting z = 2V/Ep and using (6.158) produces the nor-
malization condition

S lCwl =1 (6.158)
as soon as 21 | C(0) |= 1. So, the discrete energies established in ac-

cord with (6.158) concern actually localized bound states. Such energies
have been referred to as Wannier-Stark ladders (Wannier (1960), Fukuyama
(1973), Bleuse (1988)). Wannier-Stark resonances have also been discussed
(Nenciu (1991)), which also means, of course, that the level width should
be smaller than the level spacing. We would like to mention, quite satisfac-
torily, that such ladders have been found in photoluminescence experiments
with GaAs/GaAlAs superlattices (Voisin et al (1988)).

6.13 Quasi-energy approach to DLC’s

There is still a useful method which can be used in the derivation of DLC’s,
namely the quasi-energy description. To this aim we have to assume again
that the external electric field is periodic in time with period T'. Then the
time dependent Schrédinger-equation
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M, (e, 1) = i (e 1) (6.159)
where * = ma and A = 1 can be handled in terms of the Floquet-

factorization (see e.g. Holthaus and Hone (1993))
Y(x,t) = exp(—iEt)up(z,t) (6.160)
where H(z,t) = H(x,t+T), E denotes the corresponding quasi-energy and
ug(z,t) =<zt,E >=ug(z,t+T) . (6.161)

This gives the eigenvalue equation
.0
H(z,t) — 5 up(z,t) = Eug(x,t) (6.162)

which has to be solved by accounting for the periodicity condition (6.161).
Applying once more again the orthonormalized Wannier basis (6.6):

[t, E >= i em (t)m > (6.163)

m=—o0
yields the equation

i%cm(b‘)z Z < O[H|m > g () = (MERf(t) + E)em(t)  (6.164)

m’/=—o0

which relies on (6.52). It is understood that Ho stands for the time inde-
pendent part of the Hamiltonian, in which case there is

< m|Holm' >=< 0|Ho|m —m' > (6.165)

by virtue of the translation symmetry. Accordingly, the periodic energy
dispersion law of the parent band is given by

Eo(k) = Eo(k+2m) = Y <O0[Ho|m > exp(imk) (6.166)

m=—0o0

which leads to the well known expression (see also (6.4))
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Ey(k) =2V cosk

by virtue of (6.52).
Next let us perform the gauge transformation

() = expli(Et + mErn(t)|Cn(t)
in accord with (6.57). Then (6.164) becomes

. d - .
zaCm(t) = /; < O[Ho|m’ > exp(im/Epn(t))Copyam (t)

m'=—00

(6.167)

(6.168)

(6.169)

At this point we have to apply the discrete Fourier-transform (6.151). Equa-

tion (6.169) can then be converted as

F9Gu(t) = Bok + Ern()Ce(t)
where
ék+27r (t) = ék (t)

Equation (6.170) can be readily integrated as

t

Cr(t) = Ci(0) exp | —i / ' Eok + Ern(t)) |
0

whereas the periodicity condition (6.161) leads to
Con(T) = Cpy(0) exp[—i(ET + mEpn(T))]
So one obtains
Ci(T) = Crrepn(r)(0) exp(—iET)

which produces in turn the quasi-energy quantization condition

T
Crrepn(r)(0) exp(—iET) = Cp.(0) exp | —i / dt' Eo(k + Epn(t'))
0

(6.170)

(6.171)

(6.172)

(6.173)

(6.174)

(6.175)
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In the pure ac-case one has n(T) = 0, so that the corresponding quasi-
energy reads

2mn’

T

T
E=E(kn) = % / dt' Eo(k + Epn(t)) + (6.176)
0

where n’ is a further integer. Coming back to the cosinusoidal modulation
f(t) = cos(wt) then gives the quasi-energy

E(k,0) = 2V J (%F) cosk (6.177)

which proceeds in accord with (96.97) and (6.167). This shows that there is
E(k,0) = 0 irrespective of k in so far as (6.53) is fulfilled, which is respon-
sible for the so called band-collapse condition discussed before (Holthaus
(1992)).

6.14 The quasi-energy description of dc-ac fields

The influence of the dc-ac electric field superposition
E(t) = Eg + E; cos(wt) (6.178)

is a special case which has received much interest (Zhao et al (1995), Gliick
et al (1998), Zhang et al (2002), Suqing et al (2003)). Now one has

Ft) = 22 4 cos(wt) (6.179)
Er
and
Ern(t) = wpt + aq sin(wt) (6.180)

where oy = Ep/w, which is in accord with the F3 = 0 and w; = w form
of (6.125)-(6.128). Accounting for (6.171), one sees immediately that the
quasi-energy formula (6.176) is preserved as soon as the angle wpT is an
integer multiple of 2m: wpT = Epn(T) = 2nwp/w = 2nm. Then the
dynamic localization occurs by virtue of the condition (Zhao et al (1995)).

TOER s
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which has the meaning of an n # 0 counterpart of (6.53).
The next point is to discuss the dynamic localization when the n integer
in (6.181) is replaced by a rational number such as given by

wp = éw (6.182)

where P and ) are mutually prime integers. This time there is

T
6k+2ﬂ-p/Q (O) exp(—iET) = 5k(0) exXp —1 / dtlEQ(k + gFﬁ(t/))
0

(6.183)
by virtue of (6.175), where

Ern(t) = gwt + ag sin(wt) . (6.184)

In order to proceed further we have to apply an extra wavenumber dis-
cretization such is given by

2w
k=s+—1 . 6.185
0 (6.185)
One has k € [-m,7], s € [-7/Q,n/Q] and | = 0,1,...,Q — 1. This also
means that

2
Ak = As+ “ZAl =27 (6.186)
Q
so that parameter intervals just displayed above work safely. Inserting suc-
cessively the selected [-values into (6.183) and multiplying the @) equations
obtained in this manner yields the quasi-energy as

Q-1 T
1 2 .
Eo(s,n) = — /dt'Eo(s+—”z+5Fn(t'))+ (6.187)
QT 2 J Q
21/
QT

instead of (6.176), which proceeds in accord with (6.171). Using (6.166)
it can be easily verified that only terms for which m = @Qj survive the
[-summation, where j is an integer. Then (6.187) can be converted as
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Eq(s,n') =Y < O0[Ho|Qj > Jp;(Qjér/w) exp(ij(Qs + wP))+ (6.188)
J

wpn'
P

which exhibits real values as soon as Hy is Hermitian. Checking numerically
(6.188), it has been found that the dynamic localization can occur irrespec-
tive of £p/w (Zhao et al (1995), Zhang et al (2002)), but the derivation of
further analytical details is still an open problem. Quasi-enery corrections
going beyond the NN-description have also been discussed (Jivulescu and
Papp (2006)).

6.15 Establishing currents in terms of the Boltzmann equa-
tion

The motion of electrons in superlattices under a time dependent electric
field E(t) can also be treated by resorting to the Boltzmann equation in
the relaxation time approximation (Ashcroft and Mermin (1976))

0 e

0 1
5l 1) = FBOZE () = — s ()~ o] (6189)

The relaxation time, which is responsible for the incorporation of scattering
effects is denoted by 7(k), k is the wavenumber, while fp(k) stands for the
Fermi-Dirac distribution. For convenience we shall assume that the relax-
ation time is a constant, which amounts to say that 7(k) = 79. Applying
again a dc-ac electric field like (6.178), yields the distribution function

Fk 1) = % exp <—t ;0’5 ) Folk + k1) (6.190)
where
by = k(1,1 = 52 ((t) — n(t) (6.191)

proceeds in accord with (6.57) and (6.127). We shall also consider a general
energy dispersion law
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Eq(k) = i R, cos(kna) (6.192)
n=0

which accounts for effects going beyond the NN-description.
Equation (6.192) provides the velocity

o(k) 169E(k)=-§%§3n3ngn@n@ (6.193)
n=1

= hoRe
which generates in turn the time dependent current as follows
J(t) =—e<v(k) >y (6.194)

where the average has to be performed in terms of the non-equilibrium
distribution function f(k,t¢). At this point we can invoke the limits of
low temperature (' — 0) and low densities (Er — 0), which results in
appreciable simplifications. Indeed, under such conditions one has

R2(k 4 k1)?

-1
—FEr | kgT +1 ~1 1
. F) Bl + ] (6.195)

ok + k) = [exp (

if k4 k1 =0, so that electrons get concentrated around k& = —k;. Accord-
ingly, J(t) becomes

[eS) N ood
VOEEDD nhn fds (—i> x (6.196)
0

™

sin s +1 L sin(et) — snf(t ~ )|

where Jy = eaR;/h. Using (6.64) and (6.97), one finds the expression

oo

UCEED S YD Dl (3 PART (6.197)

n=1v=—oo m=—o00

where

(6.198)

Gum(t) = Re {expi(uwt + (nép/w) sin(wt))]

nwp + vw + /79
Such results open the way for further investigations, with a special empha-

sis on photon assisted transport properties, band collapse effects and the
generation of higher harmonics (Zhao et al (1997)).



Chapter 7

Tight Binding Descriptions in the
Presence of the Magnetic Field

Under the influence of the magnetic field, the general hopping Hamiltonian
of a 2D lattice gets specified as (Fradkin (1991), Kohmoto (1989), Peter et
al (1989), Kohmoto and Hatsugai (1990), Hatsugai and Kohmoto (1990),
Hatsugai (1993), Honda and Tokihiro (1997))

H= Zt” aj a; exp (16:5) + H.c. (7.1)

where t;; denotes, as before, the hopping integral between sites 7 and j.
The electron annihilation (creation) operator at site 4 is denoted by a;
(a;j), whereas the term “H.c” stands for the Hermitian conjugation. The
magnetic phase factor is defined by

e

2
91,-:(}% A-dl (7.2)

where A4 is the vector potential. The magnetic flux quantum has been
denoted by ®g = he/e, as usual. Choosing, for convenience, a homogenous
and transversal magnetic field, one works in many cases in the Landau-
gauge A = (0, Bz, 0), but other gauges are also of interest. The sites ¢ and
7 being located in a plane produce specifically square, hexagonal, triangular,
or other kinds of lattices. Lmks between ¢ and j sites are also specified in
terms of corresponding d l -displacements, where dl = \/dz? + dy?. The
magnetic flux through a plaquette is then given by

/§ ds = Z/K d_l’:giz . (7.3)

plg.
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The quotient 8 = ®/®y, which expresses the number of flux quanta per
unit cell, has the meaning of a commensurability parameter. We shall focus
our attention on rational values like

d P

=%l

0,1] (7.4)
of this quotient, where P and @ are mutually prime integers, which proceeds
in a close analogy with (2.51). One has e.g.

h*  eBa?

8= 7= e € [0,1] (7.5)

for the square lattice, in which A* plays the role of a cyclic commensurability
parameter (see also Wilkinson (1986)).

7.1 The influence of the nearest and next nearest neighbors
Along the z-direction one has the NN links between the initial points
i=(n,m) and (n,m+1) (7.6)
and the final points
j=Mn+1m) and (n+1,m+1) (7.7)

respectively, for which t;; = t,. The same happens along the y-direction
for

i=(n,m) and (n+1,m) |, (7.8)
and
j=Mmm+1) and (m+1,m+1) |, (7.9)

respectively, but now ¢;; = t;. The next nearest neighbors (NNN) act along
bisectrices, such that t = t. (t = t4) for i = (n,m) and j = (n+1,m+ 1)
i =(n+1,m) and j = (n,m+1)). Inserting ty = 0 one deals with a
triangular lattice. For convenience a square lattice has been assumed (a =
b), but one proceeds similarly if a # b. The corresponding 6;;-phases can
then be easily evaluated, as indicated in Table 7.1.
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Table 7.1. The 0;;-phases in the Landau gauge for NN -and NNN -links on
—
the square lattice. The corresponding d [ -displacements are also inserted.

L E | 0 | d1 |
(n,m) (n+1,m) 0 € 1dx
(nym+1)| (n+1,m+1)|0 € 1dx
(n,m) (n+1,m+1) | 2r8(n+1/2) | (e1+ €2)dl/V2
(n,m) (n,m+1) 270n € ady
(n+1,m)| (n+1,m+1) | 2r8(n+1) € ody
(n+1,m) | (n,m+1) 2B (n+1/2) | (€2 —"€1)dl/V2
The eigenvalue equation
Hlp) = Elp) (7.10)
can be rewritten in the double discrete (n, m)-representation as
(n,m|H o) = HpmPnm = Epn.m (7.11)
where
In,m) = afat 0) . (7.12)

Accounting for hopping integrals and using the pure-phase parameter
P
q = exp (i) = exp <z7ré) (7.13)
one finds the explicit realization of (7.11) as

Hn,m‘fgn,m =14 (@n—l,m + @n+1,m) + 1y (‘Pn,m—lQQn + @n,m—!—lq_Qn) +
(7.14)

t _ _
+Ec ((Pnfl,mflq%’b + Pn+1,m+14 2n) + tdq (Spn+1,m71q2n + Pn—1,m+14 2n)
- E‘an

Of course, the hopping integrals work irrespective of the unit cell,
whereas ¢ such as given by (7.13) is a root of unity:

=1 . (7.15)
This means that ¢, ,, is a double periodic function with period Q:

Prn+Q,m+Q = $n,m (7-16)

which is useful for further calculations.
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7.2 Transition to the wavevector representation

Let us consider the Fourier-transform

1
(2m)?

Pn,m =

/T d6, /T dfs exp (i (nfy + mbs)) & (5’) (7.17)
0 0

in which the wave-vector is restricted to a single Brillouin zone , i.e. §; =
k;a € [0,27x]. Then (7.14) becomes

~ [ = 1 _
Hp ( 0 ) = 2t,cos010( 0 )+t (wg cos (01 + 273,02) + w—(p (61 — 273, 02)
2
(7.18)

+t.q <L4J1W2&(91 + 27‘(’6, 92) =+ &(91 — 27‘(’6, 92)) +

Wiw2

t Way Wi ~
+-2 <—290 (61 + 276, 02) + —& (1 — 277, 92))
q \w1 w2

where w; = exp (i6;) and [ = 1,2. One sees that the above terms are not
sensitive with respect to 02, so that it can be hereafter ignored. Now, we are
ready to consider an extra discretization of the #;-coordinate as (Hatsugai
and Kohmoto (1990))

0, = 610 + 2735 (719)

such that (see also (6.185))

2 Q 2\
/d91 =21 = Z/daw , (7.20)
0

Jj=1 0

where 7 = 1,2,...,Q and where A remains to be determined in a selfcon-
sistent manner. This yields
™

A5 (7.21)

so that the “residual” Brillouin zone becomes @-times narrower. On the
other hand one has
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01278 =010+2n8(j £ 1)
by virtue of (7.19), which leads to
@ (01 £27B3) = ujx1 (010)
as soon as one makes the identification
¢ (01) = u; (610)
Under such circumstances the eigenvalue equation becomes
B;_yuj-1 + Ajuj + Bjuj = Bu;

where
AJ‘ = 2t, cos (910 + 27Tﬁ])

and

. 1 tq
R 2j+1
Bj = Wy <tb + wloth + _Wl() q2j+1)
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(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

(7.27)

where wig = exp (if10). One sees that A; = A;, o and B; = Bj, ¢, so that

now (7.16) gets implemented as

Uj = Uj+Q

(7.28)

This periodicity shows that in order to normalize the wavefunction we have

to resort to the discrete integral

Q
Z |U'j|2 =1,
j=1

which is similar to (5.42). Indeed, using the state

i (010,02) a (910, 62) |0)

u M@

(7.29)

(7.30)
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where
[Clj (910, 92) ,CL;; (910, 02)} = 5j7j/ (731)
one finds that the |[¢))-normalization proceeds as
¢ 2
(W ) =D lugl* =1 (7.32)
j=1
which reproduces precisely (7.29).
It is also of interest to make the substitutions
Bj = exp (ik) B; (7.33)
and
uj = exp (—ijba) v; (7.34)
in which case (7.25) becomes
B;lejfl + Aj'Uj + BjUjJrl = EUJ‘ (735)
7.3 The secular equation
Equation (7.35) can be rewritten in a matrix form as
Mol = EU (7.36)
where U = (u1,us, ..., ug) and where 91 is a Hermitian tridiagonal matrix

supplemented by non-zero elements at the right top and left bottom:

Ay By ......... ... Bpexp (—1Q0)
B; Ay By ... ... :
: B Az B3
Mg = B3 Ay By

BQ exp (ZQ@Q) ......... BZQfl AQ

(7.37)
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where Q > 2. The energy eigenvalues are given by the roots of the algebraic
equation

det (Mg — E) =0 (7.38)

This amounts to find the roots of a ()-degree polynomial, i.e. to apply the
method of the secular equation (Hatsugai and Kohmoto (1990), Wannier
et al (1979)). More exactly, (7.38) can be expressed as

Po (E) = f (610, 02) (7.39)

for @ > 2, in which the polynomial Py (E) is independent of 619 and 6,
but

f (010, 02) = 2t9 cos (QB10)+2t2 cos (QB2)—2 (—1)7 T2 19 cos (Q (010 + 62))

(7.40)
in so far as t; = 0. Of course, the t; # 0 -case can also be accounted
for, as shown by (2.14) in Hatsugai and Kohmoto (1990). One realizes
immediately that (2.24) and (7.39) are quite similar, in the sense that the
influence of Brillouin phases is confined exclusively to the r.h.s.’s of cor-
responding eigenvalue equations. The energy bands are then produced by
the inequalities

—2t@ — 29 < P, (E) < 29 + 2t9 (7.41)

in which, once more again, the equality signs are responsible for the band-
edges. Inserting ) = 2, one realizes that (7.35) exhibits the special form

Ay, B1 + Bj exp (—2i62) v\ U1
(.Bik + B2 exp (27,92) y A2 (%) =B (%) (742)

where P =1,
A1 =A= _A2 = 2ta COSs 910 (743)
and

C = B; + Bj exp (—2i;) = (7.44)

= —2exp (—2i6s) [ty cos Oy — it. cos (A1 + O2) + itq cos (010 — 02)]
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This gives the energy

E=FE, = (7.45)

1/2
+2 tz cos? 019 + t% cos? 0y + (tecos (010 + 02) — tqcos (610 + 92))2

whereas the wavefunction remains to be established by combining the equa-
tion

¢+ E-A
TA+EYT T C

(%) (% (746)

with the normalization condition.

7.4 The Q = 2 integral quantum Hall effect

Starting from Kubo’s electric transport-formula (Kubo (1966), Datta
(1995)), proofs have been given that the single-band contribution to the
Hall conductance o4, is given by (Thouless et al (1982))

2 2

e ~ 0

Ty — o — 4
Ooy = 57 IE_I%CW/{ sl (7.47)

which exhibits the form of a topological invariant. This formula has been
reobtained by accounting for t@nﬁuence of an additional uniform electric
field directed along the y-axis Er = (0, Er,0), now by invoking the gauge
E)F = —aX/at (Kohmoto (1989)). In this latter case the tight-binding
description works in accord with a modified form of (7.11). Indeed, the
0;i-phases discussed before undergo well-defined modifications under the
influence of the electric field like

i = 2w — 21dp — Erpt (7.48)

where i = (n,m) and j = (n,m + 1) and similarly for other cases. The
contour in (7.47) is a rectangle encircling Brillouin zones for which —7/Q <
010 < w/Q and 0 < 0 < 27. Keeping in mind (7.19), we shall use by now
the more convenient 61 = #1p-quotation. Introducing the phases in terms
of the factorization
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uj (?) =u;(01,62) = ’uj (7) ’ exp (iﬁj (?)) (7.49)

one sees that (7.47) becomes

Jwy:%é{dz%@(z)\w(z)f s

What then remains is to establish the wavefunction in the wave-vector
representation.

Coming back to the previous section let us assume that wu; is real, such
that

Uy (5}) =uj (?) =—sina (7.51)

where, for the moment, the a-angle is arbitrary. Choosing e.g. F = E_|
we then find that

Ug (5}) = exp (i€) cos « (7.52)

in accord with (7.46), so that

(=G (7) = — arctan (tc 2— td tan (02)) (7.53)

b
_
for 6, = w/2, but { = —(; (9 ), if 01 = —7n/2. In addition, we have to

consider that tan? o = 1, as soon as #; = £ /2. Under such circumstances
(7.50) becomes

62 2
ory = ot 7{ lus? de (7.54)

which can be easily evaluated with the help of integral (see (2.562.1) in
Gradsteyn and Ryzhik (1965)):

= arctan

sin? (az)  abVb? + 2 b

Proceeding in this manner leads to

dx 1 Vb2 + 2 tan (ax) (755)
b2 + 2
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e2

Ouy = a1 (7.56)

which stands for the quantized Hall conductivity, now for ng = 1. In gen-
eral, there is ny = 1,2,3,... , which can be readily explained by virtue
of topological properties (Hatsugai and Kohmoto (1990)). However, exper-
imental evidence has been found not only for the integral quantum Hall-
effect (Czerwinski and Brown (1991), von Klitzing et al (1980)), but also
for the fractional one for whichn =1/3,2/3,2/7,2/5, ... (Tsui et al (1982),
Ishikawa and Maeda (1997)). Needless to say that such problems are still
highly interesting nowadays (Fradkin (1991), Halperin (1984), Bellisard et
al (1994), Huckenstein (1995)).

7.5 Duality properties

Let us make the discrete Fourier transformation

Q
uj — fi= Zexp (2imB41) u; (7.57)

=1

which can be easily inverted as

Zexp (—=2imB3l) fi (7.58)

by virtue of the orthogonality condition

Q
> exp2inB(j — /)l =Qdjr; . (7.59)

=1

Then (7.25) gets reproduced under (7.58) in terms of the mappings

u; — f; (7.60)
(01,62) — (62,61) (7.61)

g— =0 (7.62)



Tight Binding Descriptions in the Presence of the Magnetic Field 143

and
(ta,to, tes ta) = (tos ta,testa) (7.63)

where 619 = 61, as already noted before. Equation (7.62) can be rewritten
equivalently as ¢ — 1/¢, which amounts to reverse the direction of the
magnetic field. Comparing (7.60)-(7.63) with (7.39), we have to realize
that the energy polynomial Pg (E) is itself invariant under above duality
transformations.

7.6 Tight binding descriptions with inter-band couplings

The general form of the 2D periodic potential reads

. X1 €2
V(zy,m2) =V ZUT!S exp 27i (r; + SF) (7.64)

TS

so that
V(z1 +a,z0 +b) = V(x1,22) . (7.65)

Under the influence of a transversal and homogeneous magnetic field B =
(0,0, B) , the electron is described by the Schrodinger-equation

1 ‘ e—\2
[% (—Zhv2 + EA) + %4 (xl,xQ):| d} (xlaxQ) = Ew (xlva) (766)

where m = m* stands for the effective mass, as usual. Choosing the Landau
gauge A = B (0,z1,0), one works in conjunction with the factorization

’g[) (xl, LCQ) = exp (ikgxg) woscill (xl) . (767)

A similar equation will be invoked later in the derivation of the Harper-
equation. Ignoring, for the moment, the influence of the periodic potential
leads to the Landau levels

1
E, = hw, (y + 5) (7.68)
where w. = eB/mc is the cyclotron frequency, while v = 0,1,2,.... This

proceeds in terms of the oscillator wave function
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X
Yy.0 (T1,22) = (21, 22| v,0) = Noexp (1?29) ¥y (2) (7.69)
where 0 = 05 = bky. One has

woscill (731) = wu (Z) = exXp (_22/2) Hu (Z) (770)

where H), (z) denotes the Hermite-polynomial. The related dimensionless
coordinate is given by

L] (7.71)
Iz b

in which I is the magnetic length introduced before via (2.77). This wave-
function is normalized as

W0 1,0) = 6,80 —0) (7.72)

so that

1
No = 77 - (7.73)
[73/2bl 27 1T (v + 1)]

The next task is the derivation of the matrix elements of the periodic
potential. After some lengthy calculations, the following result has been
written down (Petschel and Geisel (1993), Springsguth et al (1997)):

' e 2mi (v 7L 1 572 1) —
Up,s (U, 0| exp 2mi (7" " +s 2 ) v, 6) (7.74)
_ . Po / /
= P, (r,s) exp —zzrﬁ 5(0" — 60— 2ms)
One has
Py, (r,s) =PV, v;r,s) = vy sexp irswﬁ exp (—E) : (7.75)
viv \1, y Uy Ty T,8 qzﬁ 2

7

oL <W@>(u'u)/2 Ll(,VLV) (u)
Ve <is\/%+ir\/§)uy
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when v/ > v, where L{*) (u) is the Laguerre polynomial and

10) b? a?
u = WEO 7“2; + SQb_Q . (7.76)

Performing the substitutions v/ = v yields
Py, (r,s) = P(v,V;r,s) (7.77)

instead of (7.75), which is valid this time when v > /. In addition, +s(—s)
stands for v/ > v(v > v'). Such matrix elements have also been discussed
before (see e.g. (7) in Pfannkuche and Gerhardts (1992) or (7) and (8) in
Springsguth et al (1997)). Accordingly, the matrix elements of the Hamil-
tonian are given by

1
(V' 0'|H v, 0) = hw, (V + 5) 8, 6(0 — 0" )+ (7.78)

+Vo Z P, (r,s)exp (—i%r 6+ 27rs)) 5(0" — 6 —2ms)

(]

which serves as a starting point towards further developments. To this aim
let us perform again the extra 6-discretization

0 =2r7+ 0 (7.79)

which is reminiscent to (7.19), where 7 is an integer and 8 € [0, 27). Cor-
respondingly, the orthogonality equation (7.72) becomes

<y’,ﬁ','§’ u,ﬁ,9> = Gy O 0 ('é’ - 'é) . (7.80)

On the other hand, the energy eigenfunction can be decomposed as

1) - 3 1)

v, 7, 5> (7.81)

such that

H ‘E;5> —E ‘E;§> (7.82)
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where F plays the role of the band energy. We have also to remark that
the matrix elements of the Hamiltonian are diagonal in 8 since

5(0 — 0 — 275) = Gr iy sd (5’ - 5) (7.83)

by virtue of (7.79).
Under such conditions (7.82) produces the tight binding equation

S a, (5) BY (ﬁﬁ) + 3 ey, (5) oV (s,ﬁ’,é’) - (7.84)

v,s#0

- [E — hwe (u’ + %)} at (7)

where

BY (ﬁ’, 'é’) ~V Z Py (r,0) exp (—i%r (5’ + 27rﬁ’)) (7.85)

and

cv (s,ﬁ’, 5’) =W ;Py/,y (r,s) exp (—i%r (5’ + 27rﬁ’)) . (7.86)

One recognizes that (7.84) is able to account for inter-band couplings if
there are non-zero realizations of B and/or C¥ for v/ # v. The strength
of such couplings is proportional to the quotient Vy/hw.. Making the iden-
tification

Vo 9o
K2 (7.87)

yields K = 2mmabVy/h?, which is independent of the number of flux quanta
per unit cell and which provides a useful measure of the Landau inter-band
coupling. Hopping effects can also be identified in terms of s-values for
which v, s # 0. Equation (7.84) has been handled numerically, which results
in interesting nested structures concerning both energy-bands and the Hall
conductance (Springsguth et al (1997)). Disorder broadening effects have
also been discussed before (Ando et al (1982)).
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7.7 Concrete single-band equations and classical realiza-
tions

Next let us preserve only the lowest Fourier components in (7.64). This
yields the periodic potential

Ve, xs) = Vo (cos (%%) + cos (27%2)) (7.88)

in which this time a = b and

1
V1,0 = V-1,0 = V0,1 = V0,1 = 5 - (7.89)

Ruling out the inter-band couplings leads to the alternative NN equation

ap_+ag +2 cos%) (27rﬁ + 5) ay =Esax . (7.90)
The scaled energy is given by
E—hwe (v +1)
Eg=——"— 27 791
’ VoP,. (1,0) (7.91)
where
1 T Po oo
P,, (£1,0) = P, (0,+1) = = —— 2 L0 (72 . 92
(1.0 = P (0.1 = o (-5 2 ) 10 (+2) . o

The zeros of the Laguerre-polynomial LY (mdo/¢) displayed above, say
mPo /P = zo, have to be considered, too. Indeed (7.91) indicates that one
has £ = FE, when

¢ = ¢, = mdo/20 (7.93)

and v # 0, which means that the Landau energy-band becomes a zero-width
energy level.

One remarks that (7.90), which can be traced back to the paper by Rauh
(1975), looks like the Harper-equation (8.7). However, the commensurabil-
ity parameter ¢/¢o is implemented this time in a reversed manner. In
addition, the phase characterizing (7.90) for n = 0 is sensitive to the mag-
netic flux, which differs from the n = 0 form of (8.7). So far we then have to
realize that (7.90) and (8.7) rely on complementary degrees of validity, i.e.



148 Low-Dimensional Nanoscale Systems on Discrete Spaces

on the complementary limits of large and small B-values, respectively. The
influence of higher-order neighbors can be established in a similar manner
by accounting for higher-harmonics in (7.64).

Shifting the coordinate, one realizes that the classical counterpart of the
quantum-mechanical Hamiltonian characterizing (7.90) is given by

HilLG) = 2cos(p) + 2 cos(2mfn) (7.94)
where p originates from the dimensionless momentum operator —id/on.
This Hamiltonian is integrable, as it produces just regular trajectories in
the Poincaré-section. On the other hand, chaotic trajectories are useful
in the description of lateral surface supperlattices. To this aim a classical
Hamiltonian producing the chaotic behavg)r nee_gied can be easily derived.
Indeed, let us insert the symmetric gauge A = (B x 7')/2 into the classical
Hamiltonian

ol e—\2
Hcl—%(p +EA) +V(x1,x2) (795)

concerning (7.66). Introducing new dimensionless phase-space coordinates
X; and P; (j = 1,2) via (Petschel and Geisel (1993))

Vab

b
X1=— (pl + 33%2) , p=X2 (pz - 33%1) (7.96)
¥ 2c vy 2c
and
b b
=Y (Cpt Lpn), n=Y (s Spn)  on)
¥ 2c vy 2c
yields the converted Hamiltonian
Q
HE)(X,P) = 5 (X7 + PP) + Vo [eos(P2 = P1) + cos(X) + Xa)]
(7.98)
in accord with the a # b version of (7.88), where
eB v
Q= —— 7.99
me 2w ( )

and
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eBab D
= =h— . 7.100
K 2me (o2 ( )

This Hamiltonian leads in turn to chaotic trajectories for small but non-zero
values of the quotient Q/V}, as indicated by the Poincaré-sections displayed
in Fig. 1 in Petschel and Geisel (1993).

It has also been found, that the electrons exhibit ballistic transport
(localization) in the direction of strong potential (weaker) modulation (Ket-
zmerick et al (2000)). More exactly, choosing the 2D periodic potential

V(z1,22) = Vi cos (27r%) + V5 cos (27r%) (7.101)

instead of (7.88), one would then have to consider the x;— and zo-
directions, respectively, where now V; > V5 > 0 instead of V; = V5. Equa-
tions (7.66) and (7.101) are also responsible for the appearance of avoided
band crossings, which leads again to chaotic dynamics in the classical limit,
as one might expect.
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Chapter 8

The Harper-Equation and Electrons
on the 1D Ring

The celebrated equation written down by Harper (1955) is still a quite fasci-
nating problem producing rich structures and unexpected implementations
since half a century (Rauh (1975), Wannier (1975), Obermair and Wannier
(1976), Hofstadter (1976), Sokoloff (1985), Hiramoto and Kohmoto (1989)
Gredeskul et al (1997)). We have to specify that this equation serves to
the description of a special nanosized system , i.e. of the two dimensional
electron gas (2DFEG) on a 2D square lattice with NN-hoppings under the
influence of a transversal and homogeneous magnetic field B = (0,0, B).
Note that the 2DEG has been produced by virtue of modulation-doping
techniques, such as realized in GaAs/(Ga,Al)As -heterostructures (Bastard
(1992)). The same equation concerns the description of a 2D lattice of
quantum dots under the influence of the magnetic field.

The interesting point is that the Harper-equation lies at the conflu-
ence of several research fields, such as superconductivity proceeding in
terms of linearized Ginzburg-Landau equations (Wang et al (1987)), the d-
wave superconductivity with a magnetic field (Morita and Hatsugai (2001)),
level statistics in quantum systems with unbounded diffusion (Geisel et al
(1991)), critical quantum chaos (Evangelou and Pichard (2000)), or anoma-
lous diffusion of wave packets in quasi-periodic chains (Piéchon (1996)). In
addition, there are several related problems already referred to before such
as localization length and metal-insulator transition (Aubry and Andre
(1980), Sokoloft (1981), Thouless (1983a)), the quantum Hall-effect (Thou-
less et al (1982), Czerwinsky and Brown (1991), von Klitzing et al (1980),
Tsui et al (1982), Ishikava and Maeda (1997), Halperin (1984), Bellisard et
al (1994), Huckenstein (1995), Springsguth et al (1997)), and last but not
least interactions in Aharonov-Bohm cages (Vidal et al (1998)).

The influence of the magnetic field on electrons moving on the 1D ring

151
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has also received much interest. This serves as a useful model to the the-
oretical description of nanorings. We shall then present the derivation of
total persistent currents at "= 0 by proceeding in a close connection with
the methods presented before by Cheung et al (1988).

8.1 The usual derivation of the Harper-equation

The Harper-equation originates from the influence of the minimal substi-
tution on a 2D energy-dispersion law

Eq (?) = cosf; + Acosly (8.1)
where A is an anisotropy parameter and where, as before, the Brillouin
phases are denoted by 6; = kja (I = 1,2). Of course, (8.1) can be viewed as
a 2D generalization of (6.4). Choosing the Landau-gauge

A = (0, Ba1,0) (8.2)

and applying the minimal substitution in terms of the wavevector operator

— 1 )
k op = E?(,p = —iV (8.3)
yields the substitution rule
1o} e
b — kP = i+ — A, . 8.4
LR Z@xl + he' ! (8.4)

Combining (8.1) and (8.4) generates the 2D Hamiltonian (Harper
(1955), Wilkinson (1986))

.0 .0 e
H = cos <—zaa—x1) + Acos <a (—za—x? + EBm)) (8.5)

which can also be interpreted in terms of magnetic translations , as we shall
see later. The application of the minimal substitution (8.4) to (8.1) can be
traced back to Peierls (1933). Next we shall factorize the wavefuntion as

¥ (x1, 2) = exp (thox2) ¥ (1) (8.6)
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which opens the way to the 1D reduction. Indeed, performing the trans-
lations and accounting for (7.5) results in the celebrated Harper-equation ,
i.e. in the 1D second-order discrete equation

Ont1 + -1+ 2A cos (278n + 63) p,, = Epy, (8.7)
where ¢, =9 (na), x1 = na and E = 2&;. One sees that (8.7) is a partic-
ular realization of (7.35) discussed before. However, (8.7) exhibits rather
interesting implementations, so that it has its own theoretical interest. We
can also resort to the factorization

on = exp (inbh) up (8.8)

in which case (8.7) is replaced by

exp (i01) uny1 + exp (—i01) up—1 + 2A cos (2708n + 62) up, = Fu,  (8.9)

which incorporates, this time, both Brillouin phases.

8.2 The transfer matrix

Considering three successive sites, one realizes that (8.7) can be rewritten

(gpn+1> _T ( ©n >: (E—2Acos(27rﬁn+92) ,—1) ( ©n )
Pn o Pn—1 o 1 ) 0 Pn—1
(8.10)

as

where by construction
detT, =1 . (8.11)

Starting from n = 0 and performing successive steps, yields the relationship

<¢Zci1) =To (gf_ol) = j:_[:Tn <<f_01> (8.12)

in which 7¢ stands for the so called transfer matrix (Hofstadter (1976),
Kohmoto et al (1983)) It is clear that this matrix obeys the equation
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det7g =1 (8.13)
by virtue of (8.11). On the other hand, one has the periodicity condition
PrtQ = Pn (8.14)
in accord with (7.4), so that
pol” + leg-11* = lpol* + o1 * . (8.15)

In other words the 7 -matrix is also unitary, so that the corresponding
eigenvalues exhibit the general form

A+ = exp (tip) (8.16)

where pp is a real parameter. We then get immediately the trace formula
(Hofstadter (1976))

TrTg = 2cos i1 (8.17)
which relies on (7.39). Indeed, one has
TrIg = P (E; A) — 2A° cos (Q6:) (8.18)

which meets (7.39) via t, =1, t, = A, Q61 = 1 and t. = 0.
Proofs have also been given that there is a limiting matrix like (Huck-
enstein (1995), Deych et al (2003))

rp= lim (T5Tg) %9 . (8.19)

The Lyapunov exponents characterizing 7g , i.e. 71 and 73, are exhibited
by the eigenvalues exp(v1) and exp(7y2) of this matrix. The inverse local-
ization length is then given by the Lyapunov exponent of smallest absolute
magnitude.
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8.3 The derivation of A-dependent energy polynomials

Explicit evaluations of energy polynomials are of interest for further applica-
tions. Starting from § = P/Q and fixing the )-denominator yields an even
number, say 2N (Q), of coprime P = Ps-realizations of the P-nominator.
This in turn produces N (Q) distinct realizations of the energy-polynomial
like Pé?k) (E;A), where k=1,2,...,N;5(Q). One has e.g.

va (1) = va (2) = va (3) = va (4) = -Afs (6) =1 (8-20)

and N (5) = N, (8) = 2, but N; (7) = 3 and so one. Of course, if N, (Q) =
1 onehas P=1and P =Q — 1, only. It is further clear, that the energy
polynomial Py (E; A) exhibits @ real roots labelled as

E =B\ (11, p12:b) (8.21)

where b = A®?, j = 1,2,...,Q and iy = Qf;. So it is enough to assume
that

w € [0, 7] (8.22)
which produces a number of @) bands via
k
~2-2b < PY(E;A) <2+ 2b (8.23)

in accord with (7.41).
The polynomials for Q = 1 — 8 are as follows (Hatsugai and Kohmoto
(1990), Papp et al (2002a), Hong and Salk (1999))

Pi=E and P,=E’-2(A%+1) (8.24)
whereas for () > 3 there is

Py =E(E*-3(A*+1)) (8.25)

Py=FE'—4E* (A +1) +2(A* +1) (8.26)

P = B° —5E% (A% +1) + 58 ((N +1) + %AQ (3% \/5)> (8.27)
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Ps = E°—6E* (14 A%) +3E% (3+2A%+3A%) —2(A°+1) (8.28)

P = (8.29)
=E (E°—7E* (1+ A%) + 14E* (1+ AY)
+5E2A% — 1A% (14 A%) — 7 (1+ A5))
where now k = 1,2,3 and
PR(E,A) = (8.30)
= B - 8E° (1+ A%) + 20 (1+ A%) + 48 (41 V2) B'A%-
—16E2 (14 A%) — 16 (24 V2) B2A% (1+ A%) +2 (1 + A%)

The 3, and tx-parameters in (8.29) and (8.30) are given by

- 2
s1=7 (3 — 2cos 77T> >~ 12.271143 (8.31)
- 3T
Sa =17 (3 + 2 cos 7) >~ 24.115293 (8.32)
and
~ 2 3
1 = 14 — 14 cos 7” — 14cos 7” =~ 9.155849 (8.33)
~ 27 3T
to =7 — 14 cos I + 28 cos — =~ 4.501739 (8.34)
and
~ 27 3T
t3 = 21 4 28 cos - - 14 cos - =~ 35.342421 (8.35)
respectively. We have to note that the @) = 3-case has received much

attention (Wang et al (1987), Lipan (2000)). For larger Q-values we have
to resort, of course, to numerical estimates (Hofstadter (1976), Wannier
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(1978)). Performing unions over @’s produces interesting self-similar nested
band-structures, referred to as the Hofstadter butterfly (Hofstadter (1976)),
such as displayed by the § — E-diagram in figure 8.1 for Q < 50, 62 = 0
and A = 1. So far the butterfly type spectrum has received experimental
supports within the high field regime (Gerhardts et al (1991)). Moreover,
the Hofstadter butterfly referred to above can also be understood as a
phase diagram of the integer quantum Hall effect (Klitzing et al (1980),
Klitzing (1986), Albrecht et al (2001)). This time one has infinitely many
phases which are discriminated by virtue of Chern-numbers characterizing
quantized Hall-conductances (Osadchy and Avron (2001)).

Fig. 8.1 The nested band structure characterizing the Harper-equation (7.7)
for Q <50, 62 =0, A =1 and 3 € [[0, 1]].

8.4 Deriving A-dependent DOS-evaluations

The above energy-polynomials can be readily applied in order to obtain
updated DOS -evaluations. One starts by expressing the average value of
a function A = A (F;b, 1, 12) as
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Q N,
(4) = W ZZI (8.36)
j=1k=1
where (Wannier et al (1979))
I0) = [ dun [ dusAE) . (8.37)
[]

Using for instance the shorthand quotation P = ch)(E; A) one obtains

—1/2
dP

5 (8:38)

dP 1 /P 2
dpz = —f (p1, P) —- T [1 3 (— COSMl)

in accord with (8.17) and (8.18), which also means that dP = |(dP/dE)| dE.
Keeping in mind that we are interested in the derivation of positive density
contributions, we can organize the integral in (8.37) as

1 2+2b 2—2b —242b
10) = +5; / dP A(E)F, + / dP A(E)Fs + / dP A(E)F;
—2+2b —2—-2b 2—-2b
(8.39)
where
, p 4b
Py = Fi(P7b) = dpaf (i, P) = ——=K(5)  (8:40)
arccos(P/2+b) B

arccos(P/2—b)

Fy = FQ(szb) = / dﬂlf(ﬂla ) \/_K< \/?) (841)

and

arccos(P/2—b)
4b b
F3 = F3(P?,b) = / dpr f (1, P) = K <4 —) (8.42)

A/ U+ U+

arccos(P/2+b)
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where K and F' are the complete and incomplete elliptic integrals of the
first kind, respectively. One has Uy = (2b+2)° — P2 and S = /U, /U_.
It can also be easily verified that

\/% (S) = fK( U;}*) (8.43)

as shown by (15.34) and (15.35) 1n Abramowitz and Stegun (1972), which
also means that Fy(P?,b) = Fy(P?,b). Symmetry properties like

) () e

Fy(P? —b) = B _p <l, 5) (8.45)

Vs

where F(1/5,5) = K(1/5)/S, can also be mentioned. Next one realizes
that

or

Fy(P%,b) = ReF;(P?,b) = ReF3(P?,b) = vVbRe K,( % >0

(8.46)
where K’ is the associated complete elliptic integral of the first kind. This
produces an apparent generalization of the b = 1 -result written down long

ago (Wannier et al (1979)). Putting together above results then gives the
DOS as

N.(Q
A=Y g (Eb) (8.47)
where
@ (p,p) = ! APy (£ A) F (P(k)(E A))2 b) (8.48)
I V0 T 90N, (Q) dE Q@ ’ '
and

F (P%,b) = Fy(P2,b)0(Uy) (8.49)
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in which 6 denotes the Heaviside function. This DOS gets normalized as

24+2A
D\?) (E;A)dE =1 (8.50)

—2—2A

so that the integrated density is given by

E
n\@(E;A) = / D@ (E';A)dE . (8.51)
—2—2A

It is also clear that the present DOS works irrespective of P? < (2b + 2)?
and A > 0, so that the extra P-sensitivity displayed in (35) in Hasegawa et
al (1990) is superfluous. Working on Riemannian manifolds, there are in-
teresting studies concerning the influence of the surface curvature on DOS-
evaluations (Comtet (1987)).

Making the identification g (E) = D&?) (E;A) we are in a position to
perform evaluations of Lyapunov exponents with the help of (6.36). Total
bandwidth calculations can also be addressed (Thouless (1983a), Wannier
(1978)). So far, we have to say that the total bandwidth , i.e. the Lesbeque
measure S of the DOS-support is (Aubry and André (1980), Avron et al
(1990))

S=4(1-A) (8.52)

if A < 1. In addition, proofs have also been given that the total bandwidth
S behaves as (Thouless (1983b), Tan (1995), Last and Wilkinson (1992))

32C
- 2=

0S (8.53)

if @ — 0o and A = 1, where C = 0.915965 is Catalan’s constant . Further
applications like thermodynamic properties (Alexandrov and Bratkovsky
(2001), Kishigi and Hasegawa (2002)) and the thermodynamic Hall con-
ductance formula (Streda (1982)) are referred shortly in section 8.6.

8.5 Numerical DOS-studies

Doing numerical applications one looks for localized pagoda-like structures
both in the energy-and A-dependence of the DOS-formulae (Wannier et al
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(1979), Hasegawa et al (1990), Papp et al (2002a)). Such structures have
to be understood as signatures of the 2DFEG on a square lattice threaded
by a transversal and homogeneous magnetic field. Choosing at the begin-
ning @ = 3 and E = 0, one finds that the A-dependence of D§§>(o; A) is
characterized by a sole singularity located at A = 1, as shown in figure
8.2. This behavior is preserved for arbitrary but odd @-values, whereas
Dg)(o; A) =0if Q is even. If E # 0 one gets faced with localized peaks,
the number of which increases with ). This is illustrated for E = 3 and
@ = 3 in figure 8.3.

0.81

0.6

0.4+

0.2

02 04 0B 08 1 12 14 1B 158
Delta

Fig. 8.2 The A-dependence of D'J(E;A) for E = 0.

The influence of the multiplicity parameter Ng(5) = 2 is illustrated
in figure 8.4, in which one displays the energy dependence of Dﬁ?)(E i 1).
Now one has @ = 5 and k£ = 1 and 2, which results in a superposition of
competing van Hove singularities. It is understood that the complexity of
effects just mentioned above increases with ), as shown e.g. in figure 3 in
Hasegawa et al (1990), this time for Q@ = 4 and A = 0.7 and 0.1.

8.6 Thermodynamic and transport properties

The energy polynomials as well as the DOS’s established above are useful
in the study of thermodynamic properties. Using (8.47) and resorting to
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0.6+

0.61

0.2

02 04 0B 08 1 12 14 165 18
Delta

Fig. 8.3 The A-dependence of Dg) (E; A) for E = 3. The two peaks are located
at A =~ 1.31 and A = 1.68.

a fixed @ leads to the thermodynamic potential (see e.g. Alexandrov and
Bradkovsky (2001) and Kishigi and Hasegawa (2002)) per unit volume as

Q. B) = Q57 (n, B) = FkT 7 dED (E)In <1 + exp (M,C_—E»

(8.54)
where p plays the role of the chemical potential. The “+” (“—”) super-
script in the front of the r.h.s. of (8.54) corresponds to fermions (bosons).
Working in the grand canonical ensemble p is fixed, in which case the mag-
netization and the number of particles are given by

My (1,B) = ~ 20 (1, ) (5.55)
and
N, (1. B) = = 5% (1. B (5.56)

respectively. Then N, is able to oscillate as a function of B. Fixing,
however, the number of particles, one deals with the Helmholtz free-energy.
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0.2

0.4

0.2

Fig. 8.4 The energy dependence of DE?(E; A) for A =1.

Fq (Np, B) = Qq (1, B) + nNyp (8.57)

in which this time yu = p (N,, B), such as given by the canonical ensemble
version of (8.56), i.e. by

0

Np (1, B) = _aM(Np,B)

Qq (1(N,.B) . B) . (8.58)

The magnetization is then given by

0
so that
0
My (N B) == Gpf0 (nB) =M (u(NB) B) (560)
u=p(Np,B

by virtue of (8.57).
One sees that the DOS in (8.54) incorporates the single particle states.
In general, one starts, however, from the summation formula
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= qt%Zln(l + exp(B(u — Ej))) (8.61)

where 8 = 1/kT. This in turn can be handled with the help of the Mellin-
transform

:/f(x)xtfldx . (8.62)
0

Inverting (8.62) yields the original function as

o+ico

1 dt
fla) = 5 / PG (8.63)
provided that
f(x) € {L2(0,00), dx/x* 1} (8.64)

for ¢ > 0¢. Then (8.61) can be rewritten as (Grandy and Goulart Rosa
(1981))

c+1io00o
(i B) = 7 / exp(gt - E) DT (509

such that 0 < ¢ < 1, where u = 1 (u = 0) for bosons (fermions). This
amounts to establish the single particle partition function

Z1(8) = _ exp(=BE;) (8.66)

which, in general, is sensitive to the degeneration of energy levels. Ther-
modynamic signatures of discrete systems can then be easily established
combining by resorting to (5.39) and (5.40). This yields e.g. the partition
function

Z1(8) = Vaol[No + g (8.67)

in accord with (1.15), where
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qo = exp(—hpfwg) >0 , (8.68)

has the meaning of a thermodynamic counterpart of the deformation param-
eter characterizing the harmonic oscillator on the relativistic configuration
space (see (11.3)).

It should be noted that DOS-calculations can also be performed with
the help of Green-functions (see also Datta (1995)). Indeed, we can define
the Green-function relying on a Hamiltonian H as

1

Gy (E) = T Hii (8.69)
in which case
§(B M) = g (G (B) ~ Gy (B)) (8.70)
The integrated DOS is then given by
E
n(E) = / Tré (E' —H)dE' (8.71)

which has been also applied in the derivation of the Hall conductance .
Transport properties are also of an actual interest. Accounting for the
velocity operator
i i 1
v = —ﬁ [xi,H] - ﬁ [xja G(:I:):| (872)
one obtains the Hall-conductivity in terms of the thermodynamic formula
(Streda (1982))

n(Efp) = / D (E)dE (8.74)
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denotes the number of states below Er, which provides the total number
ngot = NS, of electrons within the area S| of the 2D sample. At this
point let us assume that each magnetic flux quantum is occupied by an
integer number, say ng, of electrons. Accordingly a typical Hall resistivity
contribution like p,,, = B/ecns exhibits the quantized form pg, = h/ eny,
which proceeds in accord with (7.56). These quantized values are seen as
plateaus in the B-dependence of p;,. It is understood that such relation-
ships are valid at low temperatures and strong magnetic fields. When there
are several carriers characterized by the charges e; (now e; > 0 or e; < 0)
with the number densities ngj ), the absolute value of the Hall-resistivity
contribution becomes

1

P .
- e
Py =T Ejjn ¢j (8.75)

where ® = BS |, while the total number of carriers is

S1 , o
="y nPej| =ng— . 8.76
Miot = — j ngej| = nu g (8.76)

The temperature dependence of the Hall conductivity is given by

“+o0
o 0.T) = [ (—a%ffa (E)) 02y (E,0) dE (8.77)
where
fo (E) ! (8.78)

" oxp (B —p) [KT) +1

is the Fermi-Dirac distribution . The equivalence between (7.54) and (8.73)
proceeds in terms of the Diophantine equation (Kohmoto (1989), Hatsugai
(1993))

j=Qs; + Pt (8.79)

via n(E) — j/Q, where s; and t; are integers, whereas j = 1,2,...,Q, as
before. The influence of the spin-orbit interaction on the magnetoconduc-
tivity of a 2D electron gas has also been analyzed (Wang and Vasilopoulos
(2003)).
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8.7 The 1D ring threaded by a time dependent magnetic
flux

Besides the Harper-equation discussed above, the description of other dis-
cretized systems under the influence of the magnetic field is of further in-
terest, too. A such object of study is the electron on an 1D ring-shaped
nanowire superlattice which is threaded by a time dependent magnetic flux
® (t). So one deals with the quantum-mechanical description of a further
nanoscale system, namely of the nanoring. Note that to date such nanorings
may be synthetized in molecular electronics. Applying Faraday’s law

dd - =
—_— =— E-dl 8.80
-t (8.80)
yields the electromotive force
Ry dB
E,=-FE,=—— 8.81
Y 2 dt ( )

where Ry denotes the radius of the ring. Equation (8.81) can be rewritten
equivalently as

1 na
™ 9nRy e dt

(8.82)

where ((t) = ® (t) /Pp expresses the time dependent number of flux quanta
threading the ring. Cylindrical coordinates are used, which also means that
the magnetic field is directed along the Oz -axis. However, the only degree
of freedom is the angular coordinate ¢. The corresponding vector potential
is now given by
1

A, = §BR0 (8.83)
where the subscript ¢ stands for the angular coordinate. Accordingly, the
minimal substitution reads

O O h
p&p)—’]?&p)‘f'R—oﬁ (8.84)
where
h 0
p((pop) - == (8.85)
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is the ¢ -component of the momentum operator.
Assuming for the moment that the periodic superlattice potential is not
applied, results in the time dependent Schrédinger equation (Citrin (2004))

2

0
LW (p,t) = —
! (1) 2mo R2

2
5 <—¢% + ﬁ) U (p,1) (8.86)

in which the wavefunction has to satisfy the periodic boundary condition
U (p+ 2m,t) = ¥ (p,t). The above wavefunction can also be rescaled as

U (p,t) = exp (—ifp) x (¢, 1) (8.87)
which produces in turn the modified Schrédinger equation

0 n? o 9x . dp
th—x = — 5o — h—
ot 2moR§ O¢? dt

ox - (8.88)

This equation will be used later as the continuous limit of the lattice for-
mulation. This time the AB-type boundary condition gets reproduces as

X (p,t) = exp (—i2weRoEnt/h) x (p + 2w, 1) . (8.89)

which isreminiscent to (2.100). Introducing the magnetic quantum number
m = m,, yields the normalized solution of (8.86) as

1 1 /
U (p,t) = —=expi |mp—— [ dt'E() (8.90)
ous h b/
where
2
E)=Em(t) = ST (m+ 6 (t)* (8.91)

stands effectively for the pertinent time dependent energy.
Concerning the explicit time dependence of the numbers of flux quanta
one obtains a linear expression like
eR()Em

B(t) = B (t) = 5= (392)

if the electromotive force E,, would be independent of time. However, one
deals with the sinusouidal modulation
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B(1) = B (1) = 2 sin () (8.93)
when
h
B (t) = fsfocos (wt) (8.94)

One sees that (8.94) reproduces (8.92) when w — 0 if 8y = eRoEy, /i, in
which case E,, = E, (0) and 81 (t) = Oot.

Next we have to remark that (2.101), i.e. the energy characterizing free-
electrons on the 1D ring threaded by a magnetic flux, reproduces (8.91) in
terms of the substitution 8 — 3 (¢). This means that the total persistent
current produced by (8.91) exhibits the time dependent form

I(@)=1I(t)=> spsin(2k+1)wt (8.95)
k=0
in accord with (2.109), (6.97) and (8.93), where

0
o Fz:
™

=1

Nll

J2k+1 (27Tlﬁ()/w) . (896)

So we found that under the influence of a time dependent magnetic flux
like (8.93), the total persistent current in the ring is characterized by the
generation of odd higher harmonics, as indicated by (8.95) and (8.96).

It can be easily verified that the generation of such harmonics is also
preserved when one considers further modulations like

B(t)=06.(t) = B.(0)coswt . (8.97)
Indeed, in this latter case one obtains
I(® = (=1)Fexsin (2k + 1) wt (8.98)
k=0

where now

Nll

% S g @rlB0) (8.99)

=1
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8.8 The tight binding description of electrons on the 1D
ring

Using the lattice constant a means that the circumference of the ring en-
compasses a number of Ny sites like

2rR
N, = 210 (8.100)
a
Correspondingly, the angular coordinate gets discretized as
® = ngo (8.101)

where n =1,2,..., Ny and ¢g = 27 /N;. Choosing 5 (t) = (1 (t), one has

N
B (t) = 5-wst (8.102)
27
where
Enm
wp = eah (8.103)

denotes the Bloch frequency. We have to remark that this frequency has
also been used before in connection with (6.126).

Our next point is to consider the energy dispersion law (see e.g. Minot
(2004))

e (ky) = Eo — %COS (kpa) (8.104)

instead of (8.1), where A has the meaning of a band width and where
Ey is a constant parameter. Combining (8.104) with (8.84) produces the
Hamiltonian

A 2m .0
H, =Ep — — cos N <_18_<p + ﬁ) (8.105)

which yields the time dependent Schriodinger equation

Ho® (p,t) = ih%P (pst) . (8.106)

One would then obtain the second order discrete equation (see also Niu
(1989))
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A .
Eo®y, (t) = 7 (€00 @, 11 (1) + e 0D,y (t)] = (8.107)

0

where ®@,, (t) = ® (npo,t). Next let us rescale this wavefunction as

By (£) = X () exp (—ingpof) . (8.108)

Then (8.107) becomes

(Bo — nhwp) xo (1) — 3 e (1) + Xt ()] = (8.109)

0
=ih—xn (t
i Xn (1)
which is similar to (6.52), i.e. to the discrete equation characterizing the
1D conductor under the influence of a dc electric field. Next we are ready to
perform the continuous limit of (8.104), which proceeds in terms of large N

values. Proceeding to second 1/Ns order, one finds that (8.109) reproduces
(8.88) if

2
E():é:h

5 = (8.110)

which is a reasonable result. Moreover, (8.109) is exactly solvable, which is
also reminiscent to (6.52). Now one finds (Citrin (2004))

Xn (1) = \/% exp <—%E0t> - (8.111)
+oo
Z Jy—n (2) expivQp (1)

where z = A/2hwp and Qp (t) = wpt + 27m,/Ns. It can also be easily
verified that x,, (t) can be rewritten as

1

Xn (t) = \/—Fexpi [—@ +np (t) + zsinQp (t) (8.112)

h
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which proceeds in accord with (6.97). The AB-type boundary condition
needed, namely

Xn+N, () = exp (27i1) xn (1) (8.113)

is also fulfilled, which corresponds to (8.89). It is also clear that

~ ~ LB
Xn (t+ NTB) = Xn (t) = xn (t) exp (zt%) (8.114)
where Tp = 27 /wp denotes the Bloch-period and where Npg is an inte-
ger. The time periodicity implied in this manner serves as a signature of
magnetic Bloch oscillations.
Next let us consider the 8 = §;(¢)-choice. This amounts to replace wg
by

wp(t) = wp cos(wt) (8.115)

in (8.109). So far we would like just to remark that (8.112) is able to satisfy
the updated form of (8.109), but only if A would be replaced by

A(t) = A cos(wt) (8.116)

in both equations. Under such conditions the z-parameter remains invari-
ant:

1A _1a
o 2hw3(t) a 2h wp

z (8.117)
This results in the implementation of a periodic time dependent Hamilto-
nian, which deserves further attention in terms of the Floquet-approach.
In addition, (8.114) is also preserved in so far as w is an integral multiple
of waB.

8.9 The persistent current for the electrons on the 1D dis-
cretized ring at T =0

Let us consider a discretized 1D ring with the circumference L = Nga, which
is pierced by an axial magnetic flux ®. As in the case of the continuous
ring discussed in section 2.3, we shall assume that the electrons move in a
field-free space. This leads to the discrete equation
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_‘/(](¢m+1 + wm—l) - Ewm
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(8.118)

working in conjunction with (2.94), i.e. with the AB-type periodic bound-

ary condition

YminN, = 62mﬂ¢m

Using again the wavefunction ansatz

1
V= N exp (ikm)
gives the dimensionless wave number as
2
k= F’T (8 +n)
where n = 0,41,+£2,..., so that the energy one looks for reads

2
E=E,= —2V0cosﬁ7r(ﬁ+n)

S
Applying (2.76) yields the corresponding persistent current as

26V0 . 2
- S11

I, = =
N~ N,

(B+n)

which reproduces (2.103) via Ny — oo, provided that

h
Vo=——=
0 2moa?
It is then clear that
26V0 o .1\7S I
N, 7N,

where Iy is done in (2.104).
Now the Fermi energy reads

Ne
Er = —2Vycos <7TF)

S

(8.119)

(8.120)

(8.121)

(8.122)

(8.123)

(8.124)

(8.125)

(8.126)
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in accord with (2.95). Then the energies less than the Fermi-one have to
be handled in terms of the inequality

cos ]2\[_77 (n+ ) 2 cos <7r%> (8.127)

S S

which expresses the discrete counterpart of (2.106). Making the summa-
tions needed gives the total persistent currents at 7'= 0 as

I(®) = —1rf+ (B) (8.128)

where the “4+” and “—” subscripts correspond to even and odd N.-values,
respectively. Accordingly (see also Cheung et al (1988))

f+(B) = ﬂ_]j\j {sin <]2V—7rﬁ) sin (]X;W> cot <Nl> + (8.129)

+lsin2—ﬂ<ﬁ—%) +lsin2—ﬂ<ﬁ—&—1>}

27 N, 2 N, 2
while
Ns . 27 T
_ = ——35 — 1 — (N, +1 1
f-(8) WNebm(NSﬁ){ +COSNS( .+ 1) + (8.130)

+ 2 cos(Ne—’—1 >sin<NE_1 )
_ — —
sin (NL) 2N, 2N,

For this purpose the summation formula

zn:cos(kx) = cos <n 1x> sin (%) csc (g) (8.131)
k=1

has been applied (see 1.342.2 in Gradshteyn and Ryzhik (1965)). Perform-
ing the Ny — oo-limit, it can be readily verified that (8.127) and (8.128)
reproduce (2.107) and (2.108), respectively. So we found reasonably a dis-
crete generalization of the total persistent current established in section 2.9
for electrons on the usual 1D ring. However, in the present case the current
exhibits an enhanced sensitivity with respect to the parameters 3, N, and
Ns. The generation of higher harmonics can also be easily established by
inserting periodic ((t)-functions into (8.127) and (8.128).




Chapter 9

The g-Symmetrized Harper Equation

The g-symmetrized Harper-equation (¢SHE) deals with the middle band
description of Bloch-electrons on the square lattice threaded by a transver-
sal and homogeneous magnetic field. This equation has received a special
interest in connection with novel mathematical developments concerning g-
deformed symmetries and second order g-difference equations (Wiegmann
and Zabrodin (1994a), Wiegmann and Zabrodin (1994b), Hatsugai et al
(1994), Faddeev and Kashaev (1995), Abanov et al (1998), Krasovsky
(1999)). Explicit solutions have also been discussed in some more detail
for fixed @Q-values (Papp and Micu (2002b)), but non-polynomial general-
izations towards arbitrary values of the anisotropy parameter A have also
been proposed (Papp (2003)). Several aspects of this interesting matter
are presented below.

9.1 The derivation of the generalized ¢gSHE

Let us consider the Coulomb-gauge expressed by the vector-potential

1B

A= (—1)l g (1 + 22 + qa) = (1) 5

X (9.1)
instead of the Landau-gauge used before in terms of (8.2), where oy (I =

1,2) are, for the moment, arbitrary gauge parameters. In addition, we shall
work by using the wavefunction ansatz

T) o (T) (9.2)
-7 =
where k - @ = kix1 + koxo and

175
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¢ (T) = ¢ (21 + 22) (9.3)

which differs, of course, from (8.6). One recognizes that (9.3) serves to the
very implementation of the 1D description. The minimal substitution, such
as done by (8.3) will also be applied, but now in terms of (9.1). For this
purpose, we can start from the energy-dispersion law expressed by (8.1),
but reversing the roles of #; and 65, the alternative formula

Oy
E,7(0)=Acost +cosbs (9.4)

can be invoked as well. Furthermore, we have to apply the Baker-Campbell-
Hausdorff formula (see e.g. (3.1.20) in Louisell (1973))

exp (A) exp (B) = exp (A + B) exp <% (A, B]) (9.5)

which gives

0 i L os B

exp (% (—l)l h*) exp (% (—l)l Xl) exp (%%)

for I = 1,2, where h* = 273, as indicated by (7.5). Finally, we have
to perform translations such as done by (9.6), as well as discretization
r; = nia. Then x1 + zo = na and n = ny + ng, where ny; and ns are
arbitrary integers. Putting together these results yields the second order
discrete equation

exp (191) qn+a2+1/2 qn+a171/2 exp (_192)
A - A n—
< gt 172 exp(—ify) ) P T\ e ) | grreamiz ) P
(9.7)

by virtue of (9.4), where ¢, = 5 (na) and where one has
1
q = exp (571*) (9.8)

in accord with (7.13). Using the wavefunction
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+oo
Y(2)= Y ¢az" (9.9)

n=—oo
it can be easily verified that (9.7) leads to the g-difference equation

q0271/2 Aqa1+1/2
- +z -
<zexp (—i62) exp (i61)

> ¥ (qz) + (9.10)

exp (—ifa)  Aexp(ibh) z\
+ (Z g2 t1/2 + 2qo1—1/2 ¥ E = Ey(2)
After having been arrived at this stage, let us insert a1 = as = 1/2 and
02 = —01 = 7/2 into (9.7). This yields
1 A
i<;+qu)w(qz)—i (g+—)w (f) = E(A) Y (2) (9.11)

z q
which reproduces the well known ¢SHE (Wiegmann and Zabrodin (1994a))

(1 Sz 1 z
) =i (S e ) v -i (24 1) () =EwE 012
as soon as A = 1. Starting however from (8.1) and repeating the same
steps gives the complementary equation

i(Sre)ve-i(z+ad)e(C)-n@ee o)

instead of (9.11), such that

Ei(A) = AE (%) . (9.14)

Under such circumstances we have to realize that both (9.11) and (9.13)
can be viewed as A # 1 -generalizations of the ¢SHE. For convenience,
we can restrict, however, to (9.11) only, such as considered before (Papp
(2003)). So far, mutual conversions of (9.12) and (8.7) have been done for
A =1 only (see Appendix A in Krasovsky (1999)). Note, however, that
(8.9) exhibits the g-difference form

(w +zexp (—wl)) u(z) + (9.15)
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+Aexp (if2) u (¢°2) + Aexp (—ifs) u (q%) = Eu(z)
as well as the dual partner

exp (161) f (q%) +exp (—ib) f (¢%z) + éexp (i02) f (z) + (9.16)

Az

mf (2) = Ef (2)

for which (7.57) has been used. The wavefunction quotations are selfcon-
sistently understood in terms of (9.9).

However, there is still a point which has to be clarified. Indeed, inserting
01 =010 = —m/2 and 02 = 7/2 into the r.h.s. of (7.39) yields

T
. 0) = 1

F(-53)=0 (9.17)

if t. = 0, but for odd @-values only. This would then ensure the middle

band description referred to above. Proofs have also been given that both

virial and Hellmann-Feynman theorems can be applied reasonably to (9.11)

(Micu and Papp (2003)).

9.2 The three term recurrence relation

Rescaling the energy

E:i(q— 1) W (9.18)

q

it can be easily verified that (9.12) can be rewritten equivalently as
(D@ + zDg@z) W(z) = Wap(2) (9.19)

where D' = D,/D,z, by virtue of (1.16). This in turn can be solved in
terms of three term recurrence relations. Indeed, inserting the polynomial
wavefunction

Q-1
b(z) =iV (z) =D Cpz” (9.20)

n=0
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into (9.19) yields the recurrence relation
[TL + 1]q Cn+1 + [n]q Ch1=WC, (921)

where Cp = 1. On the other hand one has [Q], = 0 by virtue of (7.4) and
(9.8), in which case

CQJrl = CQJrQ = ... = 0 . (922)

This shows that the energy levels corresponding to a fixed value of the
Q-parameter should be established via

Co=Cq(g,W)=0 . (9.23)
On the other hand there is

Q (¢* W)

Cq (g, W) = g¢Ne i Q] (9.24)

where fq (¢?, W) denotes a polynomial of degree @ in W and where

Ng = % Q-1 . (9.25)
Equation (9.24) comes from reasonable generalizations of some few ex-
plicit results. We have to realize, within the same context, that fq(q*, W) =
fo(1/¢?, W), which means in turn that Cgo(q, W) = Cg(1/q, W)and
W(q?) = W(1/¢?). Conversely, this latter equality implies the former one
by virtue of (9.21). In other words the wavefunction itself is invariant un-
der ¢ — 1/q, i.e. z/JgQ)(z) = ¢§c/gq) (z). One would then have the mappings
E = E; — Ey,; = —E4, which proceeds in accord with (9.21) and (9.18).
Now what remains is to insert (9.24) into (9.21). This yields the sym-
metrized recurrence relations

fo (@ W) =Wfg-1(¢*,W) = Q4 _sfq—2 (>, W) (9.26)
for @ =1,2,3,..., where
Q2= 2fQ-1 . (9.27)

Using the combination
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1 N
I,=Tn(q) =T,(1/q) =q" + poi 2 cos (n;) (9.28)
which is invariant under ¢ — 1/q, it can be easily proved that

Ty 4+Ts4...4T0 s, — odd
Qm@):%za/q):{ 14T o-z: @

1—|—F2+...+FQ_2, Q:even.
(9.29)
Under such circumstances one obtains the eigenvalue equation
fo (¢ W) = fo (1/4*,W) =0 (9-30)

by virtue of (9.22) and (9.24), which produces precisely a number of @ real
W-roots, say

W =w? () =W (1/¢%) (9.31)

where 7 = 1,2, ..., Q. The g-normalization of present wavefunction can also
be done in terms of (1.32). For this purpose we can choose z € [—1,1], but
other normalization-intervals like z € [0, b] can also be invoked.

The first six fo polynomials are given by (Papp and Micu (2002b))

f(dwW)=w (9.32)

fa (W) =W?—-1 (9.33)

fs (@ W) =W (W? —3-Ty) (9.34)
fi(® W) =W —6W? + 3+ (9.35)

+(2-3W2)Ta+ (1-W?)Ty

fs (W) =W [WH —10W? + 21+ (9.36)

+ (17 = 6W?) Ty + (11 — 3W?) L4+



The q-Symmetrized Harper Equation 181

+ (5= W?)I'¢ +Ts]
and

fo (2 W) = W — 15W* 4+ 81W?2 — 37+ (9.37)

+ (TIW? —10W* = 34) Ty + + (53W? — 6W* — 27) T'y+
+ (33w — —18) T + + (16W?> — W* — 10) I's+
+ (5W? —4)T1o+ (W? — 1) T'12

The above energies reproduce the ones obtained before for @ = 1—6 (see
(8.24)-(8.287)) in terms of (9.18) as soon as P = Ps-discrete realizations are
accounted for. Further cases like ) > 7 remain to be solved numerically.
It should be stressed, however, that explicit energy results established in
this way are useful in order to probe several conjectures concerning the
spectrum of the gSHE.

9.3 Symmetry properties

We have to realize that fo can be represented as

B
fo (¢ W) =Wwee Y di@ (W?) Tay (9.38)
n=0

in which d\&’ (W?) are constituent polynomials in W?. Furthermore

00=0,  fo=10@Q-?) (9.39)

for even @ values, whereas

1
ag=1, o=7@-1) (9.40)
for odd @ values. So one finds
(®) _ Q/2
dy) (W?) = (-1)¥* (1-w?) (9.41)

and
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Q 2 Q-1)/2
dy? (W?) = (1)@ (9.42)

respectively. It is also clear that d(()Q) (WQ) is a polynomial of degree (Q —
ag/2) in W2, but the general description of remaining constituents is still
an open problem.

Accounting for (9.18) and (9.31) yields the energy spectrum

Soli*] = {EP(r")|  j=1,2,.,Q} (9.43)

for @ =1,2,3, ..., where
. T
E=E®(n*) = ~2sin 7Wj(@(q?) (9.44)

and where we shall assume hereafter that A* € [0,27]. This continuous
extrapolation is able to serve for a better description of underlying sym-
metries. For the sake of discrimination we shall then put = A*, thereby
considering ¥ as a continuous variable. The actual discrete spectrum of the
¢SHE is then given by virtue of the intersection

Eq =90 [53/] ﬂMQ . (9.45)

which shows that we have to resort to the set of crossing points between
the 7 -dependent energy curves belonging to Sqg [] and and the set Mg
consisting of vertical lines like T = Z, where 75 = 27 P, /Q .

Further inter-connections with the usual Harper-equation (8.7) are also
worthy of being mentioned. Indeed, inserting P = Py = P,EQ) into (9.30)
yields a number of N, (Q) discrete polynomial realizations like Pé)k)(E) =0,
where Pék)(E) = Pé?k) (E;1) is a polynomial of degree @ in E, as shown
before. Such realizations have to be established in terms of a subsequent
normalization, which proceeds by choosing the coefficient of E€ to be unity.
Accordingly

P(gﬂ (E) = (z (q _ é))Q fo (W) |q:exp(mp,§Q)/Q) (9.46)

which works in combination with (9.18). These polynomials are precisely
the ones produced by applying either the secular equation method or, equiv-
alently, the transfer matrix technique to (8.7).
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The present energies are well ordered in the sense that following in-
equalities

EQ@) < BE® @) <...<E9@) (9.47)

are valid irrespective of Z € [0, 27]. This is synonymous with a non crossing
behavior, which means that one has just contact points z = x(Q) (E) corre-
sponding to the equality signs in (9.47). One realizes that the Z-derivatives
of energy eigenvalues are not continuous in such contact points. Next there
is

ED (@) = ~EgY, (@) (0.48)
which exhibits the so called energy reflection symmetry (Shifmann and
Turbiner (1999)). This proceeds in accord with the underlying SL,(2) -
symmetry. In addition

@y — (@ _
E;(0)=E;~(2m) =0 (9.49)
but, excepting the zero energy solution, there is
B (m)=+2 . (9.50)
Correspondingly, z = 7 stands for a symmetry axis of the spectrum
(@)= _ (@) ~
EF(7) = E;7(2m — 7) (9.51)

which holds for 0 < Z < 27. This also means that 27 — %(CQ) (E) is a

contact point as soon as x(Q)( E) does it. If Q = 4, the contact points are
7N (0) = 27/3, 749 (0) = 4x/3, and

7 (£2) = (9.52)

as shown in figure 9.1.

The z-dependence of the five energy levels F = E](-E’) () corresponding
to @ = 5 is displayed in figure 9.2. The ) = 7 patterns are actually even
more sophisticated, as shown in figure 9.3.

Having obtained fg (q2, W) opens the way to establish B-derivatives of
energy eigenvalues via

2th 9 _.m 8
ea? OB Qqﬁq
where ¢ stands, of course, for exp (iZ/2) and where @ is fixed. This latter

equation is useful in the study of the magnetization (see (8.55) and (8.59))
as well as of the Hall conductance (see (8.73)).

(9.53)
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Fig. 9.1 The z = z-dependence of the four energy levels E = EJ(.4) (z), where
j=1,2,3 and 4. One sees that N(C4)(0) = 2, while N(C4)(2) = N(C4)(—2) =1.

9.4 The SL4(2)-symmetry of the ¢ SHE

Let us consider two operators B and C for which

B () = — (0 () - u ) (9.54)

q—q!
and

¥ (gz) = (¢ 'z)

Ov () = DI () = — =1y

(9.55)

which proceeds in accord with (1.16). It is understood j plays the role of
a quantum number of the angular momentum, or equivalently, of the spin.
This relies on a representation having the dimension 2j + 1.

The Hamiltonian characterizing the ¢SHE such as done by (9.12) can
then be expressed as

Hy=1 (q — q_l) (C - qQB) (9.56)

as soon as
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Fig. 9.2 The = = Z-dependence of the five energy levelsE = E](.s)(?i), where
j=1,2,....,5. The only F =0 contact points are located at =0 and 7 = 27.

gt =49 . (9.57)

This shows that the j-spin can be established as

jo9-t (9.58)
2

with the understanding that the general solution is j = (@ — 1) /2 (mod
Q). The related representation concerns the space of 1 (z)-polynomials of
degree 2j, which agrees with (9.20). We then have to realize that a such
symmetry (Wiegmann and Zabrodin (1994a)) is produced by the quantum
group SL, (2) . More exactly, one resorts to two additional generators, say
A and D, such that

Ay (2) = ¢ (q2) (9.59)

and

DY (2) = A1 (2) = ¢ (5) . (9.60)
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Fig. 9.3 The =z = = -dependence of the seven energy levels E = EJ(.7) (z), where
j=1,2,..,7. One has N (0) = 2 and N (2) = NS (=2) = 1, but N (E;) =

N (~E;) =2 for Ey = 1.360, B2 = 1.902 and E3 = 2.119.

Putting together the above generators yields the relationships charac-
terizing the SL, (2)-group just referred to above, namely (Faddeev et al

(1990), Wiegmann and Zabrodin (1994a))

AB = ¢BA , BD = ¢DB
DC = qCD , CA = gAC
and
A% — D?
B,C] =
5.7 q—q!

in which AD = 1. The Casimir-operator of this group is given by

—1 42 2

q "A*+¢qD 2
Q=1""1" +pc-———;

(g—q7Y) (g—q7")

so that

(9.61)

(9.62)

(9.63)

(9.64)
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1
Q2" =we2" = [j + 5]gz” . (9.65)
Accounting for (9.58), one realizes that the Casimir-eigenvalue w, van-
ishes if P is even, but
4
Wg=——"-"3 (9.66)
(q—q1)°
if P is odd. The Q-denominator can then be either even or odd.
Furthermore one has

A% = exp (z’h* (—j + z%)) (9.67)
so that
% —2S53=2 (—j + z%) (9.68)
if ¢ — 1. Similarly,
C—5_= 4 (9.69)
dz
and
B—S. ==z <2j - zi) . (9.70)
dz

One would then obtain the relationships
[S3,5+] = £S5+ (9.71)
and
[S4,5-] =255 (9.72)

which express the generator-algebra of the classical group SL (2) . Note
that (9.72) reproduces (5.24) up to the sign, whereas (5.23) and (9.71) are
equivalent. Accordingly

Qg — S+ 5_+853(535—1) (9.73)
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whereas wy — 7 (j +1) + 1/4. It has been shown before (see section 5.2)
that the group SL (2) is useful in order to discuss partial algebraizations
of spectral problems (Shifman and Turbiner (1999), Shifman and Turbiner
(1989Db)), but solutions to novel periodic Hamiltonians can also be estab-
lished (Bagchi and Ganguly (2003)). We have also to remark that the above
generators reproduce the SL(2) commutation relations done by (5.23) and
(5.24) via

J,=S_ (9.74)
JO =83 (9.75)

and
JF=-8, (9.76)

where j = n/2. Of course, this results in differential realizations acting in
the space of P, (z)-polynomials of degree at most n in the variable z.

9.5 Magnetic translations

Speaking about magnetic translations means that the Hamiltonian of the
Harper-equation, or of the g-symmetrized one, is expressed by a sum of
four generators, say T; (i = 1,2, 3,4) exhibiting relationships like (Fradkin
(1991), Wiegmann and Zabrodin (1994a), Zak (1964), Boon (1972)),

TlTQ = q2T2T1 (977)

and

1
NTy= 5T (9.78)

Such relationships are typical for so-called ray representations of mag-
netic translations. Choosing e.g. (9.11), one would then have the realiza-
tions

T = 1¢% (9.79)
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Ty = iAzqg'*H! (9.80)
Ty = —izq~ 7371 (9.81)
and
A
Ty = —%q—Js (9.82)
where
) .
J3 = Z& =53+ (983)

is the dilation operator, so that

¢" (2) =¥ (az) (9.84)

Similar relationships remain valid with respect to (9.15). Choosing for
convenience #; = 65 = 0 and A = 1, one has the Hamiltonian decomposition

H:T++T,+z+% (9.85)
where
Ty = g2 (9.86)
in which case
Tiz = q 22Ty (9.87)
and
o (9.88)
z z

In general, a finite magnetic translation by a vector @ is produced by
an operator like

N Aad
T (@) = expi (k o E’) (9.89)

where ?Op = (k§°p ) kP )) is the wavevector operator established in accord
with (8.4).
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Choosing now the isotropic gauge

B
A=3(p20 | (9.90)
for which
1

Ai = —EBaijxj (991)

one obtains the k; operators as

(op) _ . 0 eB 4

ki — k™ = _2571‘ T opeCik Tk (9.92)
where the non-zero elements of €;; are €12 = 1 and €27 = —1. Locating

—
@ and b vectors in the zy-plane, one obtains the composition law of the
group of magnetic translations as

T (@) T (?) — qT> (E’ + ?) (9.93)
where
oo (2 (7T B
q-exp(2hc(a x b) B) . (9.94)
This leads to the ray representation (see also Fradkin (1991))

T (E’) T (T) = q—lng (@) T (E’) (9.95)

which proceeds in accord with (9.77) and (9.78).

9.6 The SU,4(2)-symmetry of the usual Harper Hamiltonian

The Hamiltonian characterizing the usual Harper-equation can be expressed
as

—_

H=<|Te (@) +Tp (-@)+ T (3’) + T (—?)} (9.96)

[\)

in accord with (8.5), where @ = (a,0,0) and b = (0,a,0). There

is T% (d) = T3 (—@) under Hermitian conjugation and similarly for
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N
T+ ( b). Next let us introduce Ji- and Js-generators by virtue of the

realizations (Alavi and Rouhani (2004))

o= _1q_1 (T? (@) + T (3’)) (9.97)
Jo=TE = _1q71 (T? (—@) + T (—?)) (9.98)
and
¢ = T (E’ - ?) (9.99)
respectively. It can be easily verified that
[T+, J_] = [2J3]4 (9.100)
by virtue of (9.93). In addition there is
I =g (9.101)
which is synonymous with the usual relationship
[J5,Je] =+Jy . (9.102)

So it is clear that (9.100) and (9.102) are responsible for a typical
SU,(2)-symmetry. Accordingly, the Harper-Hamiltonian gets expressed as

q—q*
H="= (Jy—J)=ilg—q ")Jy (9.103)

where we have assumed that J+ = J,+4J,, as usual. Note that this SU,(2)-
symmetry can be viewed as a particular case of the SL,(2)-realization char-
acterizing the ¢-symmetrized Harper-equation.
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9.7 Commutation relations concerning magnetic transla-
tion operators and the Hamiltonian

Equation (9.95) shows that the magnetic translation operators do not com-
mute with each other in so far as ¢ # 1, as one might expect. However,
we can introduce commuting operators by resorting to a rescaled primitive
cell like (a, b) instead of (a,b). Accordingly, the flux ¢ gets replaced by

ap

~ a
= —¢p=— 9.104
=29=27 (9.104)
so that
aP
2 2= 2mil 9.105
¢ — q =exp ( ™0 (9.105)
which proceeds by virtue of (7.4). Choosing
i=aQ |, (9.106)

then gives ¢> = 1, so that the corresponding magnetic translation operators
commute with each other as

7 (¥) 12 Q@) =0 . (9.107)
One should also have
kia € [0, 2] (9.108)
which produces in turn the “magnetic” Brillouin zone
kia €10,27/Q] . (9.109)

Starting from (9.107), we then have to realize that the magnetic translation
operators commute with the Hamiltonian

1. (V)] = 7 @) =0 (9.110)

Indeed, choosing e.g. the Landau-gauge leads to the concrete realizations

T) (a) = exp (aa%> (9.111)
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and

no e (s( 2 Emn)) . e

Now it is an easy matter to verify that 77 (Qa), T (b) and the Hamiltonian
(8.5) are mutually commuting operators, which supports in turn (9.107)
and (9.110).
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Chapter 10

Quantum Oscillations and
Interference Effects in Nanodevices

The present miniaturization of quantum nanoscale systems like rings, quan-
tum wires and chains of quantum dots has reached a stage where the sample
dimensions are smaller than the coherence length characterizing the single
electron wavefunction (Akkermans and Montambaux, 2004). The phase
coherence implemented in this manner leads to interesting interference ef-
fects which are able to be verified from the experimental point of view. A
typical example is provided by the oscillations characterizing the flux de-
pendence of persistent currents. Such oscillations can be traced back to
the Aharonov-Bohm effect and the same concerns the magnetoresistance
oscillations in mesoscopic rings. On the other hand the application of ex-
ternal fields results in controllable modification of the phase coherence of
electronic wavefunctions, which produce in turn quantum interference phe-
nomena affecting specifically the electron transport.

One shows that applying Fourier series to the derivation of the total
current in the discretized AB ring leads to the appearance of nontrivial odd-
even parity effects. We shall then pay a special attention to rings attached
to leads (Xiong and Liang (2004)), quantum wire connected to quantum
dots (Orellana et al (2003a)), multichain nanorings (Chen et al (1997)),
quantum LC' circuits (Apenko (1989), Chen et al (2002), Flores (1995))
and last but not at least to double quantum dot systems attached to leads
(Orellana et al (2002)). Such junctions serve as promising prototypes to
the design of further nanodevices. Accordingly, the derivation of transport
properties, and especially of he conductance (Biittiker (1985), Landauer
and Biittiker (1985)), is of interest for potential technological applications
in microelectronics. To this aim rather transparent descriptions will be
presented. Proceeding in this manner we learn how to deal with coupled
second order discrete equations, too.

195
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10.1 The derivation of generalized formulae to the total
persistent current in terms of Fourier-series

Equations (8.129) and (8.130) presented before serve to the derivation of
a generalized formula for the total current in the discretized AB ring by
resorting to sinusoidal Fourier-series like (Papp et al (2006))

L (8) = > bysin nl—wﬁ : (10.1)
n=1

This relies on basic functions, say f— (8) = f— (—08) and f4 (8), defined on
appropriate input intervals like 5 € [—[,1] and S € [0,1], respectively. It
is understood that the [-parameters characterizing such basic § intervals
must not be at all the same. Accordingly

l

b=t =5 [ £ (@sin T pds (10.2)
e
and
l
2
b=t =7 [ £ @sin T pds (10.3)
0

The periodicity condition reads

W) =10 (10.4)

in accord with (10.1), which works in terms of selected [ realizations. So one
has | = [_ = 1, which corresponds to (8.129). One remarks immediately
that one has the unit period 7— = 2/_ = 1 in the first case, whereas a
period doubling like 7'y = 2], =1 occurs when I = 1.

Applying such Fourier series yields the generalized total persistent cur-
rent

IS8, Ney, Ny) = I f142(8)G) (10.5)

when the number of electrons is odd, where

1(%/2) (B)=-= s1n ( ) Z 1/N2 sin(2nm3) (10.6)
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stems from
f-(8) = sin(2mB/N.) (10.7)
n (8.130), while
Ny
(=) = -
G N 1+ cos N, (N + 1)+ (10.8)

cos(m(Ne + 1)/2Ny) cos(m(Ne — 1)/2N5)

2 sin(r/N,)

comes from the complementary factor in (8.130).
Starting from (8.129) and proceeding in a similar manner produces the
generalized total persistent current

I$9(8,Ne, Ny) = —Ip[Figed(B) + Fages(5)] (10.9)

for even values of N., where

N, [ . N, T T m(Ng+1)
= Y - . 5| — 7
1 TN [bln(ﬂNs)cot (NS>+c05<NS>cos< SN, )}

(10.10)
and
Fy= 75\; cos (;) sin (%) . (10.11)
This time ¢'!2(8) and §14(3) are generated by
f+(B) = sin(2B/N;) (10.12)
and
f+(B) = sin(m (28 — 2N;—1)/N;) (10.13)

respectively. Accordingly, one has

2 2 O (=1
gk (8) = ~—sin (FW) ; nQ(_ii/Zz sin(nm ) (10.14)
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and
55:%(5) = —% Z <1 — (=1)"cos %) 77,2—#4/]\[2 sin(n7t@) . (10.15)
el < s

Equations (10.6), (10.14) and (10.15) have been established in terms of
integrals like

/sin(ax) cos(bz)dr = 2ath) a—1h) (10.16)
and
. ) _sin(fa—b)z  sin(a+b)z
/bln(aa:) sin(bx)dx = a0 2ath (10.17)

The flux dependence of dimensionless total persistent currents like

1598, N, N,)

= CH)(B,N,.N,) =
C Cg (67 € S) IF

(10.18)
is displayed in figures 10.1 and 10.2 for N, = 3 and N, = 4, respectively,
where Ny, = 12.

Such results stand for the discrete counterpart of (2.122). In other words
we succeeded to establish a period doubling as well as two kinds of dis-
tinct amplitudes when passing, in a way or another, from odd values of
the electron number to even ones and conversely. Besides the dynamic
localization effects discussed in chapter 6, such effects rely intimately on
the space discreteness, which also means that they would disappear within
the continuous limit. We found nontrivial odd-even parity effects in the
flux-dependence of the total current, which concerns both the period of
oscillations as well as the corresponding magnitudes. The period referred
to above can be readily expressed as

t - 20, | (10.19)

1 14+ (=D
TN _
l2 * 4

where N, may be even or odd. There is still a point which remains open
for further investigations, namely the identification of nanoring-structures
reproducing period doubling effects presented above form the experimental
point of view. The influence of disorder and interaction on the persistent
currents has also been discussed (Fye et al (1991), Németh and Pichard
(2005), Carvalo Dias et al (2006)).
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0.5

beta

Fig. 101 The flux dependence of C\)(3,N.,N;) for N. = 3 and N, = 12.
The current oscillations displayed above exhibit the unit period, while the
amplitudes have the magnitude order of unity.

10.2 The discretized Aharonov-Bohm ring with attached
leads

A further configuration is done by discretized Aharonov-Bohm ring with N
sites, now with two attached semi-infinite leads. These leads are attached
to the sites 1 and n, as shown in figure 10.3

The point-like couplings between the ring and the leads are character-
ized by the hopping amplitudes ¢t and ¢, where the subscripts “R” and
“L” stand for “right” and “left”, respectively. A pointable coupling be-
tween the leads expressed by the t. will also be accounted for. This latter
coupling provides the continuous path for inter-lead electron transmission.
In addition, there are tunneling effects of the electrons through the ring. In
order to proceed further let us denote the creation (annihilation) operator
of the spinless electron on the ring, or the left and right leads by Cz+ (ar),
at (am) and b} (by,), respectively. The corresponding site-numbers are
givenby l=1,2,...,m = —1,—2,... for the left-lead, whereas m = 1,2, ...
for the right lead. In order to describe the non-interacting leads, i.e. the
pertinent 1D conductors, we shall resort to 1D tight-binding models with
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1.54
L 14
0.59
beta
1 D p 4
1]
0.5

Fig. 10.2 The flux dependence of C{™(8, N, N,) for N. =4 and N, = 12. This
time the current oscillations exhibit the double period. In addition, there
are two kinds of amplitudes for which the magnitude orders are given nearly
by 1.74 and 0.84.

NN in interaction. This gives the Hamiltonian

Hicads = to Z (ay—;am—i-l + Q;H_lam) + 1o Z (b;;bm—i-l + b:z_Hbm) s
m<—1 m2>1
(10.20)
where ty stands for the inherent hopping parameter.

The electron on the ring is described by the Hamiltonian

n

HRing = Z (slc;'cl + t.exp (igR) cl+cl+1 + trexp (—ipR) cﬁlcl) (10.21)
=1

where the site energy is given by €; and where tr denotes the related hop-
ping parameter. One realizes that (8.139) proceeds in a close analogy with
(7.1). Accordingly, the corresponding phase reads

27 ¢ 27

YR = N % = Wﬁ ; (10.22)
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Fig. 10.3 Schematic view of the quantum ring threaded by magnetic flux and
attached to two leads.

which is reminiscent to (7.3). The periodic boundary condition character-
izing (10.21) reads ¢;1,, = ¢;. Putting together both point-like transmission
channels leads to the tunneling Hamiltonian (Xiong and Liang (2004))

Hpr = tCaJ_rlbl + tLCLJ_rlcl + tRben—F (10.23)

+ tcbfa,l + thfa,l + tRblcTJ[

which is responsible for the transport properties one looks for.
At this point we have to realize that a uniform gate voltage, say Vj, can
be introduced via

g =) +V, (10.24)

which provides the tuning-parameter for further investigations. It can be
assumed, for convenience, that the zero-voltage energy is zero, i.e. that
e) = 0. It is understood that the spinless electron operators mentioned
above satisfy usual canonical commutations relations like [, a}}] = 0 n
and similarly for b, and ¢;. In addition one has

[@m,bn] = [am,ci] = [bn,a] =0 . (10.25)

At the beginning we shall discuss the solution of the time dependent
Schrodinger equation
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)
Ry (1) = iho [0 (1)) (10.26)
where the total Hamiltonian reads
H= HLeads+HRing+HT (1027)

Correspondingly, we shall choose the wavefunction as

(1) = > Am(®)al [0)+ > Bt} [0) + > Ci(t)e 0), (10.28)
=1

m<—1 m>1

where we have assumed that Ay = By = 0. The corresponding time depen-
dent amplitudes are denoted by A, (t), Ci(t) and B,,(t), respectively. This
yields the coupled equations

0
’LhaAm(t) = t() (Am+1(t) + Am—l(t)) + (tcBl (t) + thl (t)) 5m,—1 )
(10.29)
for m < —1,
0

ihgy B (1) = to (Bm41 (1) + Brn—1 (1)) + (tRCn (t) + tcA-1(#)) dma (10.30)

for m > 1, and
L0 . .
zha —¢ | Ci(t) = t,Ci41(t) exp (ipr) + t,Ci—1(t) exp (—ipr) + (10.31)
+tL A1 (t)011 +trRB1(t)01n

which are responsible for typical manifestations. The above equations cor-
respond to the stationary solutions which have been written down before
by Xiong and Liang (2004). These latter solutions can be readily obtained
by inserting

(1)) = exp (—E%) %) (10.32)

into (10.26), where |¢) = |1(0)) and H |¢)) = E'|¢). Accordingly there is
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Cu(t) = exp (-uz%) ) (10.33)

where C;(0) = C). The same concerns A,, and B,.
Next let us multiply (10.31) by C;(t). Repeating the usual procedure
to the quantum-mechanical derivation of currents leads to

0 2
gy | Ci(t) |2: Al + P_ilm (trA_1(t)CT (t)011 +trB1(t)Cr(t)o1n)
(10.34)
where

I = %tRIm (Cr_1(t)Ci(t) explivr)) . (10.35)

Note that A stands for the discrete right-hand derivative introduced before
in accord with (1.3). So far we are able to introduce the electric charge
density as

pi(t) = —e | Ci(t) [* (10.36)
in which case the current density reads
Jy = el (10.37)

in so far as [ # 1 and [ # n.
We have to realize that the additional terms characterizing (10.34) can
be interpreted in terms of rate equations like

(%f“@)R. o = 24 I (A ()6 (1) (10.38)
and
d 2e .
(%p”(tomg_m(is =~ trIm(B1(t)CL (1)) (10.39)

which are responsible for the flow of electrons into and out of the ring.
Charge conservation requirements needed are then fulfilled if

d
E (pl (t) + pn(t))RingfLeads =0 (1040)
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so that
Im (tLA_1(t)CT(t) + trB1(t)Cri(t)) =0 . (10.41)

So we are in a position to establish the average ring current as

1 n
J =< J; >= E E Ji , (10.42)
=1

which proceeds in accord with charge conservation requirements just dis-
cussed above.

Incoming and outgoing interaction-field regions can be identified via
m < —2 and m > 2, respectively. Within such interaction-free regions
equations A,, and B,, are characterized by plane waves like

Ay =exp (ik (m+1)) +rexp (—ik (m+1)) (10.43)
and
B,,, = texp (ikm) (10.44)

where k is the dimensionless wave number, while r and ¢ denote reflection
and transmission amplitudes. The energy of the incident electron is given
by

Ein = 2t0 cosk s (1045)

which reproduces identically (6.4) in terms of units for which the lattice
spacing is unity. Concerning the ring, the interaction-free regions are spec-
ified by [ # 1 and [ # n. This gives the equation

(E—¢)C; =t,Ciy1exp (ipr) + t.Ci_1 exp (—ipr) (10.46)
in accord with (10.31) and (10.32). Invoking again plane-wave solutions
Cy = exp (Jél) (10.47)
enables us to derive the ring energy as

E=FE, =¢;+ 2t cos (E + goR) . (10.48)
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One sees that (10.48) reproduces identically (8.122) via &, = 0, ¢, = —Vp
and k = 2rn/N,. One would then have k € [0,27) if n € [0, N,), which
means that we deals with Ng-levels (n =0,1,2,..., Ny — 1).

Of a special interest is the transmission probability

T, = |B|* (10.49)

which provides the conductance by the virtue of the well-known relationship
(see e.g. Datta (1995))

2 2¢?
Go = LG_ %Tp . (10.50)

To this aim it can be easily verified, that
A_o = A_;exp(ik) — 2isink (10.51)
and
By =exp(ik)B1 . (10.52)
This yields the equations
A_1 (E —tgexp(ik)) — t. By = —2itgsink + t,Cy (10.53)
and
t.A_1 — B1(E — tgexp(ik)) = —trCp . (10.54)

Fixing the energy, we then have the opportunity to establish A_; and By
in terms of C; and C,,. One would then have

itrC, + 2it, — trt.Cq
1+41¢2

B = , (10.55)
where the couplings are measured in units of typ. What then remains is to
solve numerically coupled equations characterizing Cy, A,, and B,,. Such
studies have been done in terms of the fixing £ = E;, = 0 (Xiong and
Liang (2004)). Quantum rings coupled to leads have also been discussed
under the influence of an external electric field (Orellana et al (2003b)).
In general, there are reasons to say that both conductance and persistent
current are periodic functions of the magnetic flux with period ¢g. However,
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a period doubling is able to occur for selected parameter values. Indeed,
choosing parameters like V; = 0.03, Ny = 5, t1, = tg = 0.1 and k = 7/2,
we found that the period characterizing the conductance oscillations with
respect to the magnetic flux is given by 2¢g instead of ¢g, as indicated in fig-
ure 10.4. In addition, there are peaks reproducing specifically asymmetric
Fano line-shapes (Fano (1961)) in the dependence of G on the dimensionless
magnetic flux 3, as well as on the gate voltage V,. Such resonance peaks,
which are associated with the levels of the ring are a manifestation of quan-
tum interference effects characterizing the electron transmission along the
two paths mentioned before. Narrow resonance peaks have been observed
in the dependence of the persistent current (10.41) on the gate voltage and
the magnetic flux too. It is then clear that the asymmetric Fano-profiles get
replaced by symmetric Breit-Wigner line shapes when ¢, — 0. Peculiarities
concerning the related Fano-parameter have also been discussed (Kobayshi
et al (2004), Xiong and Liang (2004,2005)). In particular, the present ring
configuration can also be viewed as a quantum dot.

DyJuULQJUpLE

Fig. 10.4 The oscillations of the dimensionless conductance versus 3 for V; =
0.03, Ny = 5, t;, = tg = 0.1 and k = 7/2. The double period can be readily
identified.

Without considering other details, we have to mention that electrons
confined on a quantum Aharonov-Bohm ring are able to form a spin singlet
state with electrons in the leads. This results in the implementation of a
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pronounced many-body Kondo effect at lower fields, which received much
attention during last decades (Ferrari et al (1999), Kang and Shin (2000),
Keyser et al (2003), Gomez et al (2004)).

10.3 Quantum wire attached to a chain of quantum dots

A further interesting nanodevice is a side coupled to a chain of quantum
dots as shown in figure 10.5. The Hamiltonian reads (Orellana et al (2003a))

‘H =How +Hgop + Hogp-ow (10.56)

in which How (Hgp) is responsible for the quantum wire (the chain of
quantum dots), while Hgop_gqw stands for the tunneling interaction be-
tween the quantum wire and the quantum dots. One has

+oo
How =V > (cfeji+He) (10.57)

j=—o0

within the nearest neighbor description, where V' denotes the hopping pa-
rameter. The electron at site j is created by c;r, as usual. The Hamiltonian
describing the chain of N quantum dots is

N N-1
Hop = Zfld;rdl + Z (Vidfdiy1 + Hee) (10.58)
=1 =1

where V] is a real parameter denoting the tunneling coupling between the
I-th and (I + 1)-th quantum dots. The tunneling interaction

Haop—qw = U (df co + cgdy) (10.59)

concerns only the electrons located at j = 0 and [ = 1, respectively, as
indicated in figure 10.5.
One looks for stationary states like

+o00o N
0) = > Ajef 0)+)_ Didf |0) (10.60)
Jj=—o00 =1

where A; and D; are expansion coefficients providing probability ampli-
tudes needed. One deals again with Wannier states like |j) = c;r |0) and
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Fig. 10.5 Schematic view of the quantum wire attached to a chain of quantum
dots.

1)) = d;" |0), such that (j| j') = &;; and ((I|I')) = &, . Conversions to
Bloch states can also be easily performed.

Now we are ready to solve again the eigenvalue equation H |¥) = E|¥)
in terms of linear second-order discrete equations for A; and D;. These
equations are given by

EAg=V (A1 4+ A) +UoD;y (10.61)
EAj =V (Aj—l + Aj+1) ) ] 7& 0 ) (1062)
EDn =enDn+VNn_1Dn_1 (1063)
EDy = e1D;y + ViDa 4+ Up 4y (10.64)
and
ED =D+ Vi_1Di-1+ViDiy1, 1#1,N . (10.65)

The interesting point is that D; can be expressed in terms of Ay as
(Orellana et al (2003a))
W

D= 224, 10.66
1= on (1066)
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where @ is a continued function:

V2
Qv=Qn(E)=FE—& — 7
E—ey— E—es— FE—en 1-VZ_,/(E—en)
(10.67)
Proceeding further we then have to solve the equations
FEA_ =V (Afg + Ao) , (10.68)
EAy=V (A1 +A4A) , (10.69)
and
EAL =V (A() + Ag) , (1070)
where now
~ U?
E=FE--2° . 10.71
On (o)
At this point, we have to realize that the energy is given by
E=FE(k)=2Vcosk |, (10.72)

where the dimensionless wave number k is restricted to the first Brillouin
zone k € [—m, w]. For this purpose the wavefunction ansatz

A; = exp (ikj) + rexp (—ikj), j<-1 , (10.73)

A; = texp (ikj) (10.74)

is used once more again, where r and t are reflection and transmission
amplitudes, respectively. Extrapolating the above wavefunctions towards
j =0, one finds the matching condition

t—r=1, (10.75)

which provides an appreciable simplification. Inserting £ = E (k) then
gives the transmission amplitude
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_ _ Qn (E)
1= (B) = o R (10.76)

This shows that the level broadening I' can be identified as
(10.77)

In other words, the conductance of the quantum wire at zero temperature
reads

2¢> Q%

G(E) =" h Q3% + T2

, (10.78)

by virtue of the one-chanell Landauer-formula (Datta (1995)), where the
transmission coefficient is given, this time, by

QQ

T (B) = il = 1Aof” = 5o

(10.79)

Resonance structures characterizing the energy dependence of T (E) can
then be easily identified by looking for complex E = E.—roots for which
Tn(E.:) =1, as shown before (Orellana et al (2003a)).

10.4 Quantum oscillations in multichain nanorings

Let us remember that the magnetic field induces characteristic phase
changes like

(\4

- (10.80)

2

arg s () - ang v (7) - 1 [ A

1

along a path ranging from “1” to “2”, where —e < 0 stands for the electron
charge. For a closed path, the electron wavefunction experiences the phase-
difference —27® /P, as discussed before in connection with the Aharonov-
Bohm boundary condition. Such phase-shifts produce interesting inter-
ference phenomena in the case of nanosystems for which the coherence
length is actually larger than the sample dimension. Interference effects
implemented in this manner are also of a special interest in the case of a
multichain nanorings such as displayed in figure 10.6.
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Fig. 10.6 Schematic view of multichain nanorings. One has 5 chains, each
of which containing, just for convenience, 4 sites.

The chains are specified by the index o = 1,2, ..., N, while the number
of sites characterizing a chain is 0 < N, < s. These chains are attached to
two leads at nodes located at x = 0 and x = s > 0. So one deals with the
influence of the magnetic flux &, = BS,, where S, is the surface enclosed
by chains o and o — 1 («=2,3,...,N). In addition, we shall account
for the influence of a voltage V,, applied in the transverse direction. The
present Hamiltonian is then given by the sum (Chen et al (1997))

H= Hleads + Hchains + Hint ) (1081)

and concerns, as before, non-interacting electrons. The individual terms
in (10.81) are responsible successively for the leads, the chains and for the
tunneling interaction. Furthermore, let us consider that c;i (c;r) creates an
electron at the site ¢ of the chain « (at the site j of the leads). Accordingly,

one has

0 0o

Hicads = Z (cjcj,l + cj_lcj) + Z (Cj_Cj+1 + cjﬂcj) . (10.82)

j=—00 j=s

N Nq No—1
Y (et 3 (e +
Hehains = Va Cq,iCai + (C(,“icoz,i—i-l + Ca’lqucoz,i) ’
a=1 \i=1 i=1

(10.83)
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and

Hint =

M=

(C(J)rcoz,l + o +exp (iva) ¢l s+ exp (—ipa) C:_Coz,Na)
i=1
(10.84)
For convenience a unit hopping amplitude has been assumed. The present
gauge concerns only the site ¢ = N, such that
i}
277(}70( = Pa — Pa-1 (1085)
0
for a > 2, where @1 = 0.
Now we are ready to handle the energy eigenvalue problem H|¥) =
E | ), where this time

N Ng
W)= Y A [0)+ D> Anack0) (10.86)
j<0,5>s a=1i=1

These results again in coupled discrete equations like
EAj = Aj+1 + Ajfl (1087)

forj<—landj>s+1,

EAp=) As1+A (10.88)
BA, =) exp(—iga) Aan, + Ast1 (10.89)
(E = Va) Aag = Ao+ Aap (10.90)
(B = Va) Aa,n, = Aa,No—1 Hexp (ipa) As (10.91)
and
(E - Va) Aa,i = Aa,iJrl + Aa,ifl 5 (1092)

where 2 < i < N, — 1. Extrapolating (10.92) towards ¢ = 1 and ¢ = N,
yields the matching conditions
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Ao =Aup (10.93)
and
As = exp (—iva) Aa,No+1 (10.94)

in accord with (10.90) and (10.91).
At this point we have to resort again to plane waves:

Aj=Aexp(—ik(j—s))+ Rexp(ik(j —s)) (10.95)
and
A; =exp(—ikj) (10.96)
for j > s and j < 0, respectively. This means that one deals with a reflected
(transmitted)) wave if j > s (j < 0). In addition, we shall account for the
superposition

An, = Aq exp (ikol) + Roexp (—ikol) (10.97)

acting for 0 <[ < N,. The corresponding wave numbers are identified by
virtue of the energy solutions

E=2cosk , (10.98)
and
E=Vy+2cosk, |, (10.99)
relying on (10.87) and (10.92).
Accordingly, there is
Ao+ Ra=1 | (10.100)

and

Aq exp (ko (No + 1)) + R exp (—ika (No + 1)) = (A + R) exp (ipa) ,
(10.101)
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which produce in turn the solutions

exp (—iko (No + 1)) — (A + R) exp (ipa)

Aa=- 2isin (ko (Na + 1)) : (10.102)
and
R, = Uk (J;Z?SII 1])21 zjéfj 1]?)) xp (i) (10.103)
Under such conditions one obtains
N
= exp (ik) + Z (A, exp (ika) + Roexp (—iky)) (10.104)
a=1
and
E(A+ R) = Aexp(—ik) + Rexp (ik) + (10.105)
N
+ ) exp (—iga) (Ao exp (ikaNa) + Ra exp (—ikaNa))
a=1
respectively. These equations can be rewritten equivalently as
E =c¢y+ (A+ R) fo + exp (ik) (10.106)
and
=(A+R)co+ fi + Aexp (—ik) + R exp (ik) (10.107)
where
co = Za: % : (10.108)
and
fo=> sin ko & (iga) (10.109)

sinky (No + 1)

Now we are in a position to establish the A parameter as
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4 ol® = (co = exp (=ik))?

, 10.110
2fgcosk ( )
which provides in turn the transmission probability
1 4cos k| fol”
t? = — = cos” k | ol _ (10.111)
AP (150l = (co — exp (=ik))?
In particular, we can choose chains with the same length Ny = Ny =

... = Ny = L, for which the applied voltage is zero. Then we can insert
Yo =27 (a—1)p and &, = & = P for a > 2. Accordingly, fo becomes

sin k sin (7N 3)

fo=fo(B) = sink (L + 1) sin (73)

exp(im (N —-1)8) (10.112)

where now k., = k, so that fo (8 + 2) = fo (8) irrespective of N. In other
words the periodicity characterizing the magnetic flux dependence of fj is
give by a double flux quantum ®,. The rich oscillations structures exhib-
ited by the flux and voltage dependencies of (10.111) have been presented
in some detail before (Chen et al (1997)). Having established the transmis-
sion probability, enables us to study the electronic transport by applying
Landauer-type conductance formulae. Other details concerning multiring
systems connected in parallel and in series are worthy of being mentioned
(Liu et al (1998)).

10.5 Quantum LC-circuits with a time-dependent external
source

Besides the space-discretization which has been analyzed in some detail
previously, other discretizations, such as the one of the electric charge in
LC-circuits, has attracted much interest (Apenko (1989), Chen et al (2002),
Flores (2005)). The total energy characterizing the classical LC-circuit is
given by

D 2l 2l V.
cl = < < - clVs ) 10.11
Hea 22 20 Q 1 (t) ( 0 3)

which proceeds under the influence of an external time-dependent voltage
source V5 (t). The inductance and the capacitance are denoted by L and C,
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as usual. The subscript “cl” stands for “classical”. The charge discreteness
referred to above can be implemented by virtue of the eigenvalue-equation

Q|m) =mge Im) (10.114)

where m is an integer and where ¢. denotes the fundamental electric charge,
say ge = e, or eventually, g¢ = 2e. Next let us apply to (10.114) the
right-hand and left-hand discrete derivatives A and V presented before
in (1.4) and (1.3), respectively. One obtains A |m) = |m+ 1) — |m) and
V|m) = |m) — |m — 1), so that

QA=¢qc+qg.(m+1)A (10.115)
and
QV=¢+qg(m-1)V . (10.116)
Accordingly
[A,Q]=—¢.(1+4) (10.117)
and
V,Ql=—-¢.(1-V) (10.118)

by virtue of the Hermitian conjugation of (10.115) and (10.116), where
At = -V and Qt = Q.

On the other hand, Q?/2C leads to an harmonic oscillator by virtue of
(10.114), which also means that

L 22

Ho=575%

(10.119)
plays the role of the kinetic-energy. It is understood that the square flux-
operator ®% should be established in an appropriate manner in terms of
discrete derivatives displayed above. To this aim we have to realize that
Hg relies on A and V via

Ho~AV=A-V | (10.120)

as indicated e.g. by (1.5). Next we have to select the proportionality factor
needed, which results in the tight binding realization
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h2

Moo= 51z

AV . (10.121)

Now we have the opportunity to introduce the magnetic flux operator

ihe

d=——A |, (10.122)
de
which behaves as
10
ot = -y | (10.123)
Ge

under Hermitian conjugation. The Hermitian square flux operator can then
be readily established as

o= (92)" = ot = ot . (10.124)

Both ® and ® have the meaning of momentum operators conjugated to
Q. A symmetrized momentum operator like

1
P=P"=z(@+o") . (10.125)

can also be introduced. This results in the commutation relations

2L
[Q, P] = —ihe (1 - q;LQ H0> : (10.126)
relying on (1.62) and
[HoL,Q] = ihP/c . (10.127)

Modified commutation relations such as given by (10.126) have also been
used before in connection with the g-deformation of quantum mechanics
(Kempf et al (1995), Nouicer (2006)). Such modified structures, which
are responsible for deformed Heisenberg algebras, can be viewed again as
nontrivial manifestations of the space discreteness. It is understood that
now the discretized charge plays the role of the discrete space.

Resorting to the m-representation

C(t) =< m | T(t) > (10.128)
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and applying the time-dependent Schrédinger Hamiltonian

B2 m2q?
H= —quAV + °C - mquS(t) s (10129)
yields the second order discrete equation
h? @ h?c? 0
_qu (Cm—i-l + Cm_1)+<%m — qeng(t) + L—q§> Cm(t) = Zhacm(t)
(10.130)

which generalizes Eq. (6.52) discussed before in connection with the dy-
namic localization towards the incorporation of an additional harmonic
oscillator.

Next let us assume that the voltage is produced in accord with Faraday’s
law

Vs(t) = —%%(f) = qESFf(t) : (10.131)

which proceeds in accord with (6.52), where ®.(¢) denotes an external time-
dependent magnetic flux. The (10.130) produces the Mathieu-type equation

2 52 2
qe 8 h _ q6¢6 o 2
[ 5C Bi2 + 2L (1 cos <k + e >)] u(k,t) = Zh@tu(k’t) ,

(10.132)
working within the k-representation, where now
u(k,t) = i Cy(t)exp |in  k+ Gee (10.133)
9 et n hC 9 .
and
IR . qePe
C(t) = %kgwexp(—znk‘)u (k - ) . (10.134)

So we found that the effective Hamiltonian characterizing a quantum LC-
circuit with a voltage source is given by (Chen et al (2002))

2 2 2
qe a h qe@e
Heff(@e’k):_%w—'_qg—L <].—COS (k+ hc )) 5 (10135)

in accord with (10.132), which proceeds within the k-representation intro-
duced above.

)
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10.6 Dynamic localization effects in L-ring circuits

At this point let us assume that the influence of the capacitance in (10.130)
is negligible. The factorization

Cm (t) = ¢ (t) exp (—iZ—f;t) (10.136)

can then be performed, which amounts to remove the related constant
potential energy term in (10.130). Next, let us specify the time-dependence
of the magnetic flux as follows

D, (t) = Dpsin (wt) . (10.137)

Then the discrete equation characterizing the rescaled amplitude ¢, (t)
reproduces identically (6.52) if AV = —h?/2Lq? , f(t) = cos(wt) and
Er = —qe&)ow/ch. Under such conditions the electron (g. = e) described
by the rescaled version of (10.130) is able to exhibit the dynamic localization
effect in terms of selected parameters for which

Je ¥
J (—<I> ) -0 10.138
b (%, (10.138)
such as provided by (6.53). Next, we have to realize that

_ _ OHepy  h . qe e
I =1 (t) = —c 95, oL sin </€+ e (10.139)

has the meaning of a persistent current in the ring. Conversely, (10.139)
amounts to consider both a time-dependent and wavenumber realization
of the energy. This latter energy can also be obtained by applying the
minimal substitution to the energy dispersion law characterizing the L-ring
Hamiltonian. It has also been found that the average of he current Iy
vanishes in terms of (10.138), which provides a nontrivial manifestation of
the dynamic localization. To this aim the MSD has been established in
terms of velocity autocorrelation functions (Kenkre et al (1981)).

The time average of the persistent current over one period, say
<Ix(t)>7, is of a special interest. This amounts to establish the integral

T
Iy (T) = /sin <k + q;iq)e) dt (10.140)
C
0
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in which case < Ix(t) >p= —hJy(T)/q.TL. Using again (10.137), it can
be easily verified that the DLC (10.138) is reproduced irrespective of k via
Ji(T) = 0. This means in turn that one should have

T
/exp —i€pn(t))dt =0 (10.141)
0

in accord with (6.57) and (6.93). The matching condition
5ic

n(t) (10.142)

relying on (10.131) has also been considered. In general, ®.(¢) in (10.142)
may be periodic or not, even if the voltage, or equivalently the f(¢)-
modulation, does it. The interesting point is that (10.141) reproduces
identically the exact DLC’s characterizing other periodic modulations con-
cerning f(¢), like (6.134) and (6.181). Accordingly, (10.141) can be viewed
as expressing the exact counterpart of approximate DLC’s discussed be-
fore in terms of (6.85) and (6.86). In addition, (6.110) and (6.111) show
that the extremal condition characterizing the exact MSD gets fulfilled via
D, (T) = 0 whenever (10.141) is satisfied. The concavity condition (6.119)
remains also valid, provided one inserts again ¢t = T instead of ¢t = t,. Some-
what exceedingly selected modulations for which (10.141) remains valid
under all rescalings like £ — p&p , where p denotes a positive integer,
have also been discussed (Dignam and de Sterke (2002); Domachuk et al
(2002))). However, such cases are not useful in practice, so that (10.141)
stands reasonably for the exact DLC characterizing arbitrary but periodic
voltages. In particular, n(t) is able to be periodic, too. Then one has
Z1(nT) = nZy(T) = 0, which results, in general, in a rescaled version of
the time grid ¢ = ¢, analyzed previously within the strong field limit. How-
ever, we can resort from the very beginning to a periodic magnetic flux, in
which case the time grid ¢, = nT just referred to above gets implemented
without extra conditions.

10.7 Double quantum dot systems attached to leads

Double quantum dot systems (DQD’s) attached to leads provide further
nanodevices which are able to produce non-linear current-voltage charac-
teristic curves working in the Kondo regime at zero temperature (Orellana
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et al (2002)). The inter-dot Coulomb interaction is neglected, which leads
to appreciable simplifications. In addition, a quickly tractable mean field
approximation has been applied. This results again in coupled equations for
the probability amplitudes, which are rather similar to the ones obtained
in the case of other junctions discussed in this chapter.

The dots are localized at the sites & = 0 and a = 1 of the 1D lattice,
while the electron on the left (right) lead is located at the sites i = —1, —2.—
3,... (1 =2,3,4,...). Resorting to the slave boson description (Coleman
(1984)) means that the annihilation operator of an electron at dot « is given
by

Caro = b3 fao = facby (10.143)

where the boson operator b creates an empty state. In this context fu,
denotes a fermion operator which is responsible for the annihilation of a
single occupied state for which the spin projection is ¢ in units of h/2.
The canonical commutation relations read [ba, bg] = 0a.3 and { fao, fau} =
dap0su. In general, the fermion spin may be different from 1/2. The double
occupancy at site « is ruled out by virtue of the constraint

Qa = fisfas +biba=1 . (10.144)

This corresponds to the selection of two admissible states like

|, 0 >=b1]10 > | (10.145)
and
o, 1 >= fI]0> | (10.146)
such that
ba|0 >= farl0 >=0 . (10.147)

It can be easily verified that
Caol,0>=0, and &, la,0>=]a,1> | (10.148)

while
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Caolo,1>=|a,0>, ¢l lo,1>=0 . (10.149)
So, there is
Qola, e >=|a,e > (10.150)

where a = 0, 1, which reflects safely the constraint written down above.
Accordingly, the DQD system is described by the Hamiltonian

Hop = ZZEQ faa+ Z CO gclo+c1 gCO o’) , (10.151)

where t. and €, denote the inter-dot tunneling coupling and the site en-
ergy at the dot, respectively. The leads are described by the tight binding
Hamiltonian

HL_Z(Z +Z> lgcld—’_tZ(Z +Z> lo‘cl 1U+cz 10‘07«0) )

o o (10.152)
with the hopping parameter ¢, where ci‘o creates an electron with the spin
projection ¢ = =1 in the site i. The site energies are denoted by ¢, and ¢;,
respectively. Next let us denote by Vi, (Vg) the hopping between the sites
—1 and 0 (1 and 2). Then the Hamiltonian

V; - ~
Hrgp = 7% Z(Cfch,a + c({ac_l - \/— Z ot 020 T 02 oClo) s
(10.153)

describes the hopping interaction between the leads and the QD’s. The
last step in the construction of the total Hamiltonian is to account for the
constraint (10.144) in terms of the additional interaction

Ho= Aa(Qa—1) , (10.154)

where ), denotes a Lagrange multiplier. The total Hamiltonian is then
given by

Hiot = Hop + Hr + Hogp + He (10.155)
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which leads, as usual, to the eigenvalue equation
Ht0t|\l’ >= E|\Ij > . (10156)

Next one applies a mean-field approximation, which amounts to replace
the boson operators b, and bl by expectation values like

<bo >=<bE >=bvV2 . (10.157)

This yielgivs ~the rescaled parameters €, = €4 + A, ‘70 = EOVL, \71 = ElVR
and t. = bgbit., such that

Hop =Hop =3 Y Ealfdsfas +1c Y (foofio+ fisfoo) . (10.158)

and

Hrop =Hiap = Vo Y (11 o footfist-10)+V2 Y (Fis20+es , f10)

(10.159)
This means that the total Hamiltonian exhibits the form

Mot = Hop + Hi + Higp + > Aa(2biba — 1) (10.160)

which depends on four parameters Ay, A\ ,30 and 51 which will be referred
to later in terms of the subscript j(j =1 —4) .

Proceeding in a close analogy with the previous calculations and choos-
ing again a wavefunction expansion over Wannier states

U >= |y >= > asllo> (10.161)

l=—0c0

leads to the coupled difference equations

(E—eare =tlar-1,0 + ar41,6) (10.162)

(E —e)are = Viy1-n@1-1).0 + t-10i.0 (10.163)

and
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(B —&)ate = Vio1e1)@1(-1).0 + tetisig-1).0 (10.164)

forl #—-1,0,1,2,1 = —1,2 and [ = 0, 1, respectively. It is understood that
a141(1—1),0 = Ao(1),0 if | = —1,2 and similarly in other cases.

The four parameters referred to above can be established with the help
of the Hellmann-Feynman theorem

@-E =< ’@[Jg|aj7‘(tot|wg > (10.165)

where 0; (j = 1,2,3,4) denotes the parameter differentiation needed. Im-
posing energy minima via ;£ = 0 gives nonlinear parameter-fixing condi-
tions like

W2+ laaosl* =1 (10.166)

and

2)‘0133 + ‘701 Z Re(aj;fl(aJrl),UaOhU) + :EC Z Re(a‘:;Jrl(afl),aa‘%U) =0 )
(10.167)

where @ = 0,1. Further details can then be established by discussing
(10.162)-(10.164) in terms of plane wave realizations of the probability am-
plitudes, as done in the case of other junctions presented before. Just
mention that handling numerically the above equations leads to nontriv-
ial interplays between the bistability of the current and the Kondo-effect
(Orellana et al (2002)).



Chapter 11

Conclusions

In this volume we learned how to deal with the theoretical description of
the Schrodinger-equation on the discrete space, with a special emphasis on
applications to low-dimensional nanoscale structures. Almost cases concern
solvable systems on the discrete space, but time discretizations have also
been discussed. Other useful generalizations, like matrix versions of the
discrete Schrodinger operator, have to be mentioned (Bruschi et al (1981)).
Underlying symmetries play an important role and serve both for a better
understanding as well as for the formulation of suitable calculation tech-
niques. First we would like to address some mathematical developments.
We emphasize that such developments are able to serve as candidates for
further applications. So representations of the ¢-Heisenberg algebra (Pan
and Zhao (2001), Curado et al (2001)) are able to be applied to the deriva-
tion of explicit eigenvalues and spectral properties. This algebra plays
actually an essential role in the description of discretized systems (Celegh-
ini et al (1995)), while noncanonical Heisenberg algebras look promising
towards a better understanding of g-deformations (Brodimas et al (1992),
Janussis and Brodimas (2000)). The harmonic oscillator has been gener-
alized to the relativistic configuration space proposed by Kadyshevsky et
al (1968). We have to recall that eigenvalue equations on this space look
like non-relativistic difference Schrédinger-ones, but now with a relativistic
coordinate, as indicated in section 4.6. This leads to. a g-deformed oscil-
lator, for which the dynamical symmetry is given by the quantum group
SUq(1,1). The corresponding deformation parameter is given by

hwo
- -0 11.1
q = exp ( 4m062> (1L.1)

where wg denotes the oscillator frequency. Correspondingly, the annihi-
lation and creation operators are themselves finite-difference ones (Mir-
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Kasimov (1991)). For such problems, the appropriate finite-difference gen-
eralization of the factorization method has already been done by Kagra-
manov et al (1990).

The main body of this book concerns, however, hopping Hamiltonians
and tight binding descriptions under the influence of external fields. The
typical example is the celebrated Harper-equation which serves to the de-
scription of the 2DFEG in the magnetic field, i.e. of Bloch electrons on
a 2D lattice threaded by a transversal and homogeneous magnetic field.
The g-symmetrized version of the Harper-equation, which is also interest-
ing from a theoretical point of view, has been analyzed by accounting in
an explicit manner for the appropriate Coulomb gauge. The incorporation
of an additional electric field into the Harper-equation (8.9) is of a special
interest (see also Mufioz et al (2005)). Choosing a time dependent electric
field directed along the Oz-axis and using the vector potential

Ay (t) = —hcEpn (t) Jea (11.2)

gives the time dependent magneto-electric Harper-equation

exp (10F) unt1 + exp (—ilp) up—1 + 2A cos (276n + 63) uy, = z%un
(11.3)
in accord with (6.57), (8.1) and (8.4), where

0F291—5Fn(t) . (11.4)

It is understood that the dimensionless time variable used above is mea-
sured in units of /. The time dependent equation established in this
manner serves to the study of carrier propagation under electric and mag-
netic fields. However, the systematic derivation of exact analytic solutions
to (11.3) is still open for further investigations. Just remark that the Hamil-
tonian characterizing (11.3) is generated via (8.9) by inserting 0 instead of
f1. Other low dimensional systems on the discrete space, like the 1D con-
ductor in the presence of electric fields, discretized and continuous 1D rings
threaded by a magnetic flux, quantum LC-circuits and especially junctions
between rings and leads or rings and dots, have received much attention.
Such systems look promising as they are able to serve as prototypes in the
design of nanodevices.
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Total persistent currents in the discretized Aharonov-Bohm rings have
been derived in an explicit manner. Resorting to Fourier series, we suc-
ceeded to establish generalized current formulae exhibiting interesting odd-
even parity effects in terms of the number of electrons. We found it useful to
present a thorough study of the dynamic localization of charged particles on
the 1D lattice under the influence of time dependent electric fields. The pos-
sibility to establish leading approximations to DLC’s for arbitrary periodic
modulations in a rather reasonable manner has been discussed. Dynamical
localization effects have also been found in terms of zero average values of
ring currents ( Chen et al (2002)). Other quasiperiodic driven systems, like
kicked rotor Hamiltonians (see e.g. Moore et al (1994)), lead specifically
to dynamic localization effects, too. Such systems have been realized in
the laboratory by using cold cesium atoms in a pulsed standing wave of
light (Klappauf et al (1998), Ringot et al (2000)). In this latter context,
the dynamical localization can be understood as a quantum suppression
of diffusion in systems that are classically chaotic. The kicked version of
the Harper-equation has also been discussed in several respects (Lévi and
Georgeot (2004)). The influence of time dependent external fields deserves
further attention, which concerns both transport properties and dynamic
localization effects. Couplings to quantized microwave fields have also to be
accounted for ( Migliore and Messina (2004)). Useful steps have also been
done in the nonlinear description of transport phenomena (Wacker (2002)).

The exact DOS’s established for the Harper-equation in section 8.4
opens the way to a systematic study of thermodynamic properties in the
presence of the anisotropy parameter. However, we have to realize that han-
dling related elliptic integrals is not an easy matter. Transport properties
concerning the conductance, have been addressed in a close connection with
nanodevice junctions mentioned above. Useful details concerning the quan-
tum Hall effect, or the localization length, have also been considered. Be-
sides accounting for disorder and interaction effects ( Németh and Pichard
(2005), Carvalho Dias et al (2006)), the incorporation of dissipation effects
(Guinea (2002)) deserves further attention, too. In addition, the influence
of the spin-orbit interaction (Chen et al (2006); Zhang and Xia (2006)), the
increasing role of optical lattices (Jaksch and Zoller (2003), Ruuska and
To6rmé (2004)) and especially the advent of quantum computing (Nielsen
and Chuang (2000)), has attracted a lot of interest during the last years.
The sensible point is that the spin-orbit interaction is always present in low
dimensional structures, like quantum dots and quantum wires (Stormer et
al (1983), Bellucci and Onorato (2005)). In the case of 2D electrons, this
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latter interaction relies on the Rashba-effect (see e.g. Bellucci and Onorato
(2003)). Such developments open the way to a new field of research dealing
with the implementation of the so called spin Hall effect (Hirsch (1999),
Bellucci and Onorato (2003), Raimondi and Schwab (2005)). Moreover, it
has been realized that spin dependent transport phenomena in nanostruc-
tures are of increasing interest in semiconductor electronics (Awschalom
et al (2002)). Other developments in the field of mesoscopic systems have
been reviewed recently (Akkermans and Montambaux (2004)), with a spe-
cial emphasis on quantum diffusion effects.

11.1 Further perspectives

Besides spin chains (Gaudin (1983), Korepin et al (1992)) a rather special
class of discretized models is represented by cellular automata, for which
appreciable progress has been done during the last two decades (Wolfram
(1986), Chapard and Drozi (1998)). Accounting for electron-electron inter-
actions results in Hubbard-models, i.e. in hopping Hamiltonians supple-
mented by non-linear four-Fermi terms (Gebhard (1997)). The discretized
Boltzmann-equation has been applied in the description of microfluids (Li
and Kwok (2003)), but the lattice dynamics of strongly correlated systems
is also worthy of being mentioned (Savrasov and Kotliar (2003)). Reaction
diffusion systems, with NN-interactions on a 1D lattice have been solved ex-
actly by applying the generalized empty internal method (Aghamohammadi
et al (2003)). Going beyond non-relativistic quantum mechanics there is
a broad research field ranging from discretized Dirac (Chakraborti (1995),
Lorente and Kramer (1999), Hayashi et al (1997)) and Klein-Gordon (Ne-
gro and Nieto (1996)) equations, to discrete sine-Gordon (Korepin et al
(1992), Watanabe et al (1995)) and discrete nonlinear Schrodinger equa-
tions (Ablowitz and Clarkson (1991), Hoffmann (2000)). Discrete counter-
parts of many other nonlinear systems and, in particular, of the Korteweg-
de Vries equation (Levi and Rodriguez (1999)), have also been discussed.
Having established discrete formulations of the Dirac and/or Klein-Gordon
equations serves as a starting point to the derivation of relativistic mani-
festations of dynamic localization effects (see, for instance, de Oliveira et
al (2005)). Moreover, the quantum Hall effect has been studied recently
in terms of the (2+1)-dimensional massless Dirac equation (Gusynin and
Sharapov (2005), Beneventano and Santangelo (2006)).

Noncommutative spaces characterized by commutation relations of the
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type (Connes (1994) Seiberg and Witten (1999))
(X, Xk] = 1Ok (11.5)

which differs from (1.56), have also their own interest. Now the noncom-
mutative parameter is denoted by © 1, such that ©; = €;;,0 ;. It has been
found that (11.5) produces corrections to the Lamb-shift (Chaichian et al
(2001)), but other cases are of a special interest, too. So (11.5) induces an
additional momentum-dependent potential such as given by

—

VO = 6. (Fopx E) (11.6)

e
int E
under the influence of an electric field, as shown recently in the study of
the noncommutative Stark-effect (Chair et al (2005)). The influence of
a transversal magnetic field on electrons moving on a 2D noncommutative
plane has also been discussed (Jellal (2001) and references therein). Besides
being applied again to the quantum Hall effect (Bellissard et al (1994)), the
noncommutative space is able to produce specifically sensible corrections
and/or refinements, modified systems on the discrete space included.
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Appendix A

Dealing with polynomials of a discrete
variable

In this Appendix we would like to present some additional relationships
for readers interested in discrete polynomials. We then have to realize that
a polynomial solution y(z) = y,(z) to (1.67) leads to the eigenvalue

A=A =-n (T/(x) + "; 10//(x)> (A1)

in which case pu,, becomes
-1
fim — fmn = (M — 1) (T/(x) + ”%mx@)) (A.2)

form=0,1,2,...,n — 1. Proceeding further, the Rodriguez formula

(@) = V" (o) (A3)
in which
yn(T) = apz™ + bzt ... (A.4)
plays a crucial role. There is
B, = Alyi:n(x) (A.5)
where
A"y, (@) = y(2) = nlan (A.6)
and
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Apn = n! H (7/ + 2 +; — 10//(x)) : (A7)

In order to establish the coefficient a,, we have to resort, however, to
a fixing condition concerning B,. Accordingly, a, = ((x — 1)/u)™ and
a, = 1/n! for Meixner- and Krawtchouk polynomials, respectively. Having
obtained a,, yields b,, as
0 -1 1(x)/2
7(0) + (0= D(o/(0) + 72)/2) s

bn = 7I(x) + (n — 1)o(x) nan

Other points which remain to be clarified are the normalization and
recursion relations. For finite b-values the y,(x) polynomial is normalized
as

b—1

Y yn(@)yn(@)p(e) = ddmn (A.9)

r=a

where © = x;, which works in combination with the boundary conditions
o(z)p(x)a! |omap (A.10)
and
p(x) >0 (A.11)

where a < = x; < b— 1. In practice, one takes a = 0, so that ¢(0) = 0.
The normalization constant is then given by

b—2
1+ o11/27!

d721 = (_1)nAnnB721pb—1(O) | | "

iy o(zy)

(A.12)
in which «} denotes the root of 7;(x) = 0. For Krawtchouk polynomials
there is b = Ny + 1, but b — oo for Meixner ones. Then the normalization
constants are given by

&2 — No! (pg)", p() = Nolp®gNo—*
n T Ny —n) PV P T(z+ I(No+ 1 —2)

(A.13)

and
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o _ _ nil(z+19) o AT +a)
D maoprey YT e Y

respectively. The corresponding weight functions have also been inserted.
The recurrence relation is given by

TYn () = nYni1(2) + Buyn (@) + Ynyn-1(2) (A.15)
where
R el e (A10)
and
&zZ—Z—ZZ—i . (A.17)

A special interest concerns the relationship

7)Y ~ 227 (2)] g () = -

n

An By
nt), Bpi1

Yn+1 (T) (A.18)

which serves to the definition of a related raising operator. A lowering
operator is then easily derived by inserting instead of y,11 in (A.18) the
equivalent expression indicated by (A.15). In the case of Krawtchouk poly-
nomials one has a,, =n+1, 3, =n+p(Ng—2n) and v,, = pg(Nog —n+1),
whereas

b=~y [N+ 5= Da-n)| . (A19)

The discrete equation and the recurrence relation characterizing nor-
malized Krawchouk-functions (see also (5.41)) are given by

Vpa(z + 1)(No — 2) KPP (x + 1, No) + v/pgz(No — z + D) KP) (z — 1, No)+
(A.20)
+[n — Nop + z(p — )] KP (x, No) = 0

and
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[Nop+(q—p)n—a] K (2, No)++/pa(n + 1)(No — n)KF), (&, No)+ (A.21)

Vpan(No —n+ DK, (2, No) = 0

respectively. It is then an easy exercise to verify e.g. that the normalized
counterparts of (5.55) and (5.57) becomes

p(x — Ny +n)KP) (2, No) + /pgz(Ng — . + 1)KP) (z — 1, Ny) = (A.22)

— Vpaln+ D)(No — ) K (2, Ny)

and

q(x —n)KP (z, No) — \/pgr(Ng —z + 1) KPP (z — 1, Ng) = (A.23)
pgn(Ng — n + 1)K( P) 1(z, No)

This shows that related raising and lowering operators can be introduced
in a well defined manner, as indicated by Lorente (2001b).

The recurrence relations characterizing the Meixner-polynomials and
the normalized Meixner-function read

(e = 1) 0+ uln )i () = 5 (@) + (= 1 7)m, 2 (2)
(A.24)
and

(@ = 1)+ n+ p(n+ ) MO (@) = /uln +7) 0+ DM @)+
(A.25)
pn(n —1+7) M (2)

respectively. The corresponding discrete equations are given by (5.62) and
(5.64). Such results are of interest in the study of factorization properties.

Without belaboring our presentation, we have just to say that the Char-
lier polynomials ¢/ (x), where pu > 0, are defined for = € [0,00), in which
case the weight function and the normalization constant are given by

plz) = ’}T"j])‘” (A.26)
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and
| 1/2
n.
dy = {F exp (—M)] (A.27)

respectively. These polynomials satisfy the discrete equation
pe (z+1) +xc® (z—1)+ (n—p—2z) W (x) =0 (A.28)
whereas the corresponding recurrence relation reads
(n+n—z) ) (@) = pclyy () + nely (z) (A-29)

It has been shown by Atakishiyev and Suslov (1990), that such polynomials
serve to the description of a particular realization of a difference harmonic
oscillator. This originates from the discrete equation characterizing the nor-
malized Krawtchouk functions via Ny — oo and p — u/N, where u stands
for a fixed parameter. The normalized counterparts of such polynomials
are given by

C¥) (z) = %4}@ (z) . (A-30)

The normalized polynomial established in this manner obeys the discrete
equation

V(e +1)CW (x4 1) + /uzCWP (x — 1)+ (n— 2 — p)C¥ (z) = 0 (A.31)

whereas the recurrence relation reads

Vi + 1)CW, () + /unC™, (z) + (¢ —n — p)CW (z) =0 . (A.32)

A further point of interest is the connection of orthogonal polynomials
with hypergeometric functions. So the Krawtchouk, Meixner and Charlier
polynomials exhibit the realizations (Nikiforov et al (1991))

(=p)" T'(No—=z+1)

Fi(=n,—2,No—2x —n+1;—
nl F(NO—LC—TL+1)2 1( n,—x,No €T n+ 1 Q/p)

(A.33)

kr(zp) (Z‘, NO) =

~T(n+7)

o) 2Fi(=n, =z, 1 —-1/p) (A.34)
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and

(#)()_(—1)” I(xz+1)
n ) = ur T'(z—n+1)

1Fi(—n,z —n+1;u) (A.35)

respectively. Such relationships are useful for the derivation of duality
properties like

—m m'(N() - m)

ki) (m, No) = (=p)" ™™ — N s n)!! kP (n, No) (A.36)
m{ (1) = 71;((::?)) m{ " (n) (A.37)

and
et (m) = ¢ (n) (A.38)

which work for n,l,m =20,1,2,....

Further results can be derived by combining (A.33)-(A.35) with Gauss’s
relations for contiguous hypergeometric functions such as given by (see e.g.
(15.2.10) in Abramowitz and Stegun (1972))

(c—a)eFi(a—1,b,c;2)+ (2a — c — az + bz) 2 Fi(a, b, ¢; 2)+ (A.39)
+a(z—1)2Fi(a+1,b,¢c;2) =0

Such hypergeometric functions satisfy the differential equation

d? d
z(z—l)d—;;—i—(c—(a+b+1)z)d—2—abu:0 (A.40)
which relies on (1.39) via u = F(a,b,c : z). Generalized orthogonal

polynomials are also able to be provided, in a rather different manner,
by applying the Jacobi-matrix method in conjunction with square inte-
grable Sturm-Laguerre basis functions (Yamani and Fishman (1975)). It
should be mentioned that the Jacobi-matrix is tridiagonal, which leads to
“sieved” orthogonal polynomials referred to above in terms of corresponding
three-term recurrence relations. Such basis functions can also be converted
to the ones characterizing the isotropic harmonic oscillator by virtue of
Coulomb-oscillator duality (see e.g. Kostelecky and Russell (1996)). Un-
der such circumstances the three-dimensional radial Schrodinger-equations
with Coulomb- and harmonic oscillator potentials leads to Pollaczek- and
Meixner-polynomials, respectively, as shown in Bank and Ismail (1985). A
relativistic generalization of this method has also been proposed recently
(Alhaidari (2002)).



Appendix B

The functional Bethe-ansatz solution

Another special problem for the reader interested in theoretical develop-
ments is the derivation of an implicit solution to the g¢-difference equation
(Wiegmann and Zabrodin (1994a), Wiegmann and Zabrodin (1995))

M () = a () (22) +d(2) (q—) v =Be(z)  (B)

has been done by applying an algebraization approach which is reminiscent
to the so called Bethe-ansatz method serving to the description of inte-
grable models in statistical physics and field theory (Korepin et al (1992))
. For this purpose a suitable class of Hamiltonians has been considered by
choosing the coefficient functions as

. b1 2 bg a Co C1
. . ) J
d(z) =b1g" "2 + bag¥ 2 + dg* — ngq + C;zq (B.3)
and
1\ o (b 4
v(z)=(q+ p b1z° + el bsq’ | 2+ (B.4)

c A\ 1 c 1
+(—2.—C3qJ) S+ <q+—)
q’ z oz q

It is understood that at least one the coefficients ¢1, ¢ and c3 is nonzero.
Now one starts from a polynomial wavefunction like
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N
Y ()= 1] (z=2m) (B.5)

m=1

in which the z,,-roots remain to be determined by ruling out singularities.
implied in the quotient

—Hy(z) . (B.6)

Indeed, inserting (B.5) into (B.1) gives

N @z — zm N 2/q® — zm
E(z) = a(z)gl p— +d(z)w1;[1 p— v(z)=E (B.7)
so that there are double and simple poles at z = 0, z = 0o, as well as the
zm-poles implied by the denominators characterizing E (z). The singular
contributions at z = co are incorporated into the E (z) -terms proportional
to 2% and z:

N4 1 1
FEs (Z) = <q2N 47+t + m —q— 5) 22+ (Bg)

- . -
+b <q‘2N+3J - ?) by (¢ =N ) 4

1 > 1 N
_ 4N—4j _
by (q q) (q qQM) 3 e

m=1

One sees that Eg (2) is ruled out if
N =2j (B.9)

so that the degree of the polynomial is well determined if at least one of
the coefficients by, by and b3 is nonzero. It is furthermore clear that

2 I
a 0 (1-¢*)" (1+¢% 1
E(z) — i L dg¥ + e e l;n — + (B.10)
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c N 1
+(1—q2) <q—§—|—63q )Z—

as z — 0, which means that the singular part at z = 0 is ruled out from
the very beginning. We have also to remark that

- d
FE (z) — CLqQ(N—J) + q2(ﬁ—j) + (B.ll)

N
N A 1 2
2N -—4j-3 2
+b1 (q + 7{12&4#1) (1-¢%) lE 2 Zm+
>m

N

b N_3i_
+ <q21v2_3j —|—b3q2N ¥ 2) (1 - q2) Z Zm

m=1

as z — 00, which proceeds in accord with (B.9) and which sheds some light
on the role of coefficients a, d, b1, b and bz in the energy description.

The mutual annihilation of the z = z,,-poles is done in terms of the
condition

_ d Gz — 2

2N m

B.12

Hzl—qzm (B12)
m;ﬁl

wherel =1,2,..., N. Putting together the constant terms yields the energy
eigenvalue as

E=0b (q - %) <q - —) T;nznzm (B.13)

1 ba 1) d
i I Zm + aq¥ + —=
(1) (i) S oo 3
which resembles very much (B.11). Accordingly, all that one needs in order
to establish the energy and the wavefunction is to solve (B.12), but in
practice this is an intricate problem. This technique has been applied in

the study of the ¢SHE (Wiegmann and Zabrodin (1994a), Wiegmann and
Zabrodin (1994b), Hatsugai et al (1994)).
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We have to remark, that (B.1) can be converted into a second-order

discrete equation via z = ¢*" and v (¢*") = v, and similarly for the
coefficient functions. So (B.1) becomes
Hwn - an¢n+1 + dnwnfl - Unwn - E¢n (B14)

which is able to be related both to (1.10) and (11.1).
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Anderson model, 107
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area quantization condition, 122
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Bessel-functions, 62
Bethe-ansatz, 79, 237
Bloch states, 208
Bloch-electrons, 1, 175
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Boltzmann equation, 131
boundary conditions, 102, 232
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canonical commutation relations, 221
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Charlier polynomials, 3

chemical potential, 162

classical LC circuit, 215
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commensurability parameter, 134

Compton-wavelength, 22

concavity condition, 119, 220

conductance, 205, 210

Coulomb-gauge, 175

Coulomb-problem, 66, 89-91

creation operators, 45

deformation parameter, 1, 69

density of states, 103105, 157,
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density operator, 48

difference equation, 223

Diophantine equation, 166
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discrete analog of the radial Coulomb
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duality transformations, 143

dynamic localization, 107-109, 113,
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dynamic localization condition, 114,
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effective Hamiltonian, 218

elliptic integral, 159

energy of the incident electron, 204
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energy-dispersion law, 66, 152, 176
energy-polynomials, 157

exactly solvable systems, 82, 83
exponential potential, 69, 70

Fermi Dirac distribution, 166

Fermi-energy, 165

finite difference Liouville-von
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fixed boundary conditions, 102

Floquet-factorization, 127

flux quantum, 215

Fock states, 46, 47

gauge parameters, 175
generators of rotations, 10
Green-function, 165

Hall conductance, 140, 165, 183
Hall conductivity, 165, 166

Hamiltonian of hypergeometric type,
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harmonic oscillator, 24, 84, 87, 216,
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Harper-equation, 151-153, 182

Heisenberg algebra, 80

Heisenberg representation, 42

Heisenberg-Weyl commutation
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Hellmann-Feynman theorem, 224

Hermitian space-time generators, 10

Hofstadter butterfly, 157

hopping amplitude, 199, 212

hopping Hamiltonian, 99, 133

hopping integral, 99, 133, 135

hopping interaction, 222

hopping parameter, 199, 200, 207, 222

Hulthen potentials, 69
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integrated density of states, 103, 104,
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inter-band couplings, 146

inter-dot tunneling coupling, 222
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Jackson g¢-integral, 6
Jackson derivative, 3, 5
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Kubo’s formula, 140
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Landauer formula, 210
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level broadening, 210
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magnetic phase factor, 133
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normalized Meixner-function, 94
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normalized wavefunction, 101

orthogonality condition, 97, 142
oscillator wave function, 143
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periodic behavior, 18, 26
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q-deformed algebras, 79

g-deformed
Baker-Campbell-Hausdorff formula,
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q-deformed equations, 5

g-difference equation, 237

q-Gamma function, 5

q-hypergeometric function, 9

g-integral, 5

g-normalization, 180

g-shifted factorial, 5

g-symmetrized Harper-equation, 175,
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quantum dot, 222

quantum dot potential, 28

quantum L ring circuit, 115, 219
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quantum ring potential, 31

quantum wire, 207, 210
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quasi-monomials, 80

quasiperiodic potentials, 25, 99, 100

raising operator, 233
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relaxation time approximation, 131

rescaled amplitude, 219
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ring energy, 204

Rodriguez formula, 231

second order discrete equation, 218
second-order discrete equation, 240
secular equation, 139, 182

shifted factorial, 5, 8
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SL(N)-group, 79
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spectral density, 107
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symmetrized derivative, 4

symmetrized momentum operator,
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thermodynamic Hall conductance,
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thermodynamic potential, 162

Thouless-formula, 105

tight binding, 79

tight binding equation, 146

tight binding Hamiltonian, 222

time dependent current, 132

total current, 196

total persistent current, 35-37, 169,

174
trace formula, 154
transfer matrix, 153, 182
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transmission probability, 205, 215
tridiagonal matrix, 138
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tunneling Hamiltonian, 201
tunneling interaction, 207, 211
two dimensional electron gas, 151,
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